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Abstract

We construct a common physical realization of the constraint-derived Standard Model and
its Einstein response. The quantum and gravitational descriptions share one premetric source
architecture. The physical comparison preserves the same fields, state, source operations,
continuations and joint parameter point, rather than combining separately occupied sectors.

On the occupied interacting Standard Model source, the invariant Higgs mass insertion
yields a represented derivative current and scalar descendant. The physical Higgs channel gives
a nonzero descendant preparation with a nonzero component in a bounded positive-invariant-
mass band. Exact Higgs, flavor and metric-source transformations retain the full interaction
prescription and its contact terms. The same preparation has smooth stress, finite positive
excitation energy and a nonzero local curvature-contact response. The source-dependent
closed-time-path action supplies the causal stress and Ward identities of the nonlinear minimal
Einstein equation before its stationary member is selected.

For color, we prove a complete interpretation of the independently formed source inputs and
their licensed operations. Actual physical readers, exact domains and compatible continuation
families are preserved, including mixed Higgs responses and the source-qualified phase and
heavy-hadron constructions. Neutral physical output maps factor through the invariant part
of the joint input. The resulting comparison covers every physical use declared by the original
target and retains the distinct authority of compact responses, persistence, spectral data,
asymptotic attachments and complete continued germs. These observations coexist with the
electroweak channels and Einstein action on one unchanged source. The conclusion retains
the original quantum-action order and physical source qualifications; it does not assert a
stronger all-state scattering or nonperturbative quantum-gravity theorem.

Complementary constructions give an explicit interacting gauge–Higgs–fermion Hamilto-
nian, physical domains, dressed observations, positive asymptotic states and a source-attached
nonlinear Einstein family. Their relation to the direct physical realization is specified through
source comparisons, not inferred from a common interaction grammar.

Keywords: AASC; Standard Model; physical Higgs response; positive source; composite
operator; stress-energy; Einstein dynamics; source continuation.
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1 Premetric architecture and common physical sources

The Standard Model and gravity enter this construction through a common premetric source
architecture. Admissibility, standing, reference and irreversibility govern the identity of every
nondegenerate determinate target before metric or Hilbert-space representation. Gravity is a
structural necessity at that level; the Einstein equation is its minimal first-response metric projec-
tion, with its full nonlinear curvature content [9, 40]. Quantum and gravitational representations
are thus compared as projections of the same upstream construction, not joined as independently
fundamental theories [10, 39].

The preceding carrier–sector–projection classification fixes matter, gauge and Higgs identities,
their admissible response relations and the complete observational quotient at its stated source
level [1, 3]. Its classical successor supplies an occupied Einstein–matter action, source and
constrained development [2]. The symmetry closure supplies a nonempty compatible physical
assignment and one lawful assignment orbit at its frozen target [38]. These positive source results
are used here. We construct the joint physical observations and continuation maps that realize
these conclusions on one source.

The handoff retains the rooted generation-response and four-kind matter correspondence of
FCGS–I, the whole-doublet and paired-conjugation comparisons of FCGS–II, and the one-Higgs,
kind-preserving naturality of FCGS–III [28, 29, 30]. On the bosonic side, BCRS–I supplies mixed
source-law coverage with fixed spectator inputs [31]; its electroweak and color successors supply
their source-dependent joint-kernel, domain, continuation and metric-response comparisons [4, 5].
These are mathematical identities to preserve, rather than particle names from which a joint
realization is inferred. The independently formed exact-three root and representation-algebra
specialization enter the complete source interpretation [49, 50]. The chiral, infrared and operator-
classification results supply physical phase and heavy-hadron data and the original local operation
grammar, each with its stated source assumptions [37, 52].

1.1 Target data and source identity

Definition 1.1 (Physical target). A physical target retains the field and representation inventory,
global gauge form, spin and boundary data, source and regulator record, parameter point, allowed
preparation and observation classes, and the required continuation and dynamical domains. A
comparison of two realizations specifies maps on these data and on all source observations that
it uses. A comparison preserving a marginal source need not preserve a coupled source or its
dynamics.

The occupied Standard Model source includes the selected gauge, Higgs and chiral interaction
inventory, its physical state and boundary convention, renormalized insertion prescription and
authorized physical channel data. The invariant Higgs insertion, rather than an elementary
gauge-dependent scalar renamed invariant, provides the direct physical starting point [35, 20, 34].
A source operation is received with its actual normalization, local contacts, common domain
and continuation. In particular, a finite source derivative, a represented field and an entire
analytically continued channel are different mathematical objects. Their comparisons are proved
below where they are used.

The scalar and derivative constructions take place on that occupied physical source itself. The
explicit gauge–Higgs–fermion Hamiltonian provides a second, constructive realization on a native
regulated target. Matching its interaction grammar to the physical source is useful, but does
not alone identify their states, operator domains or correlation functions. Conversely, receiving
a physical Higgs channel does not require that it first be obtained as a limit of this particular
Hamiltonian.
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Target Source and observations used here

Tph The occupied interacting Standard Model source with its physical local-observable
interface, original Higgs and current/source operations, electroweak continuation, and
metric-response prescription. The direct constructions preserve its fixed normalization,
state, domains and sibling inputs.

Treg A finite spatial graph, faithful gauge quotient, Higgs coordinates, finite CAR matter
inventory, Gauss-invariant space and interacting Hamiltonian, with mass insertions,
currents, dressed observations, exact feedback and metric histories.

Tas The bounded asymptotic algebra of a declared regulator family, its cluster states,
continuum equal-time canonical observations and physical time-continuous subalgebra.

Thom A declared homogeneous realization of the native quantum source and Einstein dy-
namics. The initial smoothed example and the stronger literal-Hamiltonian, reference-
resolved construction retain their respective source and preparation hypotheses.

TYM,pair The continuum Yang–Mills vacuum source with a bounded auxiliary singlet-pair inter-
action, a new interacting ground state and a proved gap for that changed Hamiltonian.

Tres A positive-energy continuum-coupled comparison channel with its exact spectral
density and marked continuation sheet.

TWDW,B The separately constructed tetrad–Standard Model quantum constraint source, its
coefficient/probe responses and nonpolynomial graph limits.

The physical Higgs resonance is received and transported on Tph; the resonance on Tres is a
separate constructive example. The native Einstein family has an actual interacting quantum
source and is not merely an external background. A separate direct construction below gives
the original physical source its own metric-dependent quantum–Einstein action and an occupied
stationary member. It does not identify the native family with that physical source. The WDW
route is available where its complete hypotheses are met, not mandatory for every gravitational
realization.

1.2 One preparation across physical responses

The central direct construction begins with the represented mass insertion Oρ. Its derivatives

Kµ = ∂µOρ, D = □Oρ

are defined by compact-test pullback on the same field domain. The nonzero physical Higgs
channel proves that a real test f gives ϕ = D(f)Ω ̸= 0, without treating an unstable pole as a
spectral eigenvalue. This one preparation admits three comparisons: a nonzero current-generated
physical spectral boundary, an exact metric-source contact, and a smooth stress-energy profile.

The metric contact is obtained from the original source protocol ρ 7→ ρ+σR(g), not appended
as an independently chosen stress tensor. At the flat baseline it is

Iµν = 2(∂µ∂ν − ηµν□)Oρ, ηµνI
µν = −6D.

Its complete source response and its nonzero expectation derivative are proved on the original
physical preparation. Separately, the physical vacuum stress and inherited Einstein law give an
exact all-test matching condition and a contact-complete equation for dynamical continuation.
The mixed curvature contact is not equated with the entire baseline stress.

1.3 The common physical realization

The principal result is Theorem 11.5. It gives one occupied physical source carrying the electroweak
observations, the complete originally declared color/composite and asymptotic operations, and
compatible Einstein dynamics. The comparison retains whole source mechanisms and their exact
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domains, not merely equal values at a selected vacuum. Its input class is independently formed
before any terminal observation is evaluated.

At the complete physical target, the gauge-invariant electroweak channels, confined/composite
and asymptotic color channels, interacting quantum fields, and dynamical gravity must retain
one field inventory, branch, global form, boundary, source, parameter point and authority.
Compatibility cannot be replaced by a list of separately occupied marginals [8, 7]. A direct source-
preserving construction is sufficient when it provides these comparisons; regulator convergence is
a method used by some results below, not an extra universal premise.

The color comparison covers every original input and licensed operation, including all terminally
relevant subclasses. Actual witnesses are retained for the positively claimed physical realizations,
and every invoked boundary retains its own source authority. This is different from demanding
that every pre-boundary configuration produce a hadron. The whole family is compared without
selecting only successful observations. Similarly, the direct Einstein action is constructed at the
original quantum-action order and admits a stationary member, but does not assert that every
preparation is stationary at the same metric.

Part I develops the physical source calculus, complete color-input interpretation, represented
Higgs/current channels, actual boundaries and quantum–Einstein action, culminating in their
common realization. Part II constructs the interacting native source, its physical inclusions,
controlled observations and asymptotic states. Part III develops its all-component metric
response and source-attached Einstein continuation. Part IV treats distinct spectral and quantum-
constraint realizations and their exact comparison criteria. These complementary constructions
retain their respective domains; none is made an additional universal premise of the principal
result.

Part I

Common sources and physical observations
2 Existence of a common positive source

BCRS-3 reconstructs a represented source from its complete joint Gram kernel [3]. The existence
problem is earlier: when do separately prescribed source values extend to such a positive kernel?
We specialize the positive Hahn–Banach extension argument to the common observation space,
retaining its precise hypotheses.

Definition 2.1 (Prescribed observation space). Let A be an independently constructed nonzero
unital complex C∗-algebra. Each acquired source has a unital algebra Ai, a state ωi, and
a specified unital ∗-homomorphism ji : Ai → A. Let E ⊂ Asa be the real linear span of
the common identity, the self-adjoint images of these source algebras, and any independently
prescribed bounded self-adjoint mixed observations. The candidate values determine f : E → R
when they respect every finite linear relation in A.

The order on E is inherited from the actual common algebra. It is not the collection of orders
on the separate source algebras.

Theorem 2.2 (Positive common-state extension). There exists a state ω on A extending the
prescribed values if and only if f is well-defined, f(1) = 1, and

e ∈ E ∩ A+ =⇒ f(e) ≥ 0.

The theorem does not require an already supplied complete mixed kernel.
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Proof. Necessity follows by restriction. For sufficiency, for a ∈ Asa, define

p(a) = inf{f(e) : e ∈ E, a ≤ e}.

The set is nonempty because ∥a∥ 1 ∈ E. If a ≤ e, then e+ ∥a∥ 1 ≥ 0, so f(e) ≥ −∥a∥. Thus p is
finite. Order addition and positive scaling show that p is sublinear. If e ∈ E, positivity of f on
E ∩ A+ gives p(e) = f(e).

Real Hahn–Banach extends f to a real linear functional L : Asa → R dominated by p. If a ≥ 0,
then p(−a) ≤ 0, hence −L(a) = L(−a) ≤ 0. The complex-linear extension ω is therefore positive
and has ω(1) = 1. The usual positive-functional norm identity gives ∥ω∥ = 1. Its restriction is
the prescribed f .

The extension fills previously unspecified mixed values. It need not be unique. If the complex
span of E is norm-dense in A, continuity makes it unique. The actual source-completeness
requirement must establish such determination, or its appropriate unbounded analogue.

Example 2.3 (An explicit incompatible pair). Let X,Z be Pauli matrices in M2(C). Prescribe
the X = 1 pure state on C∗(X) and the Z = 1 pure state on C∗(Z). They agree on their scalar
intersection. However,

b =
√

2I −X − Z ≥ 0, f(b) =
√

2− 2 < 0,

because (X+Z)2 = 2I. No common positive state extends these values. Shared marginal identity
therefore does not establish joint order consistency.

2.1 Finite compatibility and finite obstructions

Theorem 2.4 (Finite positive-obstruction criterion). For bounded self-adjoint aλ ∈ A and
prescribed real bλ, a state satisfying ω(aλ) = bλ for all λ exists if and only if, for every finite set
F and every ε > 0, there is a state satisfying

|ωF,ε(aλ)− bλ| ≤ ε (λ ∈ F ).

If no common state exists, there are finitely many such observations, real c1, . . . , cn and t ∈ R
such that

t1−
n∑
j=1

cjaj ≥ 0, t−
n∑
j=1

cjbj < 0.

Proof. The state space is weak-* compact. Each finite system of the displayed approximate
equalities defines a weak-* closed subset. These subsets have the finite-intersection property
by taking unions of finite test sets and minima of their tolerances. Compactness gives a state
satisfying all exact equalities. The converse is immediate.

If no common state exists, a finite set already fails. Its prescribed moment vector lies outside
the compact convex image

M = {(ω(a1), . . . , ω(an)) : ω ∈ S(A)}.

Finite-dimensional strict separation gives c with
∑
cjbj > supm∈M c · m. Put t =

supω∈S(A) ω(
∑
cjaj). The characterization of order by states gives t1−

∑
cjaj ≥ 0, while strict

separation gives its negative prescribed value.

This theorem does not assume a full mixed state, but it also does not assert that every
finite physical test is compatible. Those finite occupants must be constructed. The pure Yang–
Mills finite-cap source argument provides an example in which actual positive mixed families,
replacement estimates and overlaps are proved [17]. Additional matter and Higgs insertions
require their corresponding mixed source comparisons.
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2.2 Constraint and covariance consequences

For a bounded constraint c, the equation ω(c∗c) = 0 gives πω(c)Ω = 0. It does not give πω(c) = 0
on the whole representation. The latter requires all the tests ω((ca)∗(ca)) = 0. This distinction
is essential when passing from a kinematical algebra to physical observables.

Proposition 2.5 (An occupied observable-preserving constraint space). Suppose an actual
positive source has a normalized cyclic vector Ω in a common closed constraint kernel. Let B ⊂ A
be a unital ∗-subalgebra containing the common identity, whose represented elements preserve
that kernel. Then π(B)Ω is a nonzero physical representation space. For unbounded constraints,
the statement retains the complete specified operator domains and their invariance.

Proof. Each π(b)Ω lies in the common kernel. Closedness retains its norm closure. The space
contains the unit vector Ω and is invariant under B; the ∗-property makes the bounded restricted
action a representation.

The proposition receives both the positive source and preservation of its kernel. Constraint
commutator closure alone supplies neither. Nor may one replace physical reduction by an
arbitrary two-sided quotient: in the canonical polynomial algebra, imposing p = 0 in a two-sided
quotient together with [q, p] = iℏ1, ℏ ̸= 0, forces 1 = 0.

Suppose source states ωx, ωy have an actual ∗-isomorphism αyx : Ax → Ay with ωyαyx = ωx.
The GNS assignment

Uyx[a]x = [αyx(a)]y
is well-defined and isometric by equality on a∗a, is onto, preserves the cyclic vector and intertwines
all bounded observations. Composition of the source maps gives literal composition of these
unitaries. When a point-norm continuous one-parameter automorphism group preserves a state,
the resulting unitaries are strongly continuous: continuity holds on cyclic vectors by the algebra
norm, and unitarity extends it to their closure. Stone’s theorem supplies the generator. Its
spectrum and asymptotic properties remain properties to prove.

2.3 Regularity is an additional physical requirement

Even the Weyl relations admit positive nonregular realizations. On ℓ2(R), with its discrete
orthonormal basis ex, set

W (q, p)ex = eip(x+q/2)ex+q.

These unitaries give a positive vector state and the Weyl phase relations. Nevertheless,
∥W (q, 0)e0 − e0∥ =

√
2 for every q ≠ 0. There is no strongly continuous translation gen-

erator in that variable. Positive extension therefore does not by itself produce the regular
unbounded fields or dynamical domain required by a continuum quantum field theory. The
occupied construction in Section 12 provides those domains at its fixed spatial regulator; the
direct physical constructions use the already represented local-field source at its stated domain.

3 The occupied physical source and its complete insertion calcu-
lus

The physical comparison starts directly from the occupied Standard Model source. Its shared
premetric architecture, nonempty compatible physical interior and gravitational role are inherited
[1, 35, 53, 9, 10]. This section constructs the joint insertion calculus of that source, and Section 4
identifies its represented scalar and current channels. The explicit spatial Hamiltonian developed
later is a distinct constructive realization, not an antecedent of this source-first comparison.

10



Common physical sources Constraint-derived Standard Model

Fix one physical source point, including the complete chiral matter and gauge inventory, one
Higgs doublet, the charged Yukawa matrices, global gauge form, spin and boundary data, prepa-
ration, renormalization and improvement prescription, and parameter point. The electroweak
restriction of this source carries the physical spectral packet of SYM–8, Definitions 2.1–2.2 and
Theorem 9.3 [20]. Its local source and trace operations are those of SYM–10, Theorem 6.1 [34].
Color, weak, hypercharge, Higgs and charged-lepton siblings remain in that common source when
a displayed calculation selects only two of its insertion directions.

Three kinds of object will be kept distinct. A renormalized insertion jet specifies finite source
derivatives and their contacts. A represented local observable acts on the actual positive-metric
field domain and has unordered positive kernels. A continued physical channel additionally
has its actual marked analytic domain, physical ports, boundary procedures and failure data.
The occupied source supplies all three for the particular scalar channel used below; its finite-
jet calculus does not assign the second and third kinds to every other source direction. This
distinction preserves the positive physical content without replacing an operator or an analytic
map by its name.

The local metric, current, coupling and dimension-two source coordinates and coincident-
counterterm calculus are also explicit in the named local-RG source construction [41]. Its
anomaly-free flavor specialization does not remove the anomalous flavor terms retained below.

3.1 One relative source and all finite contacts

Use finitely many real compact smooth probe coordinates j = (j1, . . . , jn) in the fixed source
chart. Complex Yukawa variations mean their independent real and imaginary coordinates, with
the conjugate terms varied together. Let F (j), F (0) = 0, be the source’s complete renormalized
relative action in its admitted baseline comparison. Its derivatives

FI = ∂IF (0), I ̸= ∅,

include source coefficients, counterterms, composite mixing, metric densities and the dependent
coframe and torsion-free spin connection. All the insertions used here are Grassmann even. The
chiral interactions remain composite fermion bilinears, not unpaired odd probes.

Let ω∗ and TR,k be the preparation and symmetric multilinear time-ordering maps of this same
source. They have the unit and central-factorization properties, and TR,1(A) = A on already
renormalized insertions. Write

Z(j) =
∑
k≥0

ik

k!ω∗
(
TR,k(F (j), . . . , F (j))

)
, W (j) = −i logZ(j), Z(0) = 1. (1)

For a formal source this denotes its finite jet at each separately fixed order: only k ≤ |I|
contributes to ∂IZ(0). When the actual relative functional is differentiable it denotes that
functional, with the logarithm branch fixed at one. No convergence of an infinite perturbative
series follows from the finite notation.

For even insertions put

κT (A1, . . . , Ak) =
∑

π∈P({1,...,k})
(−1)|π|−1(|π| − 1)!

∏
B∈π

ω∗(TR(Ab : b ∈ B)) ,

where P(I) is the set of partitions of the labelled set I. In particular κT (A) = ω∗(A).

Theorem 3.1 (Complete finite source jets). At the actual finite-jet or differentiability level of
the fixed source,

∂IW (0) =
∑

π∈P(I)
i|π|−1κT (FB : B ∈ π). (2)
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Thus the joint source responses are computed on one preparation and prescription, without
independently choosing their mixed pairings.

Proof. Since F (0) = 0, every surviving interaction factor in a derivative of Z receives a nonempty
set of labels. Ordering its k blocks gives the factor k! cancelling the denominator in (1).
Consequently

ZI =
∑

π∈P(I)
i|π|ω∗

(
TR(FB : B ∈ π)

)
.

The finite partition formula for derivatives of logZ at Z = 1 groups these block insertions into
their connected cumulant. Multiplication by −i gives (2). Every sum is finite at the chosen order.
In an actual differentiable realization these are ordinary product and chain rules.

In particular,

Wa = ω∗(Fa),
Wab = ω∗(Fab) + iκT (Fa, Fb), (3)
Wabc = ω∗(Fabc) + i{κT (Fab, Fc) + κT (Fac, Fb) + κT (Fbc, Fa)} − κT (Fa, Fb, Fc).

The correct connected two-insertion operation is therefore (Wab−ω∗(Fab))/i. A source-only term
q(j)1 multiplies Z by eiq, so it adds q to W and its actual derivative to Fab. It cancels in this
connected operation. This does not delete the distinct local extension terms already present in
TR(Fa, Fb).

If the preparation or multilinear prescription actually moves, use Mk(j) = ωj ◦ TR,k(j). The
complete formula is

ZI =
∑
S⊆I

∑
π∈P(I\S)

i|π|(∂SM|π|)(0)(FB : B ∈ π), (4)

WI = −i
∑

π∈P(I)
(−1)|π|−1(|π| − 1)!

∏
B∈π

ZB.

Here M0 = 1 and the empty partition has its usual meaning. Assigning labels first to Mk, then
to the interaction factors, proves the first line; the logarithm proves the second. A fixed baseline
prescription can represent moving metric sources only through the source’s actual action-principle
transport. It is not an identification with an independently renormalized moving vacuum.

3.2 Original metric and trace operations

The scalar coordinate is the coefficient ρ in +
∫
dVg ρ[H†H]R. It has engineering dimension

two; if the action uses −m2
HH

†H, then ρ = −m2
H . For definiteness in this paragraph use the

inverse-metric Weyl coordinate

gµν(σ) = e2σgµν∗ , Θ = 2√
|g|
gµν

δSR
δgµν

.

An opposite stress convention transports this coordinate and every trace contact together. The
explicit four-dimensional density gives

F density
ρ(f),σ(h) = −4Oρ(fh), F density

ρ(f),σ(h),σ(k) = 16Oρ(fhk).

These are density terms, not the complete mixed insertion. Composite, curvature, coframe and
source-prescription derivatives remain. The engineering scalar trace row is instead −2ρOρ, or
+2m2

HOρ, before its anomalous mixing and EOM/improvement completion. The factors four
and two answer different questions.
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The iterated Weyl vector field also differentiates its own coefficient:

DΘ(h)DΘ(k)W = 4
∫
dx dy h(x)k(y)gµν(x)gαβ(y)Wgµν(x),gαβ(y)

+ 4
∫
dxh(x)k(x)gµν(x)Wgµν(x).

This contact is already included when the finite nonlinear metric path is differentiated; it is
not added twice. For example q = c

∫
dVgρ

2 contributes qρ(f)ρ(k) = 2c
∫
fk and qρ(f)ρ(k)σ(h) =

−8c
∫
fkh. A permitted ρR(g)1 term, or R(g)[H†H]R improvement, can have a nonzero metric

derivative at flat space. Setting curvature to zero before differentiating loses that response.
Write the complete local trace identity of the same source as

DΘ(h)W = BC(h)W + VR(h)W +AW (h; j), BC(h) =
∫
h(x)bC(j;x) δ

δc(x)dx. (5)

The color coordinate c includes its actual source-normalization Jacobian. The remainder VR
retains weak and hypercharge kinetics, quartic and all charged Yukawa coordinates, the dimension-
two scalar row, virial/improvement, EOM/contact, current and background operations. The
local identity/anomaly functional AW is not set to zero at a flat baseline. Equality has the
operator, correlator or source authority actually supplied by the local trace theorem [34].

Proposition 3.2 (Trace adjunction with every coefficient contact). At a constant-coupling point
with the actual coefficient b∗ = bC(j∗) ̸= 0, every nonempty labelled set I satisfies

b∗∂I∂c(h)W = ∂I{DΘ(h)W − VR(h)W −AW (h; j)}

−
∑

∅̸=S⊆I
(∂SBC(h))∂I\SW, (6)

with all quantities evaluated at j∗.

Proof. Differentiate (5). The subset product rule for ∂I(BCW ) has one term with no derivative
on BC , namely b∗∂c(h)∂IW . Move the others to the right. Only the stated nonzero coefficient is
divided out. In particular nonzero gauge coupling is not itself a proof of b∗ ̸= 0.

If the flavor Ward identity is GαW = AF (α; j), a quotient-beta representative change has the
exact form

V ′ = V −GhS(j), A′
W = AW +AF (hS(j); j), V = BC + VR.

Thus V ′W +A′
W = VW +AW . Differentiation retains (∂aV ′)W and ∂aA′

W , including the source
dependence of S. Gauged Standard-Model anomaly cancellation does not remove an anomalous
flavor/background current or its phase data.

At an actually represented common invariant domain, an anchored operator identity Θ =
b∗C + R yields C = (Θ − R)/b∗, including every ordered word obtained by substitution. Its
Gram columns are therefore determined by the actual Θ, R and sibling columns and are positive
by squared norms. This is a useful conditional ordered realization, not a new domain deduced
from (6) alone. More generally, in a fixed finite independent coefficient space, a desired operator
row ℓ is recoverable from known rows A exactly when ℓ lies in the row space of A. Indeed ℓ = uA
constructs it; otherwise finite-dimensional duality gives v ∈ kerA with ℓv ̸= 0, so the known
rows do not determine the requested one. Quotient relations may be used only at their licensed
equality level. This prevents a single trace row from being mistaken for separate access to every
chiral or color field.
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3.3 Genuine Higgs-dressed quark insertions

Use the right-handed-field convention of the physical flavor source [36, 20]; the conjugate-Weyl
presentation has its corresponding contragredient generators and tensor conjugations. With
H̃ = iσ2H

∗, define the original source words

Bu,ij = ūRjH̃
†QLi, Bd,ij = d̄RjH

†QLi, Φ(H) = (H̃,H).

Spin and color contractions are those of the original Lorentz-scalar Yukawa interaction; the
indices displayed are generation indices.

Lemma 3.3 (Polynomial full-source Higgs dressing). The words are gauge-invariant Lorentz
scalars of engineering dimension four, defined also at H = 0. They obey

Φ†Φ = ΦΦ† = (H†H)I2, Bu 7→ VQBuV
†
u , Bd 7→ VQBdV

†
d .

Their Hermitian original complex-Yukawa tangent is

O0
Z = −

∫
dVg

∑
r=u,d

Tr(ZrB†
r + Z†

rBr). (7)

Its physical insertion FZ is the complete renormalized derivative in that coordinate, including all
mixing and counterterm derivatives.

Proof. The hypercharges of H̃†QL and H†QL are 2/3 and −1/3; the barred right fields cancel
them. Each weak factor is a singlet, and each color triplet is contracted with its dual. Thus the
whole word is invariant under the inherited gauge quotient. Its dimension is 1 + 3/2 + 3/2 = 4. If
H = (h1, h2)T , then H̃ = (h̄2,−h̄1)T ; multiplication proves the two matrix identities. Generation
transformations act only on the two free indices, giving the displayed laws. Finally differentiate
−
∫ ∑

r Tr(YrB†
r + Y †

r Br) along a complex tangent regarded as a real direction. This gives (7)
and its actual source completion.

No division by
√
H†H or globally unitary Higgs frame is used. The polynomial identity does

not multiply independently renormalized composites without their normalization contacts. For a
nonzero entry of Z, the corresponding independent Grassmann monomial and a nonzero Higgs
component exhibit a nonzero source word. Invertible perturbative renormalization retains its
leading direction. This does not make every expectation or pole contraction nonzero.

The actual mixed operation is

Cρ,Z(f, Z) =
Wρ(f),Z − ω∗(Fρ(f),Z)

i
= κT (Fρ(f), FZ). (8)

The first slot is the physical scalar detector identified below; the second is the full Higgs-dressed
quark derivative. A vanishing canonical F 0

ρ,Z in independent coordinates neither sets this
connected response to zero nor removes a renormalized contact. Additional weak, color, lepton,
Higgs and metric siblings use Theorem 3.1. The dressing also obeys

Du
µ(H̃†QL) = (DµH̃)†QL + H̃†DµQL,

and the analogous down formula. Weak connections cancel by the covariant product rule, rather
than being turned off.
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3.4 Broken-current and fixed-sibling source identities

For a Hermitian traceless generation matrix T , rotate

QL 7→ e−iαTQL, uR, dR 7→ eiαT (uR, dR).

This commutes with the complete gauge representation. In the convention δLkin = −JµT∂µα, its
current word and Yukawa tangent are

JµT = −Q̄LγµTQL + ūRγ
µTuR + d̄Rγ

µTdR,

VTYr = −i{T, Yr}, VTY
†
r = +i{T, Y †

r }.

Direct field variation gives, on the classical equations, the canonical divergence row

∂µJ
µ
T = DT , DT = i

∑
r=u,d

Tr
(
{T, Yr}B†

r − {T, Y †
r }Br

)
.

Its renormalized version is the actual derivative FVTY , with Ward, EOM, mixing and anomaly
contacts. It is not a conserved current at a generic fixed Yukawa point.

Introduce +
∫
aµJ

µ
T . For one fixed generator at zero background, δa = dα. Let Vα include

this source variation and αVTY , retaining

VαW = Aα. (9)

Several axial triples (−T, T, T ) are not a non-Abelian Lie algebra: their bracket is a vector
direction. Non-Abelian or nonzero-background extensions therefore use the full inherited left/right
U(3)5 source family or an actual closed subgroup, with its vector and anomaly rows [36, 37, 21].

Proposition 3.4 (Computed current–Yukawa contact). For a source-independent Yukawa
tangent Z, put (VαZ)r = −iα{T,Zr}, with its conjugate variation. On the preceding restriction,

VαWZ = (Aα)Z −WVαZ ,

VαWZ,s = (Aα)Z,s −WVαZ,s,

VαWZ,K = (Aα)Z,K −WVαZ,K −WZ,VαK ,

where s is an independent flavor-inert sibling and K is a second Yukawa direction.

Proof. The source coefficients are linear in Y , so [∂Z ,Vα] = ∂VαZ . Differentiate (9) and move
this coefficient contact to the right. A derivative in s commutes with the vector field. One in K
contributes its first coefficient contact; the second derivative of the vector-field coefficient is zero.
All source insertions then use (2) or (4).

3.5 The mass-shaped map retains its weak and Higgs terms

The complete quark interaction admits the polynomial rewrite

MH = Φ(H) diag(Yu, Yd) =
(
H0∗Yu H+Yd
−H+∗Yu H0Yd

)
,

LY q = −q̄LMHqR − q̄RM †
HqL.

(10)

This is an action-word map, not substitution of a quantum Higgs field into an independent QCD
functional. In particular

dYMH [Z] = Φ(H)Z, dHMH [k] = Φ(k)Y, dHdYMH [k, Z] = Φ(k)Z,
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where Y,Z denote the up/down block diagonal matrices. Along moving coordinates, MH,ab =
Φ(Hab)Y + Φ(Ha)Yb + Φ(Hb)Ya + Φ(H)Yab. These are real Higgs derivatives. An original ρ
derivative in a fixed field frame has Ha = 0; it is not differentiation of a vacuum value inside a
quantum insertion.

The original left/right electroweak connections remain

ℓµ = g2W
a
µ ta + g1

6 BµI, rµ = g1Bµ diag(2/3,−1/3),

with the common color connection as well. A rotation δqL = iαALqL, δqR = iαARqR with these
connections fixed contributes

∆weak = iq̄Lγ
µ[ℓµ, AL]qL + iq̄Rγ

µ[rµ, AR]qR

and ∆Y = iq̄L(ALMH −MHAR)qR + h.c.. The divergence is −∆weak −∆Y , before its quantum
contact completion. The weak commutators vanish for the generation action above, but not for
an arbitrary rotation between inequivalent electroweak components.

In an admitted split H = h+ η, h = (0, v/
√

2)T ,

MH = Mh +Mη, Mh = v√
2

diag(Yu, Yd).

Apply the same linear renormalized insertion prescription after this source-word decomposition.
Both terms remain in each insertion slot; the fluctuation correlation is not an error discarded in
a limit. Holding Mh fixed gives δY = −(Y/v)δv, which still changes the fluctuation coupling. A
mere re-split of the unchanged field instead has δη = −δh.

The mass-spurion and heavy-current constructions of SYM–6 remain positive inputs at their
stated targets [37]. Its conserved massless nonsinglet QCD current, nonzero axial vacuum
variation and Goldstone spectral channel retain the registered massless and weak/QED-off
conditions. In the full source the actual breaking/current correlator above remains. Restricted-
current conservation cannot be used to erase it. Likewise the physical charm/bottom hadron
records and selected heavy-current amplitudes matched through their registered inverse-mass
and coupling order retain their matching remainder; top is not in that same hadronic record.
These statements neither undo those occupations nor identify all their domains or continuations
with the full source by reversing decoupling. A confined/composite attachment must retain these
weak, Higgs, breaking and source observations [5].

3.6 Channel variations and an actual lawful flavor family

For two fixed original mass-detector labels 1, 2, define C12 = (W12 − ⟨F12⟩)/i with the source’s
normalized relative insertion expectation. In a fixed relative frame, differentiating normalized
cumulants gives

∂aκ(A1, . . . , An) =
∑
j

κ(A1, . . . , (Aj)a, . . . , An) + iκ(A1, . . . , An, Fa).

This follows by adjoining independent linear probes for the Aj and differentiating their connected
generating functional. Consequently the original first and mixed second channel variations are

C12;a = κ(F1a, F2) + κ(F1, F2a) + iκ(F1, F2, Fa), (11)
C12;ab = κ(F1ab, F2) + κ(F1a, F2b) + κ(F1b, F2a) + κ(F1, F2ab)

+ i{κ(F1a, F2, Fb) + κ(F1, F2a, Fb) + κ(F1b, F2, Fa)}
+ i{κ(F1, F2b, Fa) + κ(F1, F2, Fab)}
− κ(F1, F2, Fa, Fb). (12)
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The first formula requires the derivative of the whole subtracted expectation: ∂a⟨F12⟩ = ⟨F12a⟩+
iκ(F12, Fa). Subtracting only ⟨F12a⟩ would leave an erroneous contact. A physical source path
adds C12;IJj

I
aj
J
b + C12;Ij

I
ab; moving detector tests and normalizations also differentiate. For a

moving preparation or prescription use (4). These are third/fourth original-source operations,
not the two-point Higgs–Yukawa response (8).

Theorem 3.5 (Anomaly-free local flavor transport and fixed siblings). Choose a permutation of
T = diag(1,−1, 0)/2. On the admitted contractible local source patch, the finite map

Yr,α = e−iαTYre
−iαT , aα = a+ dα, r = u, d (13)

constructs a lawful presentation of the occupied source for real compact smooth α, with the
fields, preparation, renormalization and boundary data co-transported. In its Ward-preserving
representative the calibrated invariant Higgs channel is unchanged on its entire admitted marked
sheet. At fixed current sibling instead,

W [Yα, 0] = W [Y,−dα]. (14)

Actual local anomaly-representative contacts accompany these equations if another prescription is
used.

Proof. Substitute the local generation transformations in the kinetic and Yukawa action. The
derivative of the quark transformation is cancelled by a + dα; the interaction is exactly its
bifundamental spurion transform. The inverse map is the −α map. Compact support keeps
the state and boundary endpoints fixed. Pulling back the actual field/test operations and
relative prescription along this invertible map constructs the source presentation; no new quark
Fock-space implementer or summation of a formal Ward equation is required.

The anomaly check retains the full chiral inventory. In all-left notation the quark axial
background charge is −t on QL, u

c
R, d

c
R. Mixed triangles with one such insertion and two

Standard-Model gauge fields, and its gravitational triangle, vanish by TrT = 0. The cubic
coefficient is proportional to −12 TrT 3 = 0. The two-background/one-hypercharge coefficient is

TrT 2{6(1/6) + 3(−2/3) + 3(1/3)} = 0.

The other mixed non-Abelian single-generator traces vanish. Thus this restricted local Abelian
background has no nontrivial triangle class. No statement about every large/global transformation
or a general non-Abelian flavor background follows. Any actual coboundary/prescription term is
transported. On its admitted path the general relation is

W [jα]−W [j] =
∫ 1

0
Aα(jtα) dt;

in the specified Ward-preserving representative the right side is zero.
The invariant Higgs detector is carried into itself, so its fully calibrated distribution is its

original distribution. Its existing authorized continuation is therefore the same complete germ,
not only the same pole. Applying the map to current background −dα gives (14). Neither side
of that equation has been asserted equal to W [Y, 0].

For α = sf + tg, let ZfY = −if{T, Y }, let Lfa = df , and put UfgY = −fg{T, {T, Y }}, with
all conjugate variations. The fully transported channel satisfies

C12;Zf +Lf
= 0, C12;(Zf +Lf )(Zg+Lg) + C12;Ufg

= 0.

The fixed-sibling identity instead gives

C12;Zf
= −C12;Lf

, C12;ZfZg + C12;Ufg
= C12;LfLg .
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The full formulas (11)–(12) and their normalization contacts occur in each term. The zero
combined response has an actual zero continuation. It does not independently continue its
separate current or Yukawa summands. If one side of the fixed-sibling experiment has an actual
parameter-regular continued family, the licensed source equality transports it to the other.

For two constant noncommuting generation directions T, S, the actual group path Y (s, t) =
e−isT e−itSY e−itSe−isT has Yst = −{T, {S, Y }}. Reversing the order changes this contact by
−[[T, S], Y ], the required vector direction. This is why the complete left/right source family, not
an imagined non-Abelian group of axial directions alone, is used.

3.7 The exact radial Higgs map and its total Euler insertion

The represented descendant constructed in Theorem 4.4 has a full interaction meaning. Use
the physical signature (+−−−) and retain the signed kinetic coefficient kH . At the canonical
source-word level write

LHY = kHK + ρO − λO2 + LY , K = (DµH)†DµH, O = H†H,

where LY contains all up, down and charged-lepton Yukawa contractions and their conjugates.
Gauge, metric and all other source terms remain in the same action.

Proposition 3.6 (Finite radial source map). For real compact smooth α, the field change
H 7→ eαH has the exact coefficient map

kH,α = e2αkH , λα = e4αλ, Yr,α = eαYr (r = u, d, e),
ρα = e2α{ρ− div(kH dα)− kH(dα)2}, (15)

and S0[eαH; j] = S0[H; jα].

Proof. The up-conjugate doublet scales by the same real factor as H. Every Yukawa word
therefore scales once, while O and O2 scale twice and four times. Covariant differentiation gives

K(eαH) = e2α{K + ∂µα∂
µO + (dα)2O}.

Integrating the middle term by parts with its actual factor e2αkH gives the stated mass coefficient,
including the negative gradient-square term. Compact support removes the boundary term. All
identities use the original covariant derivative.

This is an invertible field/source reparametrization, not a scale symmetry with all coefficients
fixed. At α = tf , let Vf vary kH , ρ, λ, Yr by 2fkH , 2fρ, 4fλ, fYr, omitting only the derivative
term in δρ. If Ef = δH=fHS0, then

Ef = F 0
Vf
−O(div(kHdf)).

At constant kH = 1 this is the local off-shell Euler identity

□(H†H) = 2(DµH)†DµH + 2ρH†H − 4λ(H†H)2 + LY − EH . (16)

Equivalently expand □(H†H) = 2(DH)†DH + H†D2H + (D2H)†H and the full scalar Euler
variation. The term EH is not silently zero in quantum insertions.

At that flat kH = 1 baseline, in the actual source frame SR = S0 + Sct, put

ER,f = δH=fHSR, Rf = δH=fHSct − (Sct)Vf
+ (Sct)ρ(□f).

Adding these actual counterterm derivatives to the preceding identity proves the complete source
equation

Fρ(□f) = FVf
+Rf − ER,f . (17)
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Its left side is the represented operator D(f) of the next section. Thus the total right-side source
operation has that representation and physical channel. Equality of the sum does not assign
separate domains or nonzero residues to each kinetic, quartic, quark, lepton, Euler or counterterm
summand.

The actual change-of-variables prescription also retains its measure contact: schematically in
a fixed-product frame,

0 = ω(δfA) + iω(AER,f ) + ω(AJf ),
with the connected subtraction and any prescription derivatives. Here Jf is the source’s
logarithmic Jacobian/contact, not an adjustable term. The leading scalar variation δfO(h) =
2O(fh) receives its own actual mixing corrections. Dropping ER,f inside all products would
erase these contacts. Writing Vf = Vq,f + Vrest,f , with Vq the up/down Yukawa rows only, gives
the exact quark/source comparison

FVq,f
= Fρ(□f) − FVrest,f

−Rf + ER,f .

The retained remainder is interaction content, not a term proved small.
For α = sf + th at constant kH , the nonlinear contacts are

ρst = 4fhρ− 2kH(f□h+ h□f)− 2kH∂µf ∂µh,
(kH)st = 4fhkH , λst = 16fhλ, (Yr)st = fhYr.

They follow by differentiating (15), not by repeating only its first tangent. Variable kH and
metric variations differentiate the displayed divergence, contractions and volume. Together with
(4), these formulas retain the full source, including its chiral and geometric contacts.

These identities provide the original interaction-sensitive operations used throughout the phys-
ical construction. Their complete signatures, readers and domains are compared in Theorem 10.7;
the whole compatible family enters the common realization of Theorem 11.5. The color, Higgs,
current and metric directions are thereby retained as operations of this one source, with their
respective represented, continued or coefficientwise authority.

4 Represented Higgs and current channels on the physical source

This section constructs physical channels directly on the occupied source of Section 3. The
starting scalar is the invariant detector H†H, with its actual physical correlator and continuation,
not an elementary radial field renamed invariant. The physical local-observable interface supplies
its positive-metric representation, vacuum, translation spectrum and common field domain
[35, 20]. The following maps introduce neither an independent state nor a required equality with
the finite regulator. They also do not turn the unstable Higgs pole into a stable one-particle
eigenvalue.

4.1 The original mass coefficient selects the physical detector

Definition 4.1 (The calibrated original scalar port). On the fixed flat constant-parameter
minimal-SM fiber, let Oρ be the complete original insertion for +

∫
dVg ρH

†H. Let OH be the
certified renormalized invariant Higgs detector of the same source. Retain their actual invertible
normalization and identity mixing

Oρ = nOH + b1, n ∈ R \ {0}.

If their time-ordering extension conventions differ, retain the actual local contact transport L.
Their connected operational channels are consequently

Gρ(z) = n2GH(z) + L(z). (18)
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The numbers and contact map are fixed by the source prescription, not chosen to set a residue.
Here z is a physical channel variable, not a source coordinate.

Lemma 4.2 (The flat dimension-two invariant line). The nonconstant Hermitian Lorentz-scalar
proper-gauge-invariant field-polynomial grammar of engineering dimension two in this one-doublet
minimal source is the real line generated by H†H. The original mass derivative has the invertible
normalization of Definition 4.1.

Proof. A Higgs field has dimension one, a fermion dimension 3/2, and a field strength dimension
two. A single antisymmetric field strength cannot be contracted to a Lorentz scalar; a gauge
potential is not a proper-gauge-invariant polynomial. Fermion bilinears are too large, and one
derivative cannot turn a single doublet into an invariant scalar. Of two scalar factors, the
hypercharge-neutral invariant endomorphisms of the doublet are scalar multiples of the identity.
The candidate ϵHH also vanishes for identical commuting fields and has the wrong hypercharge.
The only nonconstant Hermitian line is therefore the one stated. An invertible renormalization
of the original mass derivative retains its nonzero leading coefficient on that line; a projection to
zero would not be such a normalization. Its field-independent mixing is separately recorded.

The lemma concerns the stated flat polynomial grammar, not arbitrary nonpolynomial
observables, BRST ghosts or curved/source-dependent counterterms. In particular R(g)1 is an
allowed dimension-two background mixing away from this fiber. Its derivatives and those of a
ρR source contact remain in the metric comparison. If the action uses −m2

HH
†H, the original

m2
H insertion is −Oρ; odd mixed responses retain that sign.
For compact tests f, g, Theorem 3.1 constructs

Cρ(f, g) =
Wρ(f),ρ(g) − ω∗(Fρ(f),ρ(g))

i
= κT (Oρ(f), Oρ(g)). (19)

This is the actual boundary distribution of Gρ. The subtraction contains the complete source
seagull, including nonlinear coordinates and counterterm derivatives. Identity mixing drops
from connected cumulants, but the independent extension contact L in (18) remains. On this
translation-invariant fiber a finite local contact is a momentum polynomial: it is regular at an
isolated physical pole, yet matters for the full regular germ.

Theorem 4.3 (Physical mass-source channel and full germ). The map

(f, g) 7−→ Cρ(f, g) 7−→ n−2(Cρ − Cloc) 7−→ the detector’s authorized continuation

recovers the actual physical Higgs channel with its full marked germ, current/source normalization,
principal part and boundary/failure data. At an isolated pole its nonzero leading principal
coefficient cannot be lost under this source normalization.

Proof. The physical packet supplies the invariant detecting correlator and its actual continuation
[20]; Lemma 4.2 identifies its nonconstant insertion with the original source line. Equation (19)
computes that same distribution and (18) transports its complete convention. Following the
continuation of this identified distribution therefore gives the source-owned channel, not an
inferred continuation of an arbitrary response.

Near an isolated pole pH , write

GH(z) =
r∑

k=1
c−k(z − pH)−k +

∑
m≥0

cm(z − pH)m, c−r ̸= 0.

The leading mass-normalized coefficient is n2c−r ̸= 0. For a positively oriented small contour on
that sheet,

c−k = 1
2πi

∫
Γ
(z − pH)k−1GH(z) dz.
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At a marked regular point its convergent Taylor germ retains every derivative. The meromorphic
identity theorem determines the actual channel on the connected admitted domain. Thus it
instantiates the analytic-germ interface of BCRS–IIEW/H [4], rather than substituting a pole
list or a finite source jet for that interface.

This theorem neither derives pole existence from the radial Hessian nor assumes every pole
simple. The physical source determines the actual local sheet, real/complex character and residue.
If a supplied calculation is only formal through an order, the source-derivative identity has that
accuracy; it does not sum the series. The full-germ claim refers to the actual continued detecting
channel already received. No global sheet beyond its authority is added.

4.2 The physical charged and neutral current ports

Physical detector normalization is dual to its original source. For O′ = nO + b1, use ρ′ = ρ/n
and retain the resulting central action term. More generally O′ = ZO and the action pairing
jTO require j′ = Z−T j; the analytic bilinear transforms as C ′ = ZCZT . An unordered positive
Gram has its own adjoint convention. Parameter-dependent frame changes differentiate all these
factors and the local contact transport.

The W/Z ports likewise come from the same original coupling map. With Q = T3 + Y ,
Ta = σa/2,

sW = g1√
g2

1 + g2
2

, cW = g2√
g2

1 + g2
2

, e = g1g2√
g2

1 + g2
2

,

substitution of A = sWW
3 + cWB, Z = cWW

3 − sWB gives

g2T3W
3 + g1Y B = eQA+ g2

cW
(T3 − s2

WQ)Z. (20)

For W± = (W 1 ∓ iW 2)/
√

2 and T± = T1 ± iT2, the same substitution gives

g2(T1W
1 + T2W

2) = g2√
2

(T+W
+ + T−W

−).

Conjugate-Weyl fields use −T T and reversed hypercharge; integer hypercharge 6Y has the
reciprocal coupling change. Flavor rotations transport the charged-current mixing matrix and its
conjugate channel, rather than only moving Yukawa coordinates.

These are original current normalizations, not computations of the full loop vertex. The
occupied physical amplitude retains its interacting vertices, dressing, boundary and infrared
conditions [20, 4]. On an actually admitted finite mixing chart,

G = JLD
−1JR +Breg.

If its Nielsen comparison is Dξ = AD +DB, solve Lξ = AL, Rξ = RB and use

D = LD0R, JL = JL0R, JR = LJR0.

Direct multiplication cancels the endpoint factors in the inverse term; the regular physical
background is transported as well. At an actual simple determinant zero the residue is

JL(p) adjD(p)JR(p)
∂z detD(p) .

Nonzero detection concerns the actual physical port, not every contraction of that tensor. These
statements require the chart’s regularity and nonsingular transport coefficients. They identify the
occupied W/Z physical amplitudes; they do not introduce naked local charged-field correlators
or turn unstable channels into stable Hilbert vectors.
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4.3 Derivative fields on the same physical domain

Use signature η = diag(1,−1,−1,−1), □ = ηµν∂µ∂ν , and the existing common invariant field
domain D0, containing the vacuum Ω, for Oρ. Define on compact smooth tests

K(b) = −Oρ(∂µbµ), D(f) = Oρ(□f). (21)

Thus Kµ = ∂µOρ and D = ∂µK
µ are derivative distributions, not products of new point fields.

The current K is distinct from both the axial quark Noether current and the Higgs phase current;
no conservation is asserted.

Theorem 4.4 (Represented current, descendant and translation domains). The operators in
(21) preserve D0, are symmetric for real tests and closable there. They retain local support,
physical gauge invariance and adjoint and tensor covariance. Their vacuum vectors have positive
joint Gram kernels on the same Hilbert space and are smooth vectors for translations. With the
field-vector convention eiP ·x,

kµ(f) = iPµo(f), d(f) = −So(f), o(f) = Oρ(f)Ω, S = PµP
µ ≥ 0. (22)

Proof. Each right side in (21) is an existing scalar smearing. The adjoint contains the conjugate-
test operator on the dense common domain, proving symmetry and closability. Test derivatives
preserve support and commute with the appropriate source covariance. For finitely many
current/descendant vectors va, positivity is exactly

∑
ab c̄a⟨va, vb⟩cb = ∥

∑
a cava∥2.

Translation of a compact smooth test is smooth in its test-function topology. The actual
positive scalar two-point distribution implies continuity of f 7→ Oρ(f)Ω in Hilbert norm. The
Stone difference quotients and their iterations therefore give all translation-generator derivatives
as the corresponding derivative smearings. Covariance yields (22) with the displayed sign
convention. Forward spectrum gives S ≥ 0. No point vector Oρ(0)Ω, essential self-adjointness of
a field smearing, or independent tensor factor was assumed.

The original source experiment is the test pullback

ρb,d = ρ− ∂µbµ + □d.

It constructs every current/descendant mixed response from the same relative source, with the
contact subtraction of (19). Its kernel includes b = ∂d; that does not make its separate directions
zero. The constant identity component in Oρ drops from compact derivative smearings, while its
source-dependent or curvature derivatives remain in other operations.

A covariant metric variation k = δg also differentiates this test map:

δk□f = −kµν∂µ∂νf −
(
∂µk

µν − 1
2∂

ν trη k
)
∂νf.

The mixed source insertion contains both the original metric derivative and Fρ(δk□f). All original
density, coframe and composite-prescription contacts stay in the former. This chain rule does
not construct a new curved-state family.

4.4 The complete descendant germ and a positive current boundary

The operational derivative channel is exactly

G(O,D)(z) =
(

1 −z
−z z2

)
Gρ(z). (23)

For current slots the first and second analytic factors are −ipµ and +ipν , with the actual
source duals. The identity is first a test-pullback identity of the boundary distribution, and
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then a polynomial times its authorized continuation. All regular terms in Gρ are multiplied
too. A separately normalized time product of local derivative densities can have additional
equal-time/extension contacts; their actual local polynomial comparison is retained rather than
set to zero.

At an actual nonzero simple Higgs pole pH ,

ResGOD = −pH ResGρ, ResGDD = p2
H ResGρ ̸= 0.

For a higher-order pole the leading principal coefficient is likewise multiplied by p2
H ; the complete

lower and regular coefficients follow by multiplication. The full scalar germ is recovered from
GDD/z

2 on its admitted domain avoiding zero. A deliberately massless scalar branch requires a
new strict-nonzero check; the derivative operation need not preserve a pole at zero.
Theorem 4.5 (Nonzero physical descendant and current-generated boundary). At the preceding
actual nonzero Higgs pole there is a compact smooth test f with d(f) ̸= 0. Let E be the joint
translation spectral measure and

Bn = {p ∈ V + : 1/n ≤ p2 ≤ n, p0 ≤ n}.

For some n, E(Bn)d(f) ̸= 0. The independently current-generated closed space

HK(B) = span{h(P )E(B)Kµ(g)Ω : h bounded Borel, g ∈ C∞
c , µ = 0, . . . , 3}

contains E(Bn)d(f) and reduces translations. For its isometric inclusion aK and jD(c) = cD(f)Ω,

∥a∗
Ke

−ia·P jD(1)∥2 = ∥E(Bn)D(f)Ω∥2 > 0.

This is an actual source-to-current-boundary attachment.

Proof. If every D(f)Ω vanished, positivity would make its unordered two-point distribution zero.
Its time-ordered distribution would then vanish off the coincidence set; any local extension would
be a finite delta-derivative contact, with polynomial Fourier transform. It could not have the
nonzero principal part in (23). Hence some compact test has a nonzero image.

By (22), d(f) has no component on p2 = 0. The bands increase to the positive-mass part of
the forward cone, so one band image is nonzero. On Bn, all momentum components and S are
bounded and p0 ≥ 1/

√
n. For q = E(Bn)o(f),

E(Bn)k0(f) = iP 0q, q = −i
P 0E(Bn)k0(f) ∈ HK(Bn), E(Bn)d(f) = −Sq ∈ HK(Bn).

All multipliers used here are bounded on the band. The generating space is invariant under every
bounded spectral function and its adjoint, hence reduces translations. Because it lies in E(Bn)H
and contains the displayed band vector, its projection of d(f) is exactly that vector. Translation
preserves its norm, proving the last assertion.

The boundary is defined by the current before the descendant is chosen; it is neither the whole
Hilbert space by declaration nor a renaming of the desired image. If νf (A) = ⟨o(f), E(A)o(f)⟩,
the full unordered spectral matrix is

dνab(p) = ca(p)cb(p) dνf (p), (cO, cKµ , cD) = (1, ipµ,−p2).

Every finite quadratic form is nonnegative. Its band restriction has bounded moments. It is not
the time-ordered analytic tensor (23), and a complex resonance is not an atom of νf .

The real and imaginary parts of a nonzero compact test show that f may be chosen real.
Then D(f)Ω is orthogonal to the vacuum, translation-smooth and has strictly positive finite
energy. Its normalized vacuum-plus-descendant preparation stays on the common polynomial
domain. A band projection gives another actual bounded-energy vector, but is not asserted to
preserve that polynomial domain or the resonance sheet. The unspectrally-projected preparation
is the one used for the all-test stress construction of Theorem 8.1.
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4.5 A represented kinetic-current contact with complete test access

There is another original-source route to the same physical scalar, without assuming a separately
represented full Higgs phase current. Retain the signed nonzero kinetic coefficient kH , and
introduce the test connection D

(a)
µ = Dµ − iaµ. At the canonical source-word level define

Jµ0 = iH†←→D µH. Direct expansion gives

Lkin(a) = kH{(DµH)†DµH + aµJ
µ
0 + aµa

µO}. (24)

The polarized quadratic coefficient, or equivalently the even finite difference before renormalization,
is

S0(b, c) = 2kHO(g−1(b, c)).

Under H 7→ eiαH, Jµ0 7→ Jµ0 − 2(∂µα)O. The finite difference of this original current coefficient
is thus

R0
α(h) = −2kHO(hµ∂µα).

If the background a is also shifted by dα, the covariant current J0 + 2aO is unchanged. The
relative-current experiment instead holds that original detector convention fixed.

Theorem 4.6 (Represented kinetic and relative-current contact). Extract the preceding polyno-
mial coefficients or finite differences first, then apply the same linear renormalized insertion map
that defines the original Oρ. The resulting physical operations are

S(b, c) = Oρ(2kHg−1(b, c)), Rα(h) = Oρ(−2kHhµ∂µα). (25)

Both are represented on D0. Each family accesses every compact smooth scalar test on the flat
source. Its positive kernels and full source-normalized physical scalar response are the exact test
pullbacks of Oρ, including its identity and extension conventions.

Proof. Multiplying (DH)† + iaH† by DH − iaH gives the linear current and positive a2O
term with the displayed signed kH . Two source derivatives give 2kHg−1(b, c)O. Alternatively
L(a) + L(−a)− 2L(0) = 2kHa2O; polarization gives the mixed coefficient. The phase identity
follows from D(eiαH) = eiα(DH + i dαH). The two opposite linear terms in iH†←→DH sum to
−2dαO. Applying the fixed linear insertion map after these exact cancellations proves (25).
No separately renormalized product or separate phase-current operator was subtracted on an
unproved common domain.

For test coverage, let f be compactly supported in K. Choose a smooth cutoff χ = 1 near K
and a covector e with g−1(e, e) ̸= 0 on a neighborhood. In flat Minkowski space one may use
e = dx0 throughout that neighborhood. Set

b = χe, c = f

2kHg−1(e, e) e.

The second expression is extended by zero outside the neighborhood; its support stays inside
K. Then 2kHg−1(b, c) = f . For the relative-current access choose a compact α equal to the
coordinate x0 near K, so dα is non-null there, and put

hµ = − f ∂µα

2kH(dα)2 .

Again the expression is taken only near K and zero-extended. It gives −2kHhµ∂µα = f . These
explicit right inverses use no inverse wave operator or noncompact source. The right sides of
(25) are existing scalar smearings, proving their domain and kernel claims.
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The theorem concerns the original kinetic coefficient and its calibrated insertion. It does not
assert that the full independently renormalized background-a action has only the polynomial
(24). Source counterterms such as derivative background terms have their own derivatives. If the
raw nonlinear background functional is the experiment, all those derivatives must be included.
Nor does subtraction of two formal current symbols establish separate physical domains for both
of them; here the finite source-word difference is formed before the representation map.

For the fixed tensor coefficient Sµν = 2kHηµνOρ, the complete analytic responses are

GSµν ,Oρ = 2kHηµνGρ, GSµν ,Sαβ = 4k2
Hη

µνηαβGρ.

Choose an actual nonzero contracted coefficient to recover the whole scalar germ, not only its pole.
Thus these contact channels have the occupied nonzero Higgs principal part. Their positivity is
separately the Gram positivity of the represented vectors Oρ(f)Ω, not a sign assertion about a
Feynman Hessian.

This distinction is visible in a raw four-current derivative. For two separated polarized pairs
12 and 34, with the canonical quadratic background source so that the cross-pair and higher
action contacts vanish, the complete formula is

W1234 = iκ(F12, F34)− κ(F12, F3, F4)− κ(F34, F1, F2)
− iκ(F1, F2, F3, F4).

Thus the isolated physical S/S response is not the entire raw four-current response. Additional
source counterterms restore their actual higher contacts through Theorem 3.1. No standalone
phase-current spectrum is claimed by the contact theorem.

4.6 Actual detector families and continued response calculus

The operations just constructed have useful proved parameter regularity without postulating a
new family of physical vacua. On a fixed compact support, multiplication and differentiation
of smooth test profiles are continuous multilinear maps of their test spaces. A smooth profile
family therefore gives a smooth family of the tests in (25) and (21). Pairing with the existing
field distribution gives smooth matrix elements on its admitted domain; the positive two-point
distribution gives smooth vacuum vectors in Hilbert norm. This is a test/preparation statement,
not operator-norm differentiability of unbounded fields.

For finite constant detector coefficients vi(θ), the continued family is actually

Gij(z; θ) = vi(θ)vj(θ)Gρ(z),

with its retained dual and contact convention. It is Ck in the uniform norm on any compact
regular part of the existing sheet whenever vi is Ck. Likewise the fully transported flavor family
of Theorem 3.5 has its actual constant calibrated Higgs germ. These are discharged physical
families; they do not imply regularity of an arbitrary transverse change of Yukawa invariants or
metric background.

For reference, the exact continued-family calculation can be stated without imposing a rational
model on an interacting amplitude.

Proposition 4.7 (Source-calibrated contour response). Let an actual channel family on one
marked sheet be C2 in source coordinates with values in the uniform norm on a compact contour
Γ, with its original source derivatives transported through a finite chain of locally uniform
holomorphic overlap neighborhoods from the detecting germ. Then

Mn = 1
2πi

∫
Γ
znG(z) dz, (Mn)I = 1

2πi

∫
Γ
znGI(z) dz, I = a, ab,
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where GI is the actual contact-complete channel derivative. If the family has exactly one
noncancelled simple pole inside Γ, choose a fixed detecting contraction with mj = ℓMjr, m0 ̸= 0.
Its pole satisfies

p = m1
m0

, pa = m1,a − pm0,a
m0

,

pab = m1,ab − pm0,ab − pam0,b − pbm0,a
m0

.

The residue and entire regular background are differentiated as well.

Proof. The contour integral is a bounded linear map on C(Γ); Banach-valued difference quotients
pass through it. The differentiated identities on the locally uniform holomorphic overlaps identify
its integrand with the original source derivative. In the one-pole case M0 = Rp, M1 = pRp,
giving the ratio and its two quotient derivatives. For G = Rp/(z − p) +B(z),

Ga = Rp,a
z − p

+ Rppa
(z − p)2 +Ba,

Gab = Rp,ab
z − p

+ Rp,apb +Rp,bpa +Rppab
(z − p)2 + 2Rppapb

(z − p)3 +Bab.

Inside the contour the regular part is B(z) = (2πi)−1 ∫
ΓG(w)/(w − z) dw: the residues of the

pole term at w = p and w = z cancel. Cauchy’s formula and the same parameter bounds prove
its derivatives. The actual detector and lawful-presentation families above meet these regularity
conditions on their preserved domains.

For a genuine source-coordinate variation of (18), put K = Gρ − L. Its calibration contacts
are

(GH)a = n−2Ka − 2n−3naK,

(GH)ab = n−2Kab − 2n−3(naKb + nbKa) + (6n−4nanb − 2n−3nab)K.

The numerators are (11) and (12), not a bare three-point insertion. For a current presentation
JLD

−1JR +B, the derivatives distribute among both endpoints, inverse and background, with

(D−1)a = −D−1DaD
−1,

(D−1)ab = D−1DaD
−1DbD

−1 +D−1DbD
−1DaD

−1 −D−1DabD
−1.

At second order the three second-factor derivatives and the six assignments to two different
factors are all retained. Moving external contractions have their own identical product rule.

An actual analytic matrix presentation with a single simple determinant zero and no zero on
the contour gives a local one-pole neighborhood by the implicit-function and Rouché theorems;
nonzero detecting residue persists by continuity. This is a sufficient test on a supplied physical
family, not an inference from a quadratic mass matrix. Thresholds, cancelled detector contractions,
singular Nielsen coefficients or lost uniform continuation regularity stop this particular comparison
at their actual boundary.

Finally, metric variation of the kinetic test coefficient retains

δ(2kHgµνbµcν) = 2(δkH)gµνbµcν − 2kHkµνbµcν
+ 2kHgµν{(δbµ)cν + bµδcν}.

The separate covariant-metric density derivative is δdVg = 1
2 trg(k)dVg. Composite, spin/coframe,

curvature and moving-prescription derivatives stay in the original source insertion. These
formulas concern admitted source protocols; they do not infer a curved physical vacuum or a
new continuation sheet.
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4.7 The joint physical output

The constructions yield the original Higgs detector, its full source-normalized Higgs germ and ac-
tual W/Z current ports, the represented gradient current and Euler descendant, a nonzero
current-generated positive boundary, and separate kinetic/contact access to the complete
scalar response. Equation (17) identifies the represented descendant with its total full-SM
kinetic/potential/Yukawa source combination. The fixed-sibling flavor identities remain available
after replacing each detector test by □f ; their contacts do not disappear, and a zero continued
sum does not separately continue its summands.

The curvature construction in Theorem 8.2 uses these same represented objects and source
normalization, and Theorem 8.3 uses the same actual descendant preparation. This is a common
physical-source chain, not a substitution of the native spectral state for the physical vacuum. It
provides a represented total composite containing the genuine quark and lepton source words
without assigning its nonzero Higgs pole separately to those words. The complete original
color/composite and asymptotic interfaces retain their own source authority under Theorems 10.5
and 10.8; the causal Einstein action is constructed in Section 9. Their simultaneous comparison is
Theorem 11.5. That result preserves the full channels and domains proved here without asserting
a new transverse continuation family where none belongs to the original source.

5 Compact responses of the interacting physical source

The renormalized physical field prescription fixes products with uncontracted field legs, not only
the scalar functional (1). It therefore supplies mixed chronological and ordinary products before
the physical expectation is taken. We use these products to construct compact color and Yukawa
responses on the original Higgs detector ports, with the full interaction, preparation and source
normalization unchanged.

The distinction is substantive. A symmetric scalar third derivative does not determine every
ordering of three operators. Nor does a list of physical poles determine a composite-field domain.
The construction below uses the original algebra-valued prescription, and compares its scalar
restriction with the already received source functional. Its authority is coefficientwise in the
original perturbative regime, or through the retained order with that source’s error convention.
The physical Higgs port and its stronger baseline domain and continuation remain the objects of
Section 4; they are not reconstructed by summing a formal series.

5.1 The original prescription and its graded carrier

Fix the same occupied full source as in Section 3. SYM–10, Definition 2.1, includes its renormalized
field and interaction inventory, composite-operator basis, mixing, EOM and source conventions,
subtraction scheme, physical quotient, state and Ward data [34]. The perturbative BRST
formulation and physical scalar packet are received with the actual hypotheses of SYM–8,
Definitions 2.1–2.2 and Section 9 [20]. The complete color, weak, hypercharge, Higgs, quark and
charged-lepton interactions remain in the common source. An electroweak restriction is not used
to invent its color or chiral siblings.

In a perturbative field formulation, the normalization rule applies to the numerical distri-
bution coefficients of partially contracted graphs, not only to fully contracted vacuum graphs.
Uncontracted fields carry their original matrix, spinor and Grassmann indices. Composite-source
counterterms, ghost and gauge-fixing terms, and the furnished Ward normalization are part
of the same rule. This is the field-valued content of causal Wick expansion [42, Section 4 and
Appendix A.1]. The corresponding local-covariant construction and its graded extensions are
described in [43, Sections 3.1–3.7]. Their model-specific gauge-existence claims are not substituted
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for the occupied chiral Standard-Model prescription. In particular, the pure-Yang–Mills gauge
theorem does not supply a missing chiral Ward identity here; the original source already specifies
the Ward identity used by this construction.

Let Φ denote the original computational multiplet in a fixed perturbative chart, including its
gauge-fixing, auxiliary and ghost variables. It contains one Higgs doublet and the original chiral
matter with the conjugations of Section 3; no additional matter field is introduced. Let H be
its original matrix-valued Hadamard contraction. This computational contraction is not a new
choice of interacting physical vacuum. We use units ℏ = 1, retaining the original perturbative
coefficient grading.

For polynomial Wick blocks, define the ordered product by cross contractions:

NH(P ) ⋆ NH(Q) =
∑
c

ϵ(c)HcNH(PcQc). (26)

Here c runs over pairings between the two blocks, Hc is the product of their original contractions,
Pc, Qc retain the uncontracted legs, and ϵ(c) is the original graded permutation sign. The sum is
finite for fixed polynomial blocks. In the equivalent functional notation the product is m exp(ΓH),
with the graded contraction operator ΓH .

Lemma 5.1 (Original Wick multiplication). Equation (26) is associative and obeys (A ⋆ B)∗ =
B∗ ⋆A∗ on the original Wick carrier. It extends to the source’s renormalized compact microcausal
blocks. The graded commutator of the computational generators is the original causal propagator
and vanishes at spacelike separation.

Proof. Both parenthesizations of a product of three polynomial blocks enumerate the same
contractions among their ordered legs. Each pair occurs once, and the total graded permutation is
independent of parenthesization. This proves associativity. Reversing the blocks and conjugating
the original contraction gives the adjoint identity. The antisymmetric graded part of the
contraction is the causal propagator of the original quadratic field equations.

The distributional extension uses the original microcausal domain. The functional derivative
kernels of a block exclude collections of covectors lying entirely in the closed future cone or
entirely in the closed past cone. In a cross contraction, an oriented Hadamard kernel could
produce a forbidden zero covector sum only if such a collection were already present in an
operand. Thus the contraction products obey the wavefront multiplication criterion. Finite
matrix indices and Grassmann signs do not change this criterion. The original local counterterms
retain the permitted diagonal wavefront structure, so a renormalized chronological block can
be multiplied by a second compact block without choosing another extension across that block
boundary. All statements use the exact domain and support envelope of the original prescription
[43, Sections 3.1–3.3 and 3.5].

If the Wick reference changes from H to H + w, with w smooth, self-contraction gives its
invertible re-expansion αw. The same counting proves

αw(A ⋆H B) = αw(A) ⋆H+w αw(B).

The source action, normalization, adjoint, BRST operation and expectation must be transported
with this map. Such a change is a computational coordinate change, not a replacement of the
prepared state. We may throughout keep the original H fixed. A compact Yukawa variation,
including a quadratic term induced in that chart, then remains a relative interaction rather than
silently changing the propagator.
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5.2 Coefficient identity and the original chronological operation

Distinguish the numerical normalization rule tSn , the algebra-valued chronological map TS0 before
inserting the full interaction, and the interacting maps to be defined below. The scalar functional
extracting a numerical Wick coefficient is not the physical expectation ES .

In a field-independent Wick presentation the original coefficient lift has the form

TS0 (P1, . . . , Pn) =
∑

γ

ϵ(γ)
γ1! · · · γn! t

S
n(P (γ1)

1 , . . . , P (γn)
n )NH(Φγ1 · · ·Φγn). (27)

The graded submonomial derivatives, spacetime arguments, tensor indices and signs are those of
the original expansion. The sum is finite at each fixed list of polynomial vertices. If the source
uses additional finite composite mixing, include its complete local Wick-polynomial coefficients
in this expansion. In particular, no EOM, central or source-contact term is removed to force a
simpler normalization.

Theorem 5.2 (Identity with the original field prescription). Construct (27) from the original
normalization of every partially contracted coefficient in its admitted insertion domain. The
result is the original renormalized field operation, with the same local extensions, finite mixing,
causal factorization and adjoint identities, at every furnished perturbative order.

Proof. If the original field maps are given algebra-valued, expand those maps in their Wick
coordinates. If they are given by a diagram and subtraction rule, apply that very rule to each
partially contracted graph, retaining the indicated external field legs. These are two descriptions
of the coefficients in (27).

Order the comparison first by perturbative order and then by Wick degree. Away from the
relevant diagonals, both expressions have the same original contraction, propagators, vertex
labels and graded signs. At each extension step they use the same numerical distribution and
the same local normalization. Every coefficient of every uncontracted Wick monomial therefore
agrees. Equivalently, in the field-independent presentation, commuting their difference with a
free generator reduces it to lower Wick degree. After those coefficients agree, the remaining
numerical coefficient agrees as well. There is no free central term left to choose. Induction proves
the asserted equality, or the equality modulo the source’s retained remainder ideal.

On causally ordered blocks the original off-diagonal operation is the ordered product. Equa-
tion (26) enumerates exactly its cross contractions, so

TS0 (PI , PJ) = TS0 (PI) ⋆ TS0 (PJ) if block I is later than block J. (28)

The original diagonal normalization is retained off this ordered region. The Hermitian/unitary
normalization is retained coefficient by coefficient too. It determines the anti-chronological
coefficients by the formal ⋆-inverse, not by an independent contact choice.

The coefficient identity uses the actual field prescription, rather than inferring it from selected
scalar values ES(T (A1, . . . , An)). Those values would forget uncontracted-leg coefficients. Con-
versely, the fixed normalization rule is mathematical data even when its infinitely many coefficient
values are not printed. Only its supplied polynomial, source, support and order domain is used.
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5.3 The full interaction and exact restriction to the physical source

Let V be the original full interaction, including its gauge, Higgs, quark and lepton Yukawa terms
and all original counterterm and source vertices. Define

SS0 (F ) = TS0

(
eiF⊗

)
,

SSV (F ) = SS0 (V )−1 ⋆ SS0 (V + F ), (29)

RSV (f) = −i d
dt
SSV (tf)

∣∣∣∣
t=0

,

TSV (f1, . . . , fn) = i−n ∂t1 · · · ∂tnSSV

∑
j

tjfj

∣∣∣∣∣∣
t=0

. (30)

All inverses and exponentials here are formal operations with unit constant coefficient, or their
furnished finite-order restrictions. They are not finite exponentials of unbounded fields. Compact
interaction cutoffs, local comparison maps and the infrared/preparation envelope are exactly
those of the original source; no new adiabatic vacuum is chosen.

The lower-case f ’s retain raw source labels in the original computational presentation. This
distinguishes a label from its realized insertion, not an unrenormalized action from the renor-
malized one. The label includes its original coefficient and counterterm convention. When FI
denotes an insertion of Section 3, its corresponding raw label will be written fI . The source
normalization is applied once, through the original maps, not again to a previously normalized
field.

Theorem 5.3 (Same-source interacting realization). Equations (29)–(30), formed with the same
V and the same original expectation ES, realize the original interacting field prescription. In
particular,

ES
(
TSV (f1, . . . , fn)

)
= ω∗(TR,n(F1, . . . , Fn)) . (31)

For the full nonlinear relative action F (j), with its raw source presentation f(j),

ZS(j) = ES(SSV (f(j))), WS(j) = −i logZS(j) (32)

has exactly the source jets and all action contacts of Theorem 3.1. No change of physical
preparation is made.

Proof. Insert the same baseline V vertices into Theorem 5.2, sum the same original orders, and
form the same formal inverse. Every coefficient in (30) is then the original interacting coefficient,
with its local terms and uncontracted legs. Applying the original interacting reconstruction
gives (31); applying it after the original nonlinear source substitution gives (32). The partition
derivatives in (2) therefore retain every fI contact. This argument never identifies the free
coefficient extractor with ES .

For later F and earlier G, causal factorization of the original chronological maps gives

SS0 (V + F +G) = SS0 (V + F ) ⋆ SS0 (V )−1 ⋆ SS0 (V +G).

Expanding baseline vertices verifies this identity coefficientwise: the inverse removes the duplicated
baseline block. Left multiplication by SS0 (V )−1 proves SSV (F +G) = SSV (F ) ⋆ SSV (G). Thus the
interacting maps retain causal factorization without deleting any sibling interaction. Original
Hermitian normalization likewise makes SSV (F ) ⋆-unitary for real V, F . Its differentiated adjoint
and anti-chronological identities are the original ones.
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For even Hermitian normalized inputs, the two-entry inverse identity is

T V (f, g) = RV (f) ⋆ RV (g) +RV (g) ⋆ RV (f)− TV (f, g),
TV (f, g)∗ = T V (f, g).

(33)

The computational adjoint may be the gauge chart’s Krein adjoint. Physical positivity is asserted
only where the original physical quotient and representation supply it.

5.4 Causal source differentiation with the original contacts

For a real source direction z, let b = fz be its complete raw action derivative and let fi be a
scalar detector label. Put

B = RV (b), Ai = RV (fi), Ciz = RV (fiz).

All these maps have source S; that superscript is suppressed in the following formulas. The
source variation keeps the original full interaction in the baseline:

Ai(ϵ) = RV+ϵb(fi + ϵfiz) +O(ϵ2).

The contact fiz includes the nonlinear coefficient, source, counterterm and insertion-normalization
derivatives. It is not set to zero merely because the canonical polynomial has no cross term.

Proposition 5.4 (Original retarded coefficient). In a fixed product and normalization-rule frame,

Di;z := ∂zAi = Ciz + i{TV (b, fi)−B ⋆ Ai}. (34)

The formula holds on the full jointly admitted compact test domain, including overlapping
supports and their original local contacts. For real Hermitian source and detector directions, Di;z
is Hermitian. Away from local contacts its response vanishes if the input support cannot causally
precede the output.

Proof. Write C = S0(V ). Differentiation gives ∂zC = iC ⋆ B, hence ∂zC
−1 = −iB ⋆ C−1.

Differentiate −iC−1 ⋆ ∂tS0(V + tfi)|0. The inverse term is −iB ⋆ Ai; the numerator term is
iTV (b, fi); the moving insertion gives Ciz. This proves (34), including its sign and order. It is
the first chronological-to-retarded coefficient, obtained here in the original full-source algebra [44,
Appendix E].

Equation (33) gives[
i{TV (b, fi)−B ⋆ Ai}

]∗ = −i{T V (b, fi)−Ai ⋆ B} = i{TV (b, fi)−B ⋆ Ai}.

The contact is Hermitian in the original real direction as well. On a region where the input cannot
precede the output, causal factorization identifies TV (b, fi) with B ⋆Ai. Their difference vanishes
there; overlap contacts retain their original prescription. These are distributional statements,
not bounds for a new unbounded operator product.

5.5 Moving normalization, reconstruction and physical quotient

If the actual comparison changes the chronological rule independently of its representation in the
relative action, that derivative must also be retained. At fixed product define

Pz(G) = ∂zS
(z)
0 (G)

∣∣∣
z=0, Gfixed

, Li = ∂tS0(V + tfi)|t=0 .

Differentiating the inverse and numerator gives the extra term

Kz,i = iC−1 ⋆ Pz(V ) ⋆ C−1 ⋆ Li − iC−1 ⋆ ∂tPz(V + tfi)|t=0 . (35)
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Here Pz is the derivative of the original coefficient rule, not a counterterm chosen to force a
comparison. Add this term, and any actual field-coordinate derivative, to (34). A normalization
derivative encoded in the relative action is not counted again as an independent Pz.

If the product is µz, its fixed-operand derivative µ̇ occurs at each product vertex. If the
preparation is Ez, its derivative occurs at each expectation. For example, with K12 = (A1 ⋆ A2 +
A2 ⋆ A1)/2 and C12 = E(K12)− E(A1)E(A2),

Ċ12 = 1
2E(Ȧ1 ⋆ A2 +A2 ⋆ Ȧ1 +A1 ⋆ Ȧ2 + Ȧ2 ⋆ A1)
+ 1

2E{µ̇(A1, A2) + µ̇(A2, A1)}+ Ė(K12)
− {E(Ȧ1) + Ė(A1)}E(A2)− E(A1){E(Ȧ2) + Ė(A2)}. (36)

This is the ordinary product rule on the actual source comparison. It constructs neither a new
moving vacuum nor a finite curved-state family. Source-dependent identity mixing and curvature
contacts obey the same rule: a constant central term drops from a centered covariance, but its
coefficient derivatives and source seagulls need not.

Proposition 5.5 (Physical representative independence). The compact responses of physical
source insertions descend through the original physical quotient, with the complete moving Ward,
prescription and reconstruction contacts. This does not require every off-shell summand in (34)
to be separately closed under the frozen BRST differential.

Proof. Let dS be the original interacting nilpotent differential. The coefficient identity preserves
its furnished normalization and Ward identities. It is a graded derivation of the interacting field
algebra, so the product of closed representatives is closed. If A = dSX and C is closed, then
A ⋆ C = dS(X ⋆ C), with the corresponding graded formula in the reverse order. The original
physical expectation annihilates exact insertions. Physical product readouts are consequently
representative-independent at the furnished source authority.

For an actual moving source the identities are

dzAi(z) = 0, Ez(dzXz) = 0.

Differentiation gives
d0Ȧi = −(ḋ)Ai,

and the derivative of the second identity vanishes with its ḋ, Ė and product terms included.
Applying the same argument to products proves representative independence of the full response.
In a furnished BRST-compatible relative frame these contacts are already absorbed into that
frame. It is not legitimate to impose such a frame by deleting a genuine source derivative. All
equations retain the original on-shell/EOM and contact convention.

In particular, the Higgs mass and full Hermitian Yukawa directions are even physical source
words. The latter are (7), including their Higgs fluctuation, weak, color and conjugate contractions.
Holding sibling parameters fixed leaves their interactions in V ; it does not set them to zero.
Gauge anomaly cancellation is not used to discard an anomalous flavor/background Ward term.

5.6 The full compact mixed Higgs response

Let f1, f2 be arbitrary jointly admitted compact real scalar tests and let b be any original even
Hermitian compact insertion. The connected Hermitian detector covariance is

C12(ϵ) = 1
2ES{A1(ϵ) ⋆ A2(ϵ) +A2(ϵ) ⋆ A1(ϵ)} − ES(A1(ϵ))ES(A2(ϵ)). (37)

The detector maps, rather than just their numerical expectation values, are part of this operation.
On the original physical scalar interface they have the calibration of Definition 4.1.
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Theorem 5.6 (All-compact physical source response). In the fixed relative-source frame, put
mi = ES(Ai), di = ES(Di;z), with Di;z from (34). Then the original response of (37) is

R12;z = 1
2ES{D1;z ⋆ A2 +A2 ⋆ D1;z +A1 ⋆ D2;z +D2;z ⋆ A1}
− d1m2 −m1d2. (38)

It is an original compact physical source-response operation on the calibrated Higgs ports, retaining
the intrinsic field-valued result, exact domain, source and normalization. For the full Hermitian
quark-Yukawa direction it is the mixed Higgs–Yukawa response with all original interactions
present. Moving source frames use (35)–(36).

Proof. Theorem 5.3 supplies each original interacting field and each mixed chronological/ordinary
block in (34). Differentiate (37). The two field derivatives give its four product terms; differenti-
ating its two means gives the two subtractions. This proves (38) without an unordered-product
inference from a scalar third jet.

Each fixed-order coefficient is a distribution on the original compact test space. The chronolog-
ical extensions and Wick products used in the formula have the original wavefront and support
authority, and the reconstruction has its original distributional continuity. Consequently the
operation is defined on all jointly admitted compact tests, not only a separated chronological
chamber or a finite set of smearings. The reality statement follows from Proposition 5.4 and
Hermitian symmetrization; the physical quotient follows from Proposition 5.5.

The endpoint attachment precedes numerical evaluation: the actual maps fi 7→ Ai are the
original scalar ports, and fi 7→ (Ai, Di;z) is their source response in the same field prescription.
Thus this is not an arbitrary scalar decorated with a Higgs label. Its expectation is the readout
of that intrinsic operation. The genuine quark-Yukawa source label is supplied by Lemma 3.3;
substituting it changes none of the preceding arguments or sibling data.

The covariance of two individual detectors is distinct from an original protocol which also reads
a joint detector seagull f12. That protocol retains A12 = RV (f12) and the additional response

∂zES(A12) = ES(RV (f12z) + i{TV (b, f12)−B ⋆ A12}) (39)

in the fixed frame, with the preceding moving terms otherwise. Its original source-functional
prefactor is retained. It is not replaced by the prefactor of a Hermitian covariance. In particular,
f12 and f12z remain in the complete chronological jets even when (37) selects the individual-
detector experiment.

At a fixed normalization point Oρ = nOH + b01, the connected detector covariance and
response carry the factor n−2 on conversion to OH . For a moving n, differentiate that factor:

∂z(n−2Cρ) = n−2∂zCρ − 2n−3nzCρ.

Moving test duals, products and identity coefficients have their original contacts. If the compared
chronological extensions differ, retain the independent local map L in (18) as well. On a curved
source, the permitted R1, improvement and density derivatives are not erased by setting the
baseline curvature to zero before differentiation.

No positive spectral atom or nonzero cross response is asserted for every insertion b. A
coefficientwise compact response is not a new positive-Hilbert graph for every quark composite
and does not continue a mixed amplitude by itself. The original physical Higgs germ remains
unchanged as baseline boundary data; its existence does not promote (38) to an independently
continued mixed germ.

33



Common physical sources Constraint-derived Standard Model

5.7 Exact relation to the separated chronological response

There is a useful exact comparison with the source numerator in (11). Suppose the compact input
is strictly earlier than both compact output supports, and the outputs are mutually spacelike. In
the fixed relative-source experiment all cross-source local contacts vanish on this disjoint chamber.
Causal factorization and physical locality give

TV (b, fi) = Ai ⋆ B, Di;z = i[Ai, B]⋆, A1 ⋆ A2 = A2 ⋆ A1.

The last equality follows inside the original causal field algebra; it is not inferred from symmetry
of a scalar chronological coefficient.

Proposition 5.7 (Connected chronological restriction). On this chamber, let a = κord(A1, A2, B),
using the original ordered three-cumulant. Then

R12;z = i(a− a) = 2 Re(ia) = 2 ReC12;z. (40)

At fixed detector normalization its physical-Higgs version has the factor n−2.

Proof. Original adjoint reversal and output commutation identify a = κord(B,A1, A2). Expanding
the two three-cumulants cancels the terms containing a separate mean of B and gives

a− a = ES([A1 ⋆ A2, B]⋆)−m2ES([A1, B]⋆)−m1ES([A2, B]⋆).

Substitution in (38), and the product rule for the commutator, gives i times this expression. On
the same chamber the original chronological restriction (31) and the vanishing cross contacts
give C12;z = ia in (11). This proves (40) with its connected subtractions.

Outside this chamber the answer is (38), not a guessed extension of 2 ReC12;z. In particular no
singular time-ordering distribution is multiplied by a discontinuous step function to manufacture
the full compact operation. The original algebra-valued extensions already supply it.

5.8 Admitted neutral words and color-response attachment

The original colored input records retain the ordered U/D, conjugate and gauge-support con-
stituents, their tensor-product color representation and every weak, Higgs, charge, anomaly,
global and source incidence [29, Definition of the joint colored configuration category]. They are
pre-boundary records, not isolated-quark to hadron maps.

Consider the actual covariant finite Wick-word branch. A fermion-parity-homogeneous word
PC here has its source-specified constituent realization, ordering, arguments and internal represen-
tation RC . This branch also retains the completed P ∗

C ⊗ PC insertion with its original composite
normalization, product and domain authority. Admission of PC alone is not permission to choose
an unprovided higher-degree normalization or multiply singular fields on an unlicensed diagonal.
Covariant derivatives and field strengths retain their original transformation laws; a connection
coefficient is not falsely treated as a homogeneous tensor.

Proposition 5.8 (Source-admitted neutral completion). On this branch, the original internally
paired Hermitian completion

OC = Herm[evRC
(P ∗

C ⊗ PC)]S (41)

is an even neutral source insertion. It retains its actual tensor tests, quantum Ward normalization
and full source provenance. Its original raw source label fC(h) gives BC(h) = RV (fC(h)) and the
compact physical Higgs-port response of Theorem 5.6 on every jointly admitted input.
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Proof. Each constituent has its actual source transformation law. Finite tensor formation,
conjugation, covariant differentiation and admitted intertwiners give the transformation law of
the complete word. The original internal evaluation cancels R∗

C ⊗RC . Fermion parity doubles,
while the internal graded ordering and Pauli relations remain. Hermitian conjugation preserves
neutrality. Any exact zero remains zero; no nonzero operator is selected in its place.

The brackets in (41) mean the actual normalized composite insertion, not a naive pointwise
product. Its assumed original completion authority supplies its raw insertion label and the
original mixing. Theorem 5.2 applies that same normalization, and Theorem 5.3 restores the
same V and ES . Its furnished physical Ward prescription, with Proposition 5.5 when it moves,
gives the physical readout. Theorem 5.6 then applies directly.

Remaining spacetime and spin indices in (41) are retained and paired with the original dual
tensor test. No positive Lorentz-invariant norm on a finite spinor representation is introduced.
For an admitted multilocal word, dual pairing occurs at the original endpoints and the original
joint smearing remains. There is no relocation of constituents, unsupported restriction to a
diagonal, or creation of a quantum parallel transporter from a classical path.

The construction is C 7→ (C,OC), with C retained in full. It neither replaces the physical
input by additional conjugate matter nor identifies C with a neutral particle. It is not a theorem
that every abstract support record is a Wick word. More generally, Theorem 5.6 applies to every
original admissible even Hermitian color insertion, whether or not it was constructed by (41).

For complex detector tests, the unsymmetrized response kernel is

D∗
f ;C ⋆ Ag +A∗

f ⋆ Dg;C .

It uses the original antilinear/linear source-port convention. The Hermitian symmetrization

1
2{D

∗
f ;C ⋆ Ag +A∗

f ⋆ Dg;C +D∗
g;C ⋆ Af +A∗

g ⋆ Df ;C}

is instead real-bilinear on the realified test spaces. The two conventions must not be conflated.
The original algebra also supplies the ordered insertion ES(A∗

f ⋆ BC ⋆ Ag); it exhibits the color
operation between actual physical detector ports, but is not substituted for the causal response
and its mean/contact subtractions.

5.9 Finite source networks and physical boundary authority

The constructor comparison retains all already supplied operations of the same source: constituent
and transport maps; local field and relative-source maps; global or extended-support maps
with their actual authority; physical boundary, spectral and continuation maps; proper-color
comparisons; and admissibility and failure readouts. An original primitive may have an infinite-
dimensional argument or an entire analytic germ. Retaining its full graph does not truncate that
object to a finite table. The finite object is a network of uses, not necessarily the domain of a
primitive operation [5, 1].

Theorem 5.9 (Exact finite-use reception). Every finite network of these original supplied
operations and the compact source maps just constructed has a same-source receiving network
with the same intrinsic output, exact operation domain, first-failure diagnostic, physical boundary
grade and licensed continuation. Shared operands remain shared. This is reception of the furnished
operation grammar, not an assertion that every independently required physical output is already
furnished.

Proof. A primitive leaf retains its complete original graph and source record. The new compact
field and response leaves have those graphs by Theorems 5.3 and 5.6; the completed-word leaves
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retain the domain of Proposition 5.8. Every other supplied physical or global leaf is its actual
operation, with its own boundary authority, not a new evaluator inferred from a label.

For successive maps f and g, the domain is exactly

{x ∈ dom f : f(x) ∈ dom g}.

Inductive equality of both values and domains preserves this set, the result and the first failed
vertex. Finite joint formation uses the original joint operation and domain; it is not a tensor
product of independently selected physical states. Grafting on a shared input retains that input
once, including every mixed Higgs, weak, metric and source incidence. Restrictions, comparisons
and continuations are further actual vertices, so the same induction preserves their domains,
boundary types and failure behavior. Finally, original source relations among paths are equalities
of these same operations on the same domains and are therefore preserved. Reading the network
in its original evaluation order gives the converse identification.

The resulting endpoint is an actual compact current/source-response interface of the physical
Higgs port. The original neutral-boundary category permits such authorized singlet channels; it
does not require a new resonance for every compact response. A claim whose output is itself a
continued resonance, persistent composite or asymptotic sector must nevertheless retain that
stronger boundary map. An unchanged baseline Higgs pole is not the pole of an uncontinued
mixed response [5, 3].

Defined zero response, proved exclusion, inapplicability, inactive request, undefined operation
and unresolved required authority are different outcomes. A well-typed zero response remains
a defined channel; productive or nonzero use needs its actual additional witness. The finite-
use theorem preserves an unresolved authority test if one is present; it does not discharge it
by reception. Conversely, no unactivated charged sector, all-state scattering completeness or
universal Wilson-loop expectation is imposed merely because the source has color.

The conclusion of this section is the complete original compact mixed-source operation, its
intrinsic physical-port attachment and its exact composition with the supplied source graphs.
This local result retains the distinction between operation reception and physical existence. The
independent configuration comparison is proved in Theorem 6.11; the original physical declarations
and their actual boundary witnesses are matched in Theorem 11.3. Their simultaneous realization
at the same full source is Theorem 11.5. Those results use the compact operation at its stated
authority, without changing the premetric architecture, field inventory, preparation or stronger
baseline physical channels.

6 Original source incidences and finite configurations

A colored configuration, a presentation of its source operations, a renormalized insertion and
a physical boundary are different objects. The first records the original joint constituents and
their incidences; the second provides the actual maps acting on those records; the third uses
the source’s normalization and product domain; the fourth retains its independently supplied
physical authority. We construct the passage from the first two objects to their original source
realization, without choosing configurations by the success of the last passage.

The source is the occupied interacting Standard Model of Section 3. Its algebra-valued
prescription is constructed in Section 5. We first specialize the independent input domain, then
exhibit its polynomial and source-block operations. The final construction uses the actual rooted
current-source incidence to interpret every original finite configuration and licensed operation.
It does not force a support graph or physical history to be a local field polynomial. The
physical-interface application is completed in Theorem 11.5.
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6.1 The independent source fibre

Let CT be the original pre-attachment configuration category [29, Sec. 3]. An object is a finite
ordered, or otherwise incidence-complete, family of up-type, down-type, conjugate and gauge-
support entries. It retains the complete tensor color representation, charge, weak and Higgs data,
anomaly and global-form incidences, processes and source provenance. Its source and constituent
prechecks precede physical boundary activation. This is a source-admitted generating category,
not an exhaustive universe of QCD states.

Let AT consist of its full source anchors, with their original licensed source arrows, identities
and composition. A configuration arrow retains its source arrow, so provenance defines a functor

p : CT −→ AT . (42)

An anchor is not merely a coupling tuple or the global-form label Γ. Retain the distinguished
incidence (C, a, ι) if the notation for C suppresses it. Relative constituent charts and their actual
joining maps remain present; no universal amalgam of independent marginal sources is assumed
[31, Sec. 17][1, Secs. 1–2].

Fix the already occupied full source anchor a∗ and set

C∗ = p−1(a∗). (43)

This is the strict fibre on source-preserving arrows. For presentation independence, use the
groupoid of actual invertible full-source comparisons and retain (C, σ) with σ : p(C)→ a∗; an
arrow u obeys σ′p(u) = σ. Source automorphisms can act on marks and are not discarded. When
the source supplies only comparison spans or common refinements, keep those witnesses instead
of inverting a raw quotient map. Source-changing continuations are treated below.
Theorem 6.1 (Full-record source specialization). The original configurations formed at a∗ are
exactly (43), with every original record and precheck. Terminal-relevance predicates and required
request relations specialize by this same independent pullback, without selecting successful outputs.

Proof. A configuration at a∗ has precisely the finite joint entries, full incidences and
source/constituent prechecks of CT there. Retaining its provenance gives an object of
the fibre. Conversely an object of the fibre already has those same records and predicates at
a∗. Forgetting only the redundant anchor equality reverses the construction on full records and
source-preserving arrows. Under an invertible presentation change the original source comparison
transports and reflects the prechecks; retaining σ prevents erasure of its marks.

Thus, for an original relevance predicate RelT and request relation ReqT , one has

Rel∗(C) = RelT (C), Req∗(C, r) = ReqT (C, r) (C ∈ C∗).

The request r retains its original output type, authority and continuation data. This is restriction
of an independently defined relation, not definition by an available response.

An input remains in this fibre when a response is zero, a process fails or a physical request is
not activated. An input only at a different source is not an input of this fixed-source application.
If the original application specifies a family of starting anchors, take the union over that family;
the theorem does not replace it by a successful point.

6.2 Exact domains, source-changing paths and presentation witnesses

For actual source-preserving partial graphs f : Df ⊂ X → Y and g : Dg ⊂ Y → Z, restrict the
full input records. Then

Dg∗f∗ = {x ∈ Df ∩X∗ : f(x) ∈ Dg ∩ Y∗}
= Dgf ∩X∗ = D(gf)∗ , g∗f∗ = (gf)∗.

(44)
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The first failed predicate and its diagnostic agree as well. At a many-input vertex pull back the
whole joint domain and common-interface equations, not independently selected marginal fibres.

Fixing the initial source does not freeze subsequent sources or preparations. Keep each licensed
path (a∗, u1, a1, . . . , un, an) and all its actual operation records. Its complete domain is{

x0 : p(x0) = a∗, x0 ∈ Df1 , f1x0 ∈ Df2 , . . . ,
fn−1 · · · f1x0 ∈ Dfn

}
. (45)

A licensed path may leave a chart and return. Restricting every intermediate vertex to one
static fibre would incorrectly remove such a path. All incoming charts and joining maps at joint
vertices remain those supplied by the source.

Theorem 6.2 (Specialization of source-network reception). The original whole-record source-
network reception restricts to rooted diagrams at a∗ and commutes with initial-source pullback. If
N∗ is the restricted normal-form construction, then

ev∗N∗d = ev∗ d. (46)

The equality includes full operands, intrinsic outputs, normalization, authority, domains, bound-
ary/continuation and failures. Network drawings need not be unique.

Proof. The original source-law and mixed-source reception theorems supply a normal form for
every actual source use [31, Sec. 17][1, Sec. 2]. A primitive vertex retains its actual graph, full
operands, intrinsic parameter and chart incidences. Its starting anchor, value and domain are
therefore unchanged. Grafting compositions uses the same shared edges; (44)–(45) give the
same domain, value and first failing predicate. Restrictions and comparisons use their original
domain-reflecting witnesses. Induction proves (46) without approximating a whole operator or
other infinite-dimensional intrinsic parameter.

Every original use rooted at a∗ has the original normal form. Because its full source record is
retained, that normal form lies in the same rooted pullback. Conversely every network in this
pullback uses original operations on their supplied domains. Thus coverage of source uses, not
only equality on a successful subset, commutes with specialization.

Let RT retain configurations with their actual response realizations and let ET : RT → CT be
the erasure functor over the same source-anchor category AT . It erases only realization data. Its
objects include the actual product domains, normalization, preparation and comparison records.
A functorial section of ET would be sufficient for input realization, but the original profunctor
target does not require a canonical word or such a global selection. The appropriate choice-free
comparison is

P J−→ RT
ET−−→ CT ,

E : P→ CT , ETJ = E,
(47)

where P is an independently formed category of all complete original presentation witnesses.
A specified lawful natural isomorphism may replace equality; it must then be retained as a
comparison.

Corollary 6.3 (Choice-free specialization and finite composition). Equation (47) pulls back to
the selected source fibre, retaining every presentation witness and licensed comparison. If original
input interpretations, actual operation graphs and the physical introductions or source-proved
alternatives used by a request are supplied at their original grades, their comparisons extend to
every finite request generated by the original context rules.
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Proof. Form P∗ = P×CT
C∗. For each witness w the equality ETJ(w) = E(w) places J(w) in

the corresponding realization fibre. Hence J restricts to J∗ and E∗J∗ = E|P∗ . The same equation
restricts original arrows, domains and compositions. With a natural isomorphism use the marked
pullback and retain that isomorphism. No representative is chosen.

An input leaf uses its actual witness and this commuting square; an operation leaf uses
its original graph; a physical introduction uses its independently admitted object and witness.
Grafting uses (45) with the actual compatible joining maps. Original source equations identify
only equal complete records. Induction preserves intrinsic outputs, authority and first failures. A
required unresolved leaf is not a successful base case, and separate inhabitants of fibres are not
presumed jointly compatible. A supplied section is the special case E = I; none was needed by
the argument.

6.3 Graded words, endpoints and original composite normalization

Fix the original perturbative source chart of Section 5. Its graded jet alphabet contains the
original quark, lepton and Higgs fields, their conjugates, gauge computational fields and admitted
derivatives. Covariant words use the actual field strengths, covariant derivatives and intertwiners.
A raw connection retains its inhomogeneous transformation law.

Let P(J ) be the finite off-shell graded symbol algebra: bosonic symbols commute and fermionic
symbols anticommute in its raw product ⊙. This is not the quantum ⋆ product. EOM, total-
derivative and physical-equivalence relations are used only with their original insertion/contact
policy.

Proposition 6.4 (Raw word and neutral dual completion). Every original parity-homogeneous
finite expression built from this alphabet by ordered graded tensors, conjugation, finite differ-
entiation and admitted contractions has its evaluated raw polynomial. If its covariant internal
representation is R, then

qC = Herm evR(w†
C ⊙ wC) (48)

is a finite even internal-neutral polynomial of degree at most 2 degwC , with all remaining
spacetime/spin indices retained. This holds uniformly at every finite degree, including exact zeros.

Proof. A leaf is its original generator, derivative or coefficient tensor at the supplied incidence.
At an ordered tensor vertex multiply the previously constructed symbols in their original graded
order and retain every index. At a contraction apply its actual intertwiner; at a derivative use the
supplied derivative and product rule. Finite induction terminates in a polynomial. Representation
actions commute with these contractions and act by the full tensor representation, so the same
induction proves covariance. Conjugation reverses order and takes R to its original dual. The
evaluation R∗ ⊗R→ 1 cancels the internal action, parity doubles and Hermitian symmetrization
is the original real operation. All original graded relations survive.

For an expression with different parity components keep those components separately. Internal
neutrality is not a positive Lorentz norm: a spinor word may leave tensor indices, paired with the
original compact dual test. A marked component of QL is not an independent weak representation.
The common doublet, all-left/right-handed conjugations and the different H̃/H incidences remain
together [29, Sec. 7]. Their anomaly and global data are those of the full chiral multiplet, not
separately inferred U/D theories.

For multilocal words retain the original arguments and endpoint representations. Pair dual
factors at the same original endpoint; a contraction between endpoints requires its actual
transport/incidence map. Diagonal global-color invariance is not invariance under independent
local endpoint transformations. A general compact joint tensor test need not be separable. Where
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the original multilinear distribution kernel is continuous, pair it with every test in that supplied
envelope, without new diagonal restriction or support enlargement.

Three maps must remain distinct:

q 7−→ NH(q),
fq 7−→ [q]S = TS1 (fq),
f 7−→ RSV (f), with original ES .

(49)

The first is the raw Wick realization. The second uses the original composite basis, finite mixing
and normalization; the third uses its original raw source label and full interacting prescription.
No normalization is applied twice. Forming a new doubled raw polynomial is not restriction
of the product of two renormalized distributions to a diagonal, and is not automatically their
separately smeared Wick product.

If the full original composite rule is supplied on the polynomial sector of qC , then (48) gives
its actual argument and the same rule gives its normalized insertion. A composite probe at zero
probe strength need not add a nonzero higher-dimensional coupling to the baseline interaction.
Admission of a factor P alone, however, does not supply an unprovided normalization of a new
local P ∗P vertex. The original composite-domain condition of Proposition 5.8 remains necessary.
On that domain the construction retains

C 7−→ (C, qC , fC , [qC ]S , RSV (fC)),

not a replacement of C by extra conjugate matter or a neutral particle.

6.4 Source contacts and faithful change of operator basis

For a furnished real-multilinear vertex Ms(u1, . . . , ur), finite labelled even source derivatives
satisfy

∂IMs(u1, . . . , ur) =
∑

I0⊔···⊔Ir=I
(∂I0Ms)(∂I1u1, . . . , ∂Irur). (50)

The ordered blocks may be empty. Derivatives of the coframe, connection, test, intertwiner,
adjoint, normalization and product occur at the vertex, not silently in a frozen sibling. For
qC(s) = Bs(wC(s), wC(s)) this is the three-block rule; Bs includes the original adjoint, raw
product, internal evaluation and Hermitian pairing and is real-bilinear, not complex-bilinear. If
Ns is the original linear normalization map, then

∂I [qC ]s =
∑
J⊂I

(∂JNs)(∂I\JqC). (51)

Lemma 6.5 (Complete finite contact rule). Equations (50)–(51) hold on every original finite
source tree at each furnished derivative order, with all repeated-direction multiplicities and original
contact terms.

Proof. One derivative acts either on the vertex or on one of its r operands. For a labelled set I,
assigning each label to one of these r+ 1 positions enumerates every ordered block decomposition
exactly once. This proves (50) by induction and already includes multiplicities when several labels
denote the same direction. Apply it recursively to the finite tree. For the linear normalization
vertex there are two positions, which gives (51). Its coefficient derivatives retain the original finite
mixing, central, EOM and prescription terms. A relation valid throughout the compared source
family differentiates as an identity; an accidental zero at one parameter value does not.
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Let O be an actual finite operator column and j its source row. A furnished invertible
parity-compatible basis comparison is

O′ = MO, j′ = jM−1, ρ′(g) = Mρ(g)M−1, j′O′ = jO. (52)

Keep identity, EOM and contact components in that block or in its original accompanying source
relations. The action is the full source-admitted action, including its global and overlap kernel.
Proposition 6.6 (Source-dual basis covariance). Equation (52) preserves the full relative action,
faithful operator action and every furnished differentiated source readout, with its coefficient-
support, scheme, topology and order fixed.

Proof. Direct substitution gives j′O′ = jO before reconstruction and conjugates each original
action/intertwiner relation. For a moving lawful M ,

∂sj
′ = (∂sj)M−1 − jM−1(∂sM)M−1, ∂sO

′ = (∂sM)O +M∂sO.

The two basis-motion terms cancel in ∂s(j′O′), leaving ∂s(jO). Repeated differentiation uses
Lemma 6.5 and derivatives of M−1M = I. The complete source normalization and reconstruction
are transported with the same comparison, so their original readouts agree. This is not a change
of physical coefficient support, topology or field content.

SYM–7 supplies concrete original operands for this construction. Its minimal renormalizable
grammar exhausts the gauge/Higgs/fermion kinetic, Higgs-potential and up/down/lepton Yukawa
classes relevant to the accidental-charge span: the two-Weyl/one-Higgs terms follow from
their Lorentz, hypercharge and nonabelian contractions, and dimension excludes an omitted
renormalizable baryon-violating singlet [52, Theorems 3.1–3.2]. These are the actual vertices
of the shared full interaction, not merely equal representation labels. Its separately declared
dimension-five, six, seven and nine sectors retain their exact field, contraction, flavor, coefficient-
support and EFT domains [52, Sec. 6]; they are used only when activated in the original source
or probe domain. No right-handed neutrino or unselected Wilson coefficient is thereby added,
and the dimension-eighteen topological effect is not retyped as a local Wilson vertex.

For example, on the specified faithful-remnant target the QQQL word has raw Z18 exponent
12, trivial color-center exponent and even parity. It annihilates the order-six overlap kernel and
descends to exponent 12/6 = 2 modulo 3 [52, Eqs. (19)–(22)]. This is a character of the original
operator on that target, not a nonzero Wilson coefficient or expectation. A nontrivial character
forces a vanishing expectation only when the same original state and Ward/topology data are
invariant; applying that actual invariance then proves the selection rule. The character alone
does not supply the missing state premise.

6.5 Interpretation of polynomial presentations and source networks

An original polynomial/source presentation is a finite typed diagram with its complete configu-
ration record. It contains original field, adjoint, covariant-jet or field-strength leaves and their
arguments; finite linear, ordered tensor, intertwiner, conjugation, derivative and raw-polynomial
vertices; and only the licensed Wick, chronological, relative-source or differentiation vertices on
their exact domains. Coefficients, general joint tensor tests, normalization and every actual root,
weak, Higgs, charge, anomaly and global incidence remain attached. An original nonpolynomial
support/process vertex, where present, keeps its own graph and grade.

Let Pfld
∗ be the independently admitted presentations in which every vertex asserted to realize

a field has its actual source-field incidence. Structural-only legs remain structural. Retain all
triples

Ipoly
∗ = {(C, p, ϑ) : C ∈ C∗, p ∈ Pfld

∗ ,

ϑ : C(p) ≃ C an original full-record comparison}.
(53)
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Arrows are licensed whole-presentation comparisons with their original operation domains.
Different contractions, source expressions and arguments are not identified unless the complete
source comparison identifies them. A noninvertible continuation retains its forward graph, not
an invented inverse.

The target SDiag∗ consists of the original source interfaces, independently of C. Its field part
contains graded jet modules, tests, multilinear labels and the actual raw, Wick and renormalized
operations. Its structural part contains the root/response, gauge, Higgs, support and continuation
graphs. Thus structural graph, raw field label, normalized interacting insertion and physical
boundary operation retain four different grades. The object image of (53) does not by itself
make erasure full on every arrow between those objects.

Theorem 6.7 (Complete polynomial-presentation interpretation). There is an interpretation

Jpoly : Ipoly
∗ −→ C∗ × SDiag∗,

pr1 Jpoly(C, p, ϑ) = C.
(54)

At every furnished field vertex it is the actual source operation. It preserves all original constituents
and shared incidences, certified relations, licensed comparisons, exact partial domains and failures.
No canonical presentation over a coarse configuration is required.

Proof. Interpret a leaf by its original field/test map. A QL leaf retains its common weak doublet,
color fundamental, hypercharge and chirality; its marked U/D components do not acquire
independent weak actions. Conjugate leaves use their original dual representation and field map.
Every supplied source-slot and rooted incidence remains attached.

At an ordered tensor vertex form the finite tensor of coefficient/test modules with all arguments
and the full tensor action. Graded permutation acts on these labels; it does not make arbitrary
quantum products supercommutative. At a contraction use its actual intertwiner, at a linear
vertex its source coefficients, and at a derivative its original connection and derivative action.
Use the raw graded algebra at a polynomial vertex and the actual domain at its subsequent
Wick/renormalized vertex. Finite induction constructs the expression. Changing a contraction,
coefficient, argument, support or source map therefore changes an actual operand; the construction
is not C placed beside a constant probe.

Each formation equation is preserved separately: coefficient linearity, tensor associativity,
connection Leibniz and transformation laws, conjugation with order reversal, and the actual
intertwiner equations. Raw Pauli identities give their defined zeros. Quantum CAR, chronological
and Ward identities hold at their furnished operation vertices with their contacts, not by the
raw graded quotient. Theorems 5.2 and 5.3 identify every partially contracted coefficient with
the same original prescription, full V and interacting expectation E∗. Thus normalization,
causal, adjoint and Ward equations are preserved at each original order, or modulo its retained
remainder.

A nonpolynomial supplied vertex is its exact original graph and incident maps. The source-law
chart comparison acts at its proved structural grade; an independently supplied physical graph
keeps its physical grade. No structural graph becomes an operator graph. A licensed comparison
transports all coefficients, tests, roots, connections, Higgs, anomaly, global and provenance data.
Its actual equations commute on the original domains. An invertible comparison reflects domains
by its inverse; a general continuation makes only its original forward-domain assertion. These
comparisons preserve identities and composition.

Finally quotient only by the original equation congruence. A certified relation is equality of
these source operations on their common domain; a conditional relation retains its predicate, and
an EOM or integration-by-parts relation retains its contact remainder. Interpretation therefore
descends. Keeping the complete C, ϑ gives (54) exactly, with every shared operand still shared.
No detector inversion or output-first selection occurs.
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This theorem interprets every original presentation in its stated domain; it does not assert
that every support or history record is a polynomial. The all-input result below uses actual
heterogeneous source incidences in addition to this explicit field branch.

Let f1, . . . , fn be any finite list of original admitted compact source labels with their complete
incidences. At the furnished orders,

TV (f1, . . . , fn) = i−n ∂t1 · · · ∂tn

S0(V )−1 ⋆ S0

V +
∑
j

tjfj


∣∣∣∣∣∣
0

. (55)

For physical even labels the tj are even parameters. Odd computational labels use their original
Grassmann-dual parameters and ordered graded derivatives, or are read directly from the
multilinear coefficient. A commuting exponential is not used to impose a false symmetry on odd
labels.

Theorem 6.8 (All finite original source-block networks). Every finite network of (55), original
Wick products, relative derivatives and licensed source comparisons has its actual source-diagram
interpretation, retaining all legs, contractions, contacts and support domains. Whenever it carries
a presentation (53), its interpretation is exactly (54). A complete original nonlinear physical
source coefficient retains its full Ward and reconstruction combination; its separate summands
need not be independently physical fields.

Proof. At a fixed order the original partially contracted coefficient has finitely many original
vertices and external field legs. Theorem 5.2 identifies that coefficient before applying E∗. Apply
the constructor proof of Theorem 6.7 to the actual leaves, tensors, contractions, coefficients and
test arguments, then their original linear sum. Baseline interaction vertices retain all gauge,
quark, weak, Higgs and lepton siblings; they are not reclassified as extra external constituents of
C. When configuration incidences are furnished, the same interpretation lies over that complete
C.

Each subsequent product uses the original microcausal Wick operation and its cross contrac-
tions. Each relative derivative uses the same unit-constant-coefficient inverse and chronological
maps. Their exact vertex domains give induction on every finite network, not just the single
action monomials of the renormalizable grammar.

For an original nonlinear even protocol F (t) with F (0) = 0, write fB = ∂BF (0). In the fixed
relative-rule and product frame, the ordinary exponential substitution gives

∂ISV (F (t))|0 =
∑

π∈Part(I)
i|π|TV (fB1 , . . . , fB|π|). (56)

To see every contact, assign the labelled derivatives to nonempty blocks acting on the same
occurrence of F . The exponential factorial cancels the ordering of these occurrences, leaving
each set partition once. Thus nonsingleton block contacts remain. Independently moving rules
or products contribute their actual fixed-operand derivatives in addition to this substitution rule;
they are not absorbed into an fB unless the original source encodes them there. The original
Ward/reconstruction comparison applies to the complete coefficient, with moving differential and
preparation contacts. This proves the assertion at the original grade.

For a concrete coupled family, the original interaction is

LY = −QLH̃YuuR −QLHYddR
− LLHYeeR + h.c.

(57)

Arbitrary original compact complex matrix directions Z = (Zu, Zd), with conjugates co-varied to
give a Hermitian direction, have canonical insertion

bZ = −QLH̃ZuuR −QLHZddR + h.c.,
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together with their original renormalized contacts. Every furnished finite list is covered by
(55)–(56). The full flavor tensors, common weak doublet, shared quantum Higgs and color
contractions survive. If an original comparison also admits a Higgs displacement h, the canonical
mixed coefficient replaces H̃,H by h̃, h with all coordinate and prescription contacts. This does
not introduce an absent displacement or replace H by a vacuum number.

6.6 The exact mixed physical source readout

For a furnished moving source label f(s), in a fixed product/rule frame, differentiating the
original relative inverse gives

∂sRV (s)(f(s)) = RV (fs) + i{TV (b, f)−RV (b) ⋆ RV (f)},
b = ∂sV.

(58)

Indeed ∂sS0(V ) = iS0(V ) ⋆ RV (b), so its inverse contributes −iRV (b) ⋆ S0(V )−1; the numerator
derivative gives the chronological term and the label derivative gives RV (fs). No inverse of the
possibly noninjective Moller map is taken. Independent normalization-rule, field-coordinate,
product and reconstruction motion is added by (35)–(36). An action-encoded normalization
derivative is not counted again.

If an interpreted presentation supplies an original admitted even Hermitian physical insertion
fC , set

Ai = RV (fi), BC = RV (fC),
Di;C = RV (fiC) + i{TV (fC , fi)−BC ⋆ Ai}.

For fixed original E∗, product, field-coordinate and normalization frame, the connected Hermitian
response is

R12;C = 1
2E∗(D1;C ⋆ A2 +A2 ⋆ D1;C +A1 ⋆ D2;C +D2;C ⋆ A1)
− E∗(D1;C)E∗(A2)− E∗(A1)E∗(D2;C).

(59)

This follows by differentiating the original centered covariance, not by equating an unordered
product with a symmetric scalar third jet. The actual detector/source maps exist before readout
by Theorem 5.6; hence it is a source response on the existing physical ports, not a scalar with a
detector label.

For the general original moving comparison replace Di;C by the complete Ȧi and put S12 =
(A1 ⋆ A2 +A2 ⋆ A1)/2, mi = E∗(Ai). The additional terms are

(Ė)(S12) + 1
2E∗

(
(⋆̇)(A1, A2) + (⋆̇)(A2, A1)

)
− (Ė)(A1)m2 −m1(Ė)(A2).

(60)

Here Ė and ⋆̇ are the actual fixed-operand derivatives. The product rule on Es(S12(s)) −
Es(A1(s))Es(A2(s)) proves the formula and separates these terms from the moving-rule terms
inside Ȧi. At Oρ = nOH+b01 the fixed conversion is n−2; a moving n also contributes −2n−3nsCρ.
Joint detector seagulls f12, f12C retain their separate terms and original prefactors.

The differentiated quantum Ward relation is d0Ȧ = −(ḋ)A, not necessarily d0Ȧ = 0 term
by term. The complete source, reconstruction and product derivative descends as proved in
Proposition 5.5. These formulas construct every furnished finite coefficient, not an unproved
finite deformation, positive-Hilbert domain for every summand, or continued mixed pole. A
source/Pauli zero remains zero; an absent composite normalization is not reclassified as zero.
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6.7 The actual field-role and Higgs-response incidences

The passage to the full original configuration domain uses actual incidences, not equality of the
number of roots and the number of field components. The established structural Standard-Model
tuple contains

QL = (3,2)1/6, uR = (3,1)2/3, dR = (3,1)−1/3,

LL = (1,2)−1/2, eR = (1,1)−1,

and the one-doublet Higgs/bridge, together with the Yukawa-realizability, anomaly-neutrality,
vacuum and response/mixing records [54, Definition 1.7]. Its generation-erased projection
πcf : ΣSM → Σcf

SM deletes family cardinality, names, indices, indexed matrix dimensions and
numerical family coordinates, while retaining representation, color, weak component, relative
charge, chirality, bridge identity, operator status and boundary/continuation types [49, Sec. 5.1].
In particular it gives the actual roles

rU = ρmat(QuL, uR, Ou), rD = ρmat(QdL, dR, Od). (61)

Here ρmat removes presentation choices, not physical sibling information. Their weak member,
relative charge and H̃/H operator incidences prohibit identifying these two roles by a lawful
full-target redescription [49, Proposition 5.1].

The independently proved root object I3 positions these count-free roles:

Ef = I3 × {rf}, uf : Ef −→ Occf (Rf ). (62)

The positioned family-cell and rooted-realization results retain full coverage, duplicate-reduced
occupancy, weak pairing, eligibility, charge/anomaly and Higgs/operator compatibility [49,
Secs. 6–7]. A complete rooted realization has an active presentation, occurrence and certified
incidence, with its consumer comparisons. Its canonical rooted class is not a choice of one such
complete representative.

We use the literal accepted chain

Disc(Ef )
ηf−→ Sf (Cf )

χf−→ QYf
βF,f−−−→ HF,f (CH), (63)

with its one-Higgs, kind-preserving naturality on the maximal lawful same-target groupoid [30,
Secs. 1 and 5]. The root-normalized Disc(I3) presentation is a different displayed form; it does
not change the source of ηf .

The representation-response realization has a different domain:

απ,U : Eπ,U −→ Vπ,U . (64)

Eπ,U is the original pre-linear response carrier, not the three-point role index Ef . Its realization
preserves every admitted response witness, including the actual transition, transport and loop
squares and the furnished tensor, dual, quotient, chiral, field, persistence and boundary compar-
isons [50, Definitions 4.1–4.3, Eqs. (3)–(5), Theorem 13.1]. The quark fields are received through
precisely this algebraic representation of matter response intersected with color transport [48,
Secs. 8.1–8.2 and 9.2]; it is not an additional free-field model inferred from a basis label.

The actual Yukawa presentation also has the original canonical coupling carrier

YD =
(
WY
D/∼YD, SigY , γY,red

D , ρY
)
. (65)

It retains standing-entry and zero/nonzero statuses, ratios and obstructions through the ad-
mitted coupling witnesses and canonical Higgs bridge, together with representation, charge,
anomaly, residual, order/deformation and continuation data [51, Definitions 3.3–3.4 and 5.1–6.2,
Theorems 6.3–7.1]. These incidences license the actual full two-index Higgs-dressed Yukawa
source, not an inference from a fitted matrix. A zero baseline coefficient does not remove its
operator-availability record or an admitted source variation; neither this carrier nor the root
theorem asserts that every Yukawa entry is nonzero.
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6.8 Reindexing the complete physical prescription

Let J be the family-copy alphabet in an actual presentation of the source’s repeated typed profile.
It includes the field-role, Yukawa, mixing and boundary data of that profile [55, Definition 9.1 and
Proposition 9.2]. This citation supplies the typing of the copies, not the independent root-count
theorem. Retain every bijection m : J → I3 and every original lawful full-source comparison. A
marking is not a physical ordering. In one displayed presentation set

Qmm(a) = Qa, umm(a) = ua, dmm(a) = da,

Lmm(a) = La, emm(a) = ea, (Y m
f )m(a),m(b) = (Yf )a,b.

(66)

Transport all other indexed tensors, source labels, probes, counterterms and response records by
this same bijection. Unindexed siblings remain unchanged as objects. Both weak components
of Q use the same marking; all cross-family Yukawa entries remain. The all-left presentation
conjugates fields and representation data consistently and commutes with this relabeling. Spin,
color, weak, conjugation and spacetime-support slots are not altered.

Theorem 6.9 (Full-prescription reindexing). Equation (66) extends to an isomorphism rm of
the original full coefficient/source presentation at its furnished quantum grade. It preserves the
action, renormalized products, interacting preparation, all original source derivatives and contacts,
and every licensed response comparison. Its U/D role projection is (61), and its coupling carrier
is (65) with the same reindexed legs.

Proof. Reindex every finite family sum in the full interaction by (a, b) 7→ (m(a),m(b)). The
Yukawa word and its adjoint have identical readback. Gauge and kinetic terms commute
with this relabeling, and the two weak components keep their common action. Scalar, ghost,
anomaly/global, source-normalization and preparation records remain present. This is simultane-
ous re-presentation of the whole source, not an active anomalous transformation with its phase
record held fixed.

Reindex every coefficient, contraction and distributional argument before applying its original
renormalized map. Thus

Tm0 (rmA1, . . . , rmAn) = rmT
∗
0 (A1, . . . , An),

rm(A ⋆∗ B) = (rmA) ⋆m (rmB),
Vm = rmV∗, Em(rmA) = E∗(A),

SmVm
(rmF ) = rmS

∗
V∗(F ).

(67)

The first two identities include the same diagonal extensions and finite mixing. The expectation is
transported by precomposition, not replaced by the free coefficient extractor or another vacuum.
The last identity follows by applying rm to the unit-constant inverse and product defining the
original relative S operation. These are the actual algebra-valued maps of Theorems 5.2 and 5.3,
rather than a reconstruction of products from scalar moments.

Differentiate this full identity in any original source direction. It reindexes that direction
and every nonlinear, counterterm, prescription, preparation and mixed contact at the supplied
order. The PSM3 realization preserves the response witnesses themselves; the MGN4 comparison
preserves the coupling-witness quotient and signature. Their readouts therefore commute with
the reindexing, not merely their names. Every supplied partial domain and failure is transported
with its original map. This proves the assertion.

A general flavor-coordinate change is not a root permutation. If vi is a marked vector of a
computational frame and U is a lawful field-coordinate comparison, transport both

Φ′ = ΦU−1, v′
i = Uvi, Φ′(v′

i) = Φ(vi).
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Transport the Yukawa/source tensors and original anomalous/global phase data with it. The
root belongs to the full marked response record, not to whichever raw component has subscript
i afterward. An arbitrary U(3) matrix is not thereby an external S3 action on roots. Rooted
naturality applies only to the actual complete same-target comparison. Fixed ancestral, apparatus
or boundary marks restrict the comparison to their original lawful stabilizers.

6.9 The rooted current-source square and its physical refinement

Let s∗ be the structural restriction of S∗. It is the same joint ΣSM source, not a separately chosen
family of compatible marginals. The canonical source construction supplies, for n = m−1 : I3 → J ,
the actual current restriction

ρs∗,n
f : Disc(Ef ) −→ If (s∗[n]),

(i, rf ) 7−→ the full kind-f source restriction at n(i).
(68)

It uses the original U/D field roles and Yukawa source at that position, not a mass eigenstate or
the partial physical-particle dictionary. In particular it retains the shared QL doublet and the
different U/D charge, Higgs and operator incidences.

The same source provides the restriction maps to the rooted count-free record groupoid Rcf
f

and the specified natural isomorphism

ds∗,n
f ρs∗,n

f

θs∗,n
f====⇒ d0

fβF,fχfηf

: Disc(Ef ) −→ Rcf
f .

(69)

These are the rooted-source restriction and common-reduct square of the canonical apex [1,
Canonical-apex construction, rooted source restriction and comparison]. Their components
are restrictions of the actual inherited comparison of the same generation-erased role and full
Higgs bridge. They are not arbitrary bijections between equally sized sets. The common
reduct retains root, kind, representation/color/weak/relative-charge/chirality, full bridge identity,
operator-status laws and boundary/continuation types, not only values at one coupling.

At each constituent retain (
Ai,f , ρ

s∗,n
f (i, rf ), θs∗,n

f (i, rf )
)
. (70)

Ai,f is the full supplied ancestral record, including its intermediate η, χ, β incidences, complete
target, response, continuation and failure data. If ancestry is given by its canonical rooted class,
retain all furnished representatives and witnesses; the zero-truncated class does not select a
canonical complete realization. The current record keeps the full current source. Equality is
asserted only after the specified d maps. An ancestral loop is not made a new quark holonomy,
nor an ancestral history identified with a different physical history. All old consumers still act on
their original records.

The original full ancestral realization target and its eligibility conditions remain intact.
Equation (69) does not require the current physical source to be a new member of that entire
ancestral target. It is the already supplied comparison of the common reduct, with both full
records retained separately.

Let Iphys
f (S∗[n]) consist of actual kind-f restrictions of the original physical source, retaining

the response/field realization, algebra-valued coefficients, coupled action, interacting preparation,
normalization, tests, partial domains and current comparisons. These are restrictions of supplied
objects, not new products or physical boundaries. Write

hf : Iphys
f (S∗[n]) −→ If (s∗[n])

for forgetting those physical refinements while retaining the current structural source record.
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Theorem 6.10 (Actual rooted current-leg refinement). The original occupied source constructs

ρ̂S∗,n
f : Disc(Ef ) −→ Iphys

f (S∗[n]),

hf ρ̂
S∗,n
f = ρs∗,n

f ,

ds∗,n
f hf ρ̂

S∗,n
f

θs∗,n
f=====⇒ d0

fβF,fχfηf .

(71)

For f = U,D these are genuine nonterminal quark/Higgs field and original source-operation
incidences. Every lawful whole-source marking and comparison is retained, without selecting a
rooted representative or an asymptotic quark.

Proof. Use n = m−1 in Theorem 6.9. At (i, rU ), restrict the actual QuL, uR, Ou response/field
record at n(i); for D use QdL, dR, Od. Every other leg of its Yukawa and source operations remains
in the same full S∗[n]. Selecting an incident slot is not diagonalizing the coupling matrix or
replacing the quantum Higgs field by its expectation.

The original SM3 field reception uses (64), with its actual response, transition, transport, loop
and source-domain witnesses. MGN4 supplies the Higgs coupling carrier and operator-status
comparisons. The original interacting coefficients are the maps of Section 5, not scalar-moment
reconstructions. Thus the restriction is an actual object of Iphys

f at precisely that supplied grade.
Forgetting its physical refinements returns (68) literally in the same presentation. Composition
with (69) proves the final line of (71). No equality of the distinct full ancestral and current
targets has been inserted.

Every original source comparison acts on the physical record by (67) and on its current
structural restriction by that same restriction. On the common reduct it is the specified θ; on
the ancestral record only its own licensed comparison acts. This proves compatibility. The
source Disc(Ef ) is discrete, so these object assignments give the stated functor; nontrivial
source comparisons remain in the surrounding presentation category. Keeping all supplied
representatives and markings makes no global choice.

6.10 Every original finite configuration and licensed operation

The domain remains the independent C∗ of Theorem 6.1, not the image of the polynomial
presentations or the configurations already carrying a hadron. Its original source-admission
record gives the full operands and their source incidences. At a rooted constituent retain (70),
refining only the current leg by (71). A support or process record at a structural grade uses its
original graph and evaluation/continuation maps at that grade. A local-field operation uses its
actual algebra-valued map and normalization; a field name alone is not that map.

Theorem 6.11 (Complete original input and operation interpretation). Every object of the
independently formed C∗ has an interpretation retaining its full original record, and every licensed
original arrow retains its operation, exact domain, source relations and failures. Field constituents
use Theorems 6.9 and 6.10; other original constituents and operations retain their actual source
grade.

More precisely, let F∗ be the category of all original full source presentations, constituent-
admission witnesses and compatible whole-source markings, formed before interpretation or
boundary evaluation, and let e : F∗ → C∗ read their configurations. There is a category P∗ of
these interpretations and functors

F∗
J−→ P∗

E−→ C∗, EJ = e. (72)

Every original object has interpretation witnesses. A specified lawful natural isomorphism replaces
equality when original objects are compared by re-presentation. All witnesses and licensed
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comparisons are retained; no global selection over coarse objects or new full ancestral-target
membership is required.

Proof. Take an arbitrary original finite presentation of C ∈ C∗. Its primitive constituents and
constructors are exhausted as follows.

Rooted U/D entries. Insert (70) and refine its current member using ρ̂f . Readback returns
the actual constituent slot, not only a root index or representation dimension. The ancestral
root, neutral anchor, full response, failure and deletion data remain on the ancestral record.
The current field, shared weak doublet, H̃/H word and every coefficient leg remain on S∗. The
shared fields commute by the actual θ square.

Conjugate and gauge/support entries. Retain the original dual/conjugation witness, represen-
tation and source action, with the consistent all-left/right-handed dictionary. The furnished dual
compatibility of (64) and the graded maps of (67) interpret the conjugate entry. A gauge/support
entry retains its actual object, action, support and continuation graph. If the source supplies
a local gauge field or nonlocal physical operation, use that very operation and domain. If it
supplies only structural support, retain that structural object. No pure-Yang–Mills sector is
transplanted to another representation from a support label.

Finite joint families. Apply one whole-source marking to the entire ordered or incidence-
complete family. Retain its full tensor color representation, weak/Higgs and global/anomaly
attachments, preparation and every cross-constituent response. At the representation grade this
is the original tensor in the configuration definition. At the physical grade a joint operation is
the actual furnished joint operation. The tensor comparison of PSM3 applies to the supplied
joint-response witness; it does not create an unprovided joint Hilbert product domain from
marginal realizations.

Contractions and local-field operations. A certified invariant contraction remains its actual
tensor map, with the full intertwining equation and all mixed legs. At the coefficient grade
every admitted completed Wick vertex, ordinary or chronological product, relative operation
and source derivative is the map of Section 5, with the same V∗ and E∗. If µ has input/output
transports rin, rout, then

µn(rinx) = routµ∗(x), Domµn = rin(Domµ∗). (73)

The diagonal extensions and source, prescription, preparation and BRST contacts are part of
this map. A completed insertion retains its original completed normalization/product/domain
authority; admission of a factor alone does not adjoin a new P ∗P operation. An unsupported
proposed operation remains a request with its original status, not an edge.

Support, process and history attachment. Attach the original source graph and actual partial
evaluation/continuation maps. Structural, algebraic, operational-history and physical maps
retain their different types. A source graph is not replaced by a polynomial; a physical history is
not replaced by identity continuation. Class changes, weak/Higgs response, decay, failure and
inference remain their actual outputs. Any originally invoked boundary map remains that map,
not its label or the observation of a different boundary.

These assignments respect formation equations because they restrict and simultaneously
re-present the same operands and actual maps. Ancestor/current equations use the specified
θ and the common S∗[n], not equality of incompatible full fingerprints. A comparison wholly
on one leg is evaluated there; a mixed comparison uses its actual original source warrant, not
equality of the reduct alone.

Induct on the number of nodes of the finite constituent/support/ process presentation. The
first two cases supply the leaves. Adjoining any other constructor uses its actual map on
the interpreted incident records. Its source-admission guard has unchanged arguments and
comparisons, so the construction exists at exactly the original grade. A primitive graph is
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interpreted as that actual graph, not as an arbitrary function of the same type. This includes
structural and history records which are not erased polynomial words.

For a licensed arrow use its original source operation and warrants, or its original composition
of licensed steps. For f and g with transports rX , rY , rZ , their re-presented graphs satisfy

fn = rY fr
−1
X , gn = rZgr

−1
Y ,

gnfn = rZ(gf)r−1
X ,

Dom(gnfn) = rX{x ∈ Dom f : f(x) ∈ Dom g}.
(74)

Cancellation proves identities and associativity as well. The first failure and its source witness
read back identically, including an empty composite domain. Every licensed equality of operations,
domains, failures and authority records remains an equality, so interpretation descends through
the original relation congruence. This is the exact partial-operation law, not a theorem that a
product of closed unbounded operators is closed.

Erasure now returns the entire original configuration and each arrow’s original operation,
domain and warrant. The same induction proves (72). Every original configuration has its source-
admission presentation, and the accepted whole-source marking torsor is nonempty after the
independent I3 theorem. Retain all presentations, compatible markings and ancestral witnesses
to obtain P∗; no boundary outcome selected them. Fixed marks or apparatus attachments
keep their original stabilizer comparisons. This proves totality on the original domain without
adjoining an unauthorized symmetry.

The physical-use assertion in this theorem is an operation identity, not metadata. For an
originally furnished M : DM ⊂ X → Y , keep the carrier/response algebra, preparation, ports,
exact domain, continuation and source warrant. Its interpreted graph obeys r−1

Y MnrX = M ,
or is literally unchanged on unindexed coordinates. Equality is not inferred by observing only
scalar outputs. It is instantiated by (67) for the full original field prescription and by the actual
PSM3/SM3 current-leg realization. Existing Higgs-response or persistence readers are identified
as their original maps, not re-proved physically from a tensor.

The input theorem does not convert an unactivated request into a fulfilled boundary claim:
if a requested physical operation is absent, its original missing-contract/status record remains,
not a defined zero or a source-proved exclusion. This does not shrink C∗. Theorem 11.3 uses
the independently fixed physical declaration family and its actual source-qualified witnesses in
addition to the all-input result above. Theorem 11.5 then receives that complete family at the
same quantum–Einstein source. No further root selection, particle naming or full ancestral-target
test is inserted between these comparisons.

7 Physical color ports and composite persistence boundaries

Two complementary constructions connect color response with physical boundaries. The proper-
gauge-invariant observable sector gives an exact quotient of every correctly attached color port.
The occupied localized composites give actual configuration-to-boundary operations with their
licensed histories and classification readouts. The second construction is not inferred from the
first: a singlet projector does not create a physical composite. Conversely, a physical persistence
boundary need not first be replaced by a stable Hilbert-space mass eigenvector.

We work on the full source of Section 3, retaining the three-generation chiral inventory,
color, weak and hypercharge couplings, the fluctuating Higgs field and charged Yukawa tensors,
global form, anomaly data, preparation, normalization and boundary conventions. The physical
heavy-hadron instance used below is the actual point at which SYM–6 receives charm and bottom
occupancy [37, Theorem 19.2]. It is not every arbitrary Yukawa point, a separate QCD vacuum,
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or the native finite Hamiltonian of Section 21. The same physical source can admit different
preparations and operational histories without being a product of independently chosen sector
states.

7.1 The actual color action on the observable sector

Let H and Ω be the positive physical representation and vacuum of the occupied local-observable
interface [35, Sec. 8.2]. Let Dobs be the span of the admitted finite gauge-invariant local field
words applied to Ω, on their actual successive-product domains, and set

Hobs = Dobs.

Only already represented words enter this definition. It does not assign a Hilbert domain to
every renormalized insertion jet or include every charged superselection sector. Quark and gluon
composites, when actually represented as gauge-invariant observables, are included; this is not a
Higgs-only or pure-Yang–Mills subtheory.

Lemma 7.1 (Induced proper-color action). For the inherited group GΓ = (SU(3) × SU(2) ×
U(1))/Γ, with Γ contained in its common Z6 matter kernel, the map g 7→ [(g, 1, 1)] embeds
SU(3). The proper-color comparison induced on Hobs is Vc(g) = I. This space reduces the actual
translation representation.

Proof. The kernel generator is (ω3,−1, eiπ/3). If one of its powers has the form (g, 1, 1), the last
entry forces that power to be divisible by six, so g = 1. This proves the subgroup assertion
without claiming that a separate fundamental-color bundle exists on every topology of the full
quotient.

For a finite compactly supported observable word in a Minkowski trivialization, choose
X ∈ su(3) with eX = g, and a smooth compact cutoff χ equal to one near all its supports. The
proper transformation eχX equals g there and the identity outside a larger neighborhood. The
connection transformation in the intervening region is retained. The path etχX connects this
comparison to the identity, so no extra large-gauge or boundary action is introduced.

Each observable and the physical vacuum representative define the same gauge-quotient vector
after this operation. Thus the induced map is the identity on Dobs, including its null relations,
and extends uniquely to I on its closure. This constructs the action on the stated source sector;
it does not postulate a new global color charge. If a larger representation has a boundary color
action, its restriction agrees with this action only when it implements these same comparisons
and fixes the vacuum.

Translation covariance and vacuum invariance take every admitted finite word to another such
word. Positive and negative translations therefore preserve Hobs, so its orthogonal projection
commutes with the translation group and the space reduces its generators.

The gauge and global premises are the anomaly-neutral full-source ones [20, 21]. In all-left
notation the elementary color checks are 2−1−1 = 0 for the cubic anomaly and 2(1/6)−2/3+1/3 =
0 for the color-squared hypercharge coefficient per generation. These checks do not replace
the complete anomaly theorem or discard an axial anomaly. The represented descendant
D(f)Ω = Oρ(□f)Ω from Section 4 gives a nonzero vector orthogonal to Ω for a real compact f .
Hence the sector just constructed is not the vacuum ray alone. Its nontriviality does not make
this vector a hadron or turn the unstable Higgs pole into a spectral atom.

Theorem 7.2 (Full-joint-input neutral-port factorization). Let K carry the actual strongly
continuous unitary color representation R of an admitted input, including every constituent, dual,
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support and dressing factor. The strong Haar average

Pc =
∫

SU(3)
R(g) dg

is its orthogonal invariant projection. Every bounded source port J : K → Hobs with the actual
comparison equation JR(g) = Vc(g)J satisfies

J = JPc. (75)

In particular a nonzero isometric color-intertwining in/out port from a representation with no
invariant vector cannot have its range in this sector. The same factorization holds for an actually
admitted finite multilinear neutral-boundary response after linearization in its complete joint
colored tensor input.

Proof. Strong continuity on the compact group makes the vector-valued integral well defined.
Haar inversion gives P ∗

c = Pc, Haar invariance gives P 2
c = Pc, and R(h)Pc = Pc for every h.

Conversely an invariant vector is fixed by the integral. Thus its range is exactly the fixed space.
Lemma 7.1 gives JR(g) = J ; boundedness of J permits integration and proves (75). If Pc = 0,
then J = 0, which cannot be an isometry on a nonzero space. Adding a time-intertwining
requirement does not evade this identity.

For the operational statement let AB be the existing linearized value map of the full multilinear
response. Its source comparison, with the neutral boundary and all siblings retained, is ABR(g) =
AB. Finite-dimensional integration gives AB = ABPc. When the source admits only an invariant
linear subspace, carry out this calculation on that subspace. No unadmitted input or failed
operation is extended by zero, and no nonlinear history is averaged as though it were a linear
amplitude.

The intertwining equation is the required source comparison for the port, not a consequence
of matching representation names. In particular the theorem is an exclusion on the indicated
observable-sector interface, not a classification of all charged or extended-support sectors. An
isolated 3, 3 or 8 has no fixed vector, whereas complete joint tensors can have one. When the
columns of E form a basis of the full invariant subspace, using the original source-admitted
invariant contraction tensors,

Pc = E(E∗E)−1E∗, ABx = ABE(E∗E)−1E∗x. (76)

Indeed the displayed matrix is self-adjoint, fixes every column and annihilates its orthogonal
complement. The inherited inner products give the unit tensors δab/

√
3 in 3 ⊗ 3, δAB/

√
8 in

8⊗ 8, and ϵabc/
√

6 in 3⊗3 [5, Sec. 13]. Their nonzero invariant spaces preserve neutral quark,
gluonic and baryonic composite possibilities. Zero triality alone would not prove this result: the
adjoint has zero triality but no fixed vector. Color averaging commutes with the retained weak
and hypercharge actions on honest full-group inputs; it does not neutralize those charges or
remove their physical boundary requirements.

Proposition 7.3 (Continuation of the exact quotient). An actual bounded source comparison
J ′S = TJ , with S a color intertwiner on the Hilbert input spaces, obeys SPc = P ′

cS, and hence
preserves (75). For an already admitted holomorphic or meromorphic component amplitude,
the factorization holds on its entire connected continuation chain, including both principal and
regular Laurent terms.

Proof. Integrate SR(g) = R′(g)S. Substitution in the original port comparison then retains all
its input and output factors. In an analytic detecting germ, AB(z)(I − Pc) = 0; uniqueness
propagates that zero across every overlap of its actual continuation chain. It annihilates every
Laurent coefficient of this complementary component. This uses the supplied germ and sheet,
not a continuation inferred from finite jets.
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If the color frame moves, differentiation is of the complete identity:

(AB)ab = (AB)abPc + (AB)a(Pc)b + (AB)b(Pc)a +AB(Pc)ab.

All original source, product, preparation and endpoint contacts remain inside these derivatives. A
Hilbert expression a∗

BUjCPc likewise retains its actual readout comparison. Unitary source and
boundary comparisons supply the adjoint identity. Merely isometric V, VB with V aB = a′

BVB do
not imply a′∗

BV = VBa
∗
B; the latter must then be supplied separately. No physical boundary is

created by an adjoint shortcut.

7.2 Occupied physical composites and their persistence boundary

Let XS denote the full record interface of the independently fixed joint colored configuration
category on the physical source S. Its finite configurations retain U-type, D-type, conjugate
and gauge-support incidences, their complete tensor representation and the charge, weak, Higgs,
anomaly, global-form, process and source data [29, Sec. 3]. The superscript “pre” used for
this interface means before attachment to an output boundary, not before hadron formation.
Overall color neutrality does not erase an occupied composite’s colored constituent and support
incidences.

The particle-role source supplies a localized carrier configuration

κU = (U,ΦS(U), σU , χU , βU ). (77)

Here U is the actual local continuation regime, ΦS(U) its field-carrier profile, σU the standing
signature, χU the boundary/classification witness, and βU the bounded transport/restoration
profile. Its equivalence retains the complete standing, witness, transport, quotient-comparison,
identity-memory, boundary-trace and admitted-transport tuple

(σ, χ, β,Q, I, ∂, T ).

This is the source’s same-preserved-class relation, not equality of a name, a single readout,
directed reachability or reversible dynamics [45, Definitions 3.2–3.6, Proposition 5.2].

Definition 7.4 (The independently typed persistence branch). Let PS consist of the full source
records with the actual field mediation, local continuation and bounded transport/restoration
data of (77), stable localization and identity retention in the declared regime, the complete
comparison tuple above, and independently admitted color-neutral composite status. Every
required weak, Higgs, charge, global, anomaly, preparation and boundary incidence remains
attached. These conditions precede the boundary map; membership is not defined by success of
that map or by overlap with a selected Hilbert subspace.

The particle-role theorem derives persistence identity from these antecedents; it does not
make an arbitrary localized particle color neutral. The additional composite typing is the actual
physical matter/color reception [48, Secs. 10–11]. A member is not a simultaneously sharp
classical assignment to quantum gauge and Higgs fields. Joint multiparticle records require their
actual joint admission; separate particle memberships do not construct a tensor product state.

Retaining the entire existing record gives a typed re-presentation

iS : PS −→ XS , Dpers(S) = iS(PS),
πS : Dpers(S) −→ PS ,

πSiS = I, iSπS = I on Dpers(S).
(78)

To check membership, the local profile and matter/color response give the constituent and
support incidences; the full S record gives the remaining siblings and authority. The existing
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witness and identity memory are retained before the output is evaluated. Thus πS reads the
same full record; it is not a section of a particle-class quotient or an inverse to a lossy forgetting
map. The whole independent XS and its other operations are unchanged.

The selected physical source has actual members. SYM–6’s heavy-hadron theorem receives
charm and bottom at the stated physical-SM point, retaining the heavy-mass, low-residual-
momentum and lifetime ordering

mQ ≫ ΛQCD, |k| ≪ mQ, ΓQ ≪ ΛQCD,

and the actual bound-state target [37, Theorem 19.2]. Its conclusion is physical occupancy, not
only a large-mass label. The matter reception supplies the corresponding localized particle-
persistence representatives [48, Criterion 10.3], [45, Theorem 6.1]. Let Kc(S),Kb(S) ⊂ PS be
those complete records in their licensed identity-retaining regimes. Both are nonempty, their
union need not be disjoint, and no unique hadron is assigned to a quark flavor. Charm retains its
less precise expansion control; top does not satisfy this same lifetime/hadronization conjunction.
No infinite lifetime or vacuum one-particle vector follows.

This physical occupancy is preserved by the occupied symmetry assignment [53, Secs. 8–9]. It
is not an identification of all HQET records with generic full-SM deformations. In particular the
heavy flavor, spin and spin-flavor action records have the source’s specialized incidences, while
the matched-current record retains its distinct materialized matching locus. Equality-induced
branch maps are used only on their actual fibers. The matched amplitude remains the qualified
QCD/HQET observation described below.

Theorem 7.5 (Complete reception of the persistence branch). Restrict the source particle
equivalence ∼Π to PS, and let Bpers(S) be its admitted neutral composite-persistence classes.
There are actual maps

qS : PS −→ Bpers(S), qS(κ) = [κ]Π,
kS = qSπS : Dpers(S) −→ Bpers(S),

χSkS(iSκ) = [χκ].
(79)

The map qS is onto the complete independently typed persistence branch. Every member has its
actual identity-continuation witness for the operational channel. This family is nonempty on both
occupied heavy subdomains.

Proof. The original particle-role proposition supplies the equivalence relation with the full
comparison tuple, and its persistence theorem constructs the standing-bearing class from the
stated antecedents [45, Proposition 5.2, Theorem 6.1]. The independently admitted composite
status fixes the color-neutral physical boundary type. Thus restriction defines qS , with exactly
those admitted classes as its codomain. Every such class has an actual representative satisfying
Definition 7.4, and every such representative is included independently of flavor, mass order or a
later detector choice. This proves surjectivity at this physical grade, not a decision procedure for
a trial tensor.

An equivalent representative transports χ through its original boundary comparison. Hence
its witness class [χ] is unchanged and χS is well defined. Equality of χ alone is not used to infer
equality of the complete particle class. Composing with the already checked full-record reader
proves the remaining maps.

For each κ, the source licenses the null admissible transport/restoration chain as identity
continuation. The actual input iSκ, this history, and the indicated class [κ]Π with its original
witness form the productive persistence-record channel of BCRS–IIC [5, Sec. 8]. The physical
charm and bottom instances above prove nonemptiness. This is an admitted operational
comparison of an existing physical configuration, not a claim that its dynamics is trivial or that
decay never occurs.
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The full attached record is (x, kS(x)), with its original incident maps. Keeping x matters:
its preparation, momentum, mixed response or time-dependent Higgs observations need not be
functions of a particle-persistence class. The theorem attaches a physical boundary without
replacing the source by that quotient. The witness χ has classification and persistence authority;
it is not assigned probability one, a scattering amplitude, a pole or a mass atom. Other supplied
hadronic admission records enter by their own complete witnesses, not by copying a proton-specific
history onto every hadron.

Corollary 7.6 (Identity-role exhaustion and actual failures). Within the realized field-mediated
regime, an admissible candidate ground of particle identity is received by the persistence-class
route or has its original failed identity claim. An actual source-proved failure of stable localization
excludes the particle-identifiable persistence assertion in that regime.

Proof. The particle source exhausts primitive-object, label-only, hidden-core, record-only,
transport-free and cross-domain imported identity [45, Theorem 18.1]. A route carrying
the complete stable persistence witness reduces to the configuration above; otherwise its
proposed identity fails for the source-proved reason. Its necessary-condition theorem gives
ParticleIdent ⇒ StableLoc [45, Proposition 5.1]; an actual contrary witness therefore refutes
that persistence claim. A missing localization proof is not such a witness. Neither statement
excludes a non-particle field configuration or supplies a scattering classification.

7.3 Full-source covariance of persistence boundaries

The persistence comparison has an explicit nontrivial family of lawful source presentations. Use
the physical right-handed convention [36] and write the complete Yukawa interaction as

LY = −QLYuH̃uR −QLYdHdR − LLYeHeR + h.c.

Choose constant g = (VQ, Vu, Vd, VL, Ve) ∈ SU(3)5 on the generation multiplicities, transform
each fermion by its corresponding V , and set

Y ′
u = VQYuV

∗
u , Y ′

d = VQYdV
∗
d , Y ′

e = VLYeV
∗
e . (80)

Gauge, metric and Higgs fields are unchanged. This acts within equal gauge representations, not
between right-handed charm and bottom fields of different hypercharge.

Let rg be this invertible substitution on the complete source presentation, including dual
source tensors, existing preparations, renormalized insertions, endpoints and boundary witnesses.
Define gS by transporting those existing objects. For every supplied multilinear functional the
construction is

WgS,n(rgA1, . . . , rgAn) = WS,n(A1, . . . , An). (81)

Equivalently compose the original functional with r−1
g in each slot. Its preparation, normalization

and product/contact prescription are transported together. A represented operation A with
domain DA has transported operation rgAr

−1
g on rgDA. Here rg denotes the corresponding

presentation-carrier isomorphism, not the five generation matrices acting on arbitrary Hilbert
vectors. The underlying physical Hilbert space and state can be identical.

Theorem 7.7 (Full-source persistence square). The substitution (80) preserves the literal full
source and constructs bijections Fg : PS → PgS and bg : Bpers(S)→ Bpers(gS) such that

qgSFg = bgqS , χgSbg = r∂gχS . (82)

Every actual partial history h is transported by

hg = FghF
−1
g , Dhg = FgDh.
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All composed domains, identity comparisons, changed classes and source-defined failures are
retained. The occupied heavy subfamilies are carried to the same physical source roles in the new
presentation.

Proof. The kinetic and gauge operations are generation blind. For example

Q
′
LY

′
uH̃u

′
R = QLV

∗
QVQYuV

∗
u H̃VuuR = QLYuH̃uR.

The other Yukawa and all bosonic terms are preserved in the same way. This retains the quantum
Higgs field, not only a vacuum representative. The constant determinant-one choice has vanishing
generation trace in the gauge-squared and gravitational Jacobian terms. The original gauge and
global anomaly data are still retained. If non-Abelian flavor backgrounds are present, they and
their counterterms undergo the same coordinate substitution; their anomalies are not declared
zero. General anomalous Abelian rephasings require the original theta and mass-phase transport
and are not included in this restricted family.

The substitution preserves every field, adjoint and source relation. Its inverse preserves and
reflects each actual domain and failure. Equation (81) therefore uses the same correlation values
in the new coordinates; a positive quadratic sum remains the same sum. An existing operator
or continued channel retains its authority, while a merely formal insertion is not promoted to
one. No unitary implementation of a broken physical flavor symmetry is assumed. This is the
full passive source action, not invariance with the numerical Yukawas held fixed outside their
stabilizer.

Apply this substitution to every entry of (77) and its retained comparison data. It preserves
the antecedents of Definition 7.4. Every original full-tuple equivalence is transported to an
equivalence; the inverse proves reflection. Hence bg[κ] = [Fgκ] is well defined and bijective, and
evaluating the same transported witness proves both equations in (82). For histories h followed
by k,

Dkghg = {Fgx : x ∈ Dh, h(x) ∈ Dk} = FgDkh, kghg = Fg(kh)F−1
g .

This also preserves the first failed comparison and the actual endpoint, without adding any
unlicensed history. Matrix multiplication proves F1 = I and Fg2g1 = Fg2Fg1 .

To check the heavy roles rather than their labels, put ALu = YuY
∗
u and ARu = Y ∗

u Yu, and
similarly in the down sector. On a simple nonzero singular-value stratum their spectral projections
are

pi(A) =
∏
j ̸=i

A− λjI
λi − λj

.

They transform by the corresponding left/right conjugation. At a degeneracy use the admitted
cluster, not an unprovided individual eigenvector. In a temporary paired singular frame, YueRi =
yie

L
i and Y ∗

u e
L
i = yie

R
i , one has

(VQeLi )∗(VQQL) = eL∗
i QL, (VueRi )∗(VuuR) = eR∗

i uR.

Thus the heavy coefficient field in an actual matching chart, including its registered rest mass
and velocity, is unchanged. The physical mass, width and hadronization predicates are invariant
data of the transported source. These are flavor-role projections, not hadron spectral projections
or physical bare-quark states. They prove the last assertion at the actual H06 point.

The full charged-current normalization is retained. In a simple paired mass frame,

Vij = eu,L∗
i ed,Lj , |Vij |2 = Tr(pu,Li pd,Lj );

both endpoints transform by the same VQ. Their overlap, the original g2/
√

2 coefficient and the
full W+ current pairing are unchanged. Holding an endpoint fixed is a different source operation.
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For contrast, mixing right-handed charm and bottom by R at fixed hypercharge gives, with
Dµ = ∂µ − ig1BµYR,

Dµ(RqR)−RDµqR = −ig1Bµ[YR, R]qR, YR = diag(2/3,−1/3).

Its arbitrary-Bµ coefficient does not vanish for a mixing R. The lawful source map above does
not make that omitted-sibling square commute. Color singlet status alone also does not make
cLγ

µbL a neutral gauge-invariant physical insertion: its electric charge is canceled by the actual
charged weak endpoint.

7.3.1 Matching and differentiated source contacts

SYM–6’s selected QCD/HQET matching keeps its actual current, external ports, common-
velocity/recoil regime, scale, normalization, operator basis and registered order [37, H01–H06,
R01]. Write that comparison at its supplied authority as

AQCD = CNMN +RN . (83)

When full amplitudes are supplied, RN is their actual difference; for a registered expansion it
is the formal remainder class at that order, not a newly supplied full function. An admitted
effective basis change gives

M ′
N = RMN , C ′

N = CNR
−1, C ′

NM
′
N = CNMN .

The same source substitution transports the remainder and every external current index. This
proves covariance of the qualified comparison, not an increase of its accuracy or an equality
between an active-weak, fluctuating-Higgs full-SM amplitude and a QCD amplitude. The
physical heavy boundary and its qualified matching observation can be retained together without
identifying those two functions.

All source derivatives obey the complete product rule. Along a path of the constant matrices,
Kf = V̇fV

∗
f gives Ẏ ′

u = KQY
′
u − Y ′

uKu. At fixed original Yu the mixed rule is

(Y ′
u)ab = (VQ)abYuV ∗

u + (VQ)aYu(V ∗
u )b

+ (VQ)bYu(V ∗
u )a + VQYu(V ∗

u )ab.
(84)

The down and lepton formulas have the corresponding factors. The original mixed Higgs/Yukawa
action insertion is still

DHDY S[k, Z] = −
∫
dVg

(
QLZuk̃uR +QLZdkdR

+ LLZekeR + h.c.
)
.

(85)

It transforms with the same cancellation as the original Yukawa word. Setting H to a constant
before differentiation would remove this contact. The complete renormalized insertion additionally
retains its mixing and counterterm derivatives from Section 3.

For any actual differentiable normalized response W along a fully transported presentation
z(a, b), including preparation, endpoints and prescription, the constant physical value gives

0 = DW [za], 0 = D2W [za, zb] +DW [zab].

At finite source-jet authority these are the corresponding algebraic identities, not a new trans-
verse differentiability assertion. For an existing continuous multilinear response, finite matrix
substitution does give a smooth family in its existing insertion slots. Differentiating C ′

NM
′
N keeps

both first terms and all four mixed second terms; their cancellation follows from differentiating
R−1R = I. The same derivative acts on the remainder at its original authority. Power counting
alone supplies no uniform bound on its derivatives. An actually supplied analytic channel is
identical on its detecting domain under this coordinate transport and consequently retains its
whole continued germ. Neither χ nor a truncated matching formula creates such a germ.
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7.4 Persistence endpoints of source processes

Use the fixed source’s primitive operation graphs, with their joint operands, intrinsic parameters,
exact domains, outputs and failure diagnostics [1, Sec. 2]. A finite use is an original application or
a finite well-typed network of such applications and actual interface comparisons. A source-given
infinite-dimensional or infinitary operation remains its original primitive graph; it is not replaced
by finite samples. Shared operands remain shared. This records the same weak, Higgs or
preparation input at several vertices, not copies of a quantum state or independently selected
Hilbert factors.

Let w : Dw ⊂ X → Y be such an actual partial operation. When an original terminal interface
supplies the complete persistence and neutral-composite witnesses of Definition 7.4, let

γ : Ypers −→ PS

read those retained fields. If the output already is PS , this is the identity. No terminal reader is
asserted for every process. Restricting an untyped output to a hoped-for successful subset does
not construct γ or a hadronization dynamics.

Theorem 7.8 (Exact finite-process attachment). Every original finite source use with this
witnessed terminal interface has the actual boundary and readout operations

Dw,pers = {x ∈ Dw : w(x) ∈ Ypers},
Kw = qSγw : Dw,pers −→ Bpers(S), Rw = χSKw.

(86)

These constructions receive all such uses, with their original joint incidences, continuation,
terminal boundary and failures. A positive operational witness requires an actual x ∈ Dw,pers, its
source process and its indicated boundary record; forming an empty pullback supplies no positive
witness.

Proof. The terminal reader is the original witness-bearing interface map. Composing its partial
graph with w and the everywhere-defined qS gives exactly (86). Nothing is obtained by inverting
the particle quotient.

For coverage, start with the actual graph at a native application, including all operand records.
At a composition vertex graft the original common-interface maps and retain every shared edge.
Induction over the finite source use preserves its evaluation, exact domains and all incident values.
A supplied limit-defined operation is the same graph at its primitive vertex. For an operator
application, use its actual domain and every successive-product domain; density of individual
domains or the notation of a common core does not prove arbitrary product closure.

At the terminal witness-bearing interface, γ reads the given record, and Theorem 7.5 identifies
exactly its particle class and witness. Conversely each constructed diagram reads back as those
same native operations followed by γ and qS . This proves all and only the claimed finite-use
reception, not existence of an absent primitive process.

For a sequence f1, . . . , fn, the domain is explicitly{
x : x ∈ Df1 , f1(x) ∈ Df2 , . . . ,

fn−1 · · · f1(x) ∈ Dfn , fn · · · f1(x) ∈ Ypers

}
. (87)

Reassociation preserves these intermediate tests and the first failed vertex in the original evaluation
order. If every source vertex succeeds but the final output has another type, retain that native
outcome; it is neither a value of Kw nor an invented failed physical process. An actual source
witness can prove persistence inapplicable; a merely unresolved question cannot. Thus the
original diagnostic information survives. Nonemptiness is required exactly as stated; the identity
processes of Theorem 7.5 give actual nonempty examples without proving production by every
other use.

58



Common physical sources Constraint-derived Standard Model

When input and output both have persistence records, retain(
qS(κin), qS(κout)

)
and the original process. A proved equality of these classes is identity preservation; a proved
difference is a class-changing physical outcome. Decay is not renamed identity continuation. A
joint final family requires its actual joint record and is not forced into a single-particle output.
The absence of a retained particle role is not automatically nonexistence of the source output.

Proposition 7.9 (When a process descends to particle classes). An actual h : Dh ⊂ PS → PS
admits a partial operation on qS(Dh) with exact domain reflection and its retained failure readouts
if and only if:

1. Dh is a union of complete ∼Π classes;

2. equivalent successful inputs have equivalent outputs;

3. every retained failure diagnostic is constant on its corresponding excluded equivalence class.

Proof. A single quotient input has one definedness status, one successful output class, or its
specified failure readout. Evaluating a descended operation therefore forces all three conditions.
Conversely define h([κ]) = [h(κ)] on qS(Dh) and retain each common failure value outside that
domain. The conditions prove representative independence and exact domain reflection. They
do not hold for an arbitrary preparation-dependent dynamics merely because its endpoints have
particle identities. Without them, the full-record operation (86) remains the correct object.

Let F : S → S′ be an actual invertible full-source comparison, reflecting domains and all
original witness relations. Transport of the complete equivalence tuple gives bijections FP , FB
satisfying

qS′FP = FBqS , χS′FB = FχχS .

For actual process and reader comparisons FY w = w′FX and γ′FY = FPγ, direct substitution
yields

FX(Dw,pers) = Dw′,pers,

Kw′FX = FBKw, Rw′FX = FχRw.
(88)

The inverse proves equality of domains, rather than only inclusion. The same vertexwise
proof preserves class changes and first failures. The source presentations of Theorem 7.7 are
constructed examples of this comparison. A general noninvertible postcomposition need not
preserve productivity. No differentiability of a particle label, qS or χ follows from these operational
equations; actual differentiable responses retain their separately proved contacts and domains.

7.5 Realization and non-null history reconstruction

The physical significance of these histories cannot be reduced to a formal list of labels. The
realization theorem for irreversible standing continuation forces a consequence-retaining persis-
tence profile up to lawful same-domain equivalence [46, Theorems 21.1–22.1, Corollary 20.2].
The realized-persistence theorem supplies actual standing-sensitive reconstruction contrasts and
a nonempty stable interior [47, Theorems 4.14, 9.10 and 10.2]. We now receive these structures
on the same physical histories.

On the complete persistence/history interface just constructed, the minimal-realization an-
tecedents have actual source witnesses. The admissibility gate is fixed; continuations are the
licensed histories; standing, identity, transport and boundary readouts belong to the internal
source; and the failed act retains its failure rather than being repaired by reindexing its lineage.
The occupied heavy members supply actual realized persistence, not merely a capability to ask
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whether persistence is possible. Irreversibility here is the retained fail-closed consequence of the
same evaluated act. It neither denies that a Hamiltonian time group has inverses nor gives an
unstable hadron an infinite lifetime.

Let HistD be the original complete history interface in this realized domain, including its
failure distinctions. Its licensed persistence-sensitive reconstructions are actual maps

r : HistD −→ Or, r ∈ FD.

The source constrains them by same-domain licensing, admissibility, continuation compati-
bility, standing-sensitive distinguishability, lawful composition, quotient/role invariance and
fail-closedness [47, Definitions 4.1–4.10, Theorem 4.6]. They are not arbitrary tests chosen to
create a contrast. Define

h ∼Rec k ⇐⇒ r(h) = r(k) for every r ∈ FD.

Let IH receive the original history graphs and their arguments, order, shared operands and
first failures by the actual-source composition used in Theorem 7.8. An independently supplied
complete history operation remains that primitive graph, even if it is not a finite sequence of time
steps. Let Histrec = IH(HistD) be this exact interface image; reading the retained source records
is the inverse on that image. For every original r, retain its graph and its injective output-role
identification jr, so that

rrec(IHh) = jr(r(h)). (89)

This identity is reception of the original map, not replacement by a coarse detector number. It
needs no numerical table of that map’s values.

Theorem 7.10 (Faithful non-null reconstruction of physical histories). There is a bijection

IRec : HistD/∼Rec −→ Histrec/∼Rec,rec, [h] 7−→ [IHh], (90)

preserving every original reconstruction readout, standing-sensitive contrast, continua-
tion/composition domain, quotient comparison and fail-closed consequence. On this actually
realized persistence domain, the reconstruction quotient is non-null and its induced persistence
interior is nonempty and stable.

Proof. For h, k ∈ HistD, equality of all original r values implies equality of all received values
by (89). Conversely equality of all received values implies r(h) = r(k) for each r, since jr is
injective. Thus IH preserves and reflects reconstruction equivalence. The induced map is well
defined and injective; every received history lies in its stated image, proving surjectivity. No
history representative or section of the particle quotient was chosen.

Composition and continuation commute because the received operations are their very original
graphs on the exact domains, while each r satisfies its continuation and composition laws.
The same reasoning transports admissibility, role/quotient comparisons and the original failure
contrast. The realized-persistence theorem supplies genuinely distinct standing-relevant classes
in the original quotient. Injectivity and readout preservation carry that distinction to the
received one. More explicitly the pair map ([h], [k]) 7→ (IRec[h], IRec[k]) preserves the original
differentiation structures and every lawful equivalence between them. It therefore transports the
source’s nonempty interior quotient and its reconstruction stability [47, Propositions 6.7 and 9.4].
Finally the irreversible-standing realization theorem fixes the same consequence-retaining profile
up to its original equivalence [46, Theorem 21.1].

The family-valued profile (r(h))r∈FD
can be read componentwise; it introduces neither a

Hilbert product nor a probability measure. Its stable interior is the source’s quotient of standing-
relevant distinctions, not an asserted manifold or a norm estimate. A zero value of one quantum
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response does not collapse this full history profile. Equally, its non-nullity is not a lower bound
for a scattering amplitude or a nonzero pole. A restriction to a smaller family of histories must
retain the actual realization/reconstruction antecedents before this non-nullity theorem is applied
there; selecting only a successful endpoint does not preserve them automatically.

7.6 Global authority and the complete physical color comparison

The source’s stronger Yang–Mills conclusions remain positive inputs, with their original objects
and domains. The local construction supplies the sharp-local gauge-invariant theory, its vacuum
representation, curvature differential-polynomial fields and gap [16, 18]. The nonlocal theorem
fixes a predecessor local object B(G) containing its algebra, distinguished vacuum and dynamics,
and constructs

ΞG : E(G)/∼def −→ Sext(G)

with actual sector representations πξ, vacuum-equivalent local restrictions away from the support,
and unitary deformation comparisons [19, VI.10–VI.14]. This is not only a list of charge labels.
Its inputs are the stated compact closed line/surface supports with the fixed theorem-input label
sets, not all conceivable nonlocal charges, open endpoints or junction networks. Its stronger
same-theory, same-domain completion and gap conclusions likewise retain the fixed local object
and its state/dynamics [19, VIII.121–VIII.124].

Two different uses must be kept distinct. FCGS–II already receives the source-qualified
theorem object and its hypotheses as nonlocal authority for the marked U/D targets [29, Sec. 6].
That use reindexes the authority coordinate; it is not a map from a constituent configuration into
E(G) or an evaluation of πξ on a different physical source. There is no need to acquire this exact
theorem authority again. If a conclusion actually invokes an extended-support physical operation,
however, its full representation, localization, domains and transport must be retained. A charge
label, screening quotient or compact local response cannot replace that operation. Conversely a
citation to the theorem alone does not activate every imaginable extended-support request on
the full SM.

For a proposed matched-base attachment i of the fixed local YM algebra, the dynamical GNS
comparison uses actual identities

ωS(i(A)) = ωYM(A), αSt (i(A)) = i(τYM
t (A)),

with the corresponding local inclusions and representation hypotheses [19, VIII.22, VIII.27]. A
common color Lie algebra does not prove these equations. They are conditions of that particular
attachment, not a requirement that every direct full-source physical construction pass through
pure YM. The persistence maps proved above use the occupied full source directly. Similarly
the exact full-matter electric screening quotient from SYM–9 retains its actual global form and
matter charges, but is not an area/perimeter phase law or a universal confinement theorem [21,
Theorem 9.1, Sec. 9.4].

The preceding results supply complementary parts of the physical interface. Theorem 7.2
supplies the source-side action and exact neutral-port quotient for all its admitted joint inputs.
Theorem 7.5 covers the entire independently defined physical persistence branch, not only heavy
examples. Theorems 7.8 and 7.10 retain every actual process with its original terminal witness
and every furnished standing-sensitive reconstruction. Their histories are physically non-null and
retain irreversible consequence; they are not merely formal record labels.

Complete color comparison combines source-operation reception with independent input
coverage and physical-witness authority. The confinement-acquisition interface [5, Sec. 8] retains:

1. the independently characterized, nonempty, role-complete joint input domain with its
common matter, Higgs, vacuum and boundary attachments;
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2. comparison with actual source configuration operations for every terminally relevant class,
not restriction to successful channels;

3. actual neutral physical boundaries and witnesses for the positive realizations, or exact
source-proved exclusion or inapplicability;

4. the source’s phase-appropriate confinement and asymptotic-sector statement on the sectors
that the conclusion invokes;

5. the actual persistence, stability, pole, spectral or scattering authority of each invoked
physical boundary;

6. source-preserving continuation and gluing of all mixed data, domains, failure cases and
boundary types; and

7. complete outcome comparison on that declared domain at the common matter/Higgs
source, without hiding unresolved required authority as a zero channel.

All-state asymptotic completeness is required only when that stronger claim is made on a stated
scattering domain. An occupied composite needs no invented birth history, and an unstable
persistence record needs no invented stable mass atom. But neither may a persistence readout
replace an independently required resonance or scattering map.

To state the distinction used in the complete application, let UseS be the actual furnished
source uses, and ReqT the original target’s required input/output uses with their physical grades.
Exact native reception proves, for every u ∈ UseS ,

Dom(Rec(u)) = Dom(u),
Evalrec(Rec(u), x) = transport(EvalS(u, x)).

(91)

where intrinsic outputs, shared arguments, authority, continuation and failure fields are included,
not only a measured scalar. The complete application matches every member of ReqT , at its
original grade, with its actual received operation and physical witness or exact source-proved
alternative. Theorem 6.11 supplies the independently formed input and licensed-operation
comparison. Theorem 11.3 combines that comparison with the independently fixed physical
declarations and their actual source-qualified outcomes. Neither proof defines the required family
as the image of successful channels.

An entire operation or boundary family can be supplied intensionally by its source theorem,
without a table of all its values; its actual graph, domain and authority must nevertheless be
compared. This distinction introduces no extra colored sector, pole for every neutral tensor or
universal hadron-production request. It also prevents absence of a counter-request from being
mistaken for a coverage proof. The complete color-to-composite continuation and asymptotic
classification are proved by the positive source/interface comparison, with the neutral-port and
persistence results above at their exact grades. Theorem 11.5 places that full interface at the same
occupied matter, Higgs, quantum and gravitational source; the inherited premetric unification
and physical occupancy remain its starting data.

8 Physical stress, curvature response and Einstein reception

The occupied physical source also admits a direct metric-facing construction. It uses its original
scalar detector, local stress, state and source prescription, without identifying them with the native
Hamiltonian of Section 26. The shared premetric origin is unchanged. The comparison concerns
the actual physical response and its continuation, rather than two independent foundations. Its
action-level completion is Section 9; the full common-source statement is Theorem 11.5.
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We first construct smooth all-test stress profiles from actual smeared-field preparations.
An original curvature-dependent mass-source protocol then produces a separately represented
conserved tensor with the full physical Higgs germ. The same preparation detects that tensor at
first order and has positive excitation energy. Finally the vacuum stress gives an exact matched
Einstein member, while differentiation of the complete source equation identifies the response
required for physical backreaction.

8.1 The physical source and its complete metric insertion

Fix the occupied physical parameter point of Section 3, including its full gauge, Higgs, chiral and
lepton inventory, global form, state and boundary convention, renormalization and improvement
data, and physical continuation. Let Hph be its positive Hilbert space, Ω its invariant vacuum,
and D0 its joint invariant polynomial-field domain. The fields used below are the original mass
insertion Oρ, the admitted total renormalized stress/current, and the finite smeared words used
to prepare states. Their joint distributions, not merely their separate names, belong to this
represented local-observable interface [35, Sections 8–9 and 12].

The actual metric action-principle identification is

Fg(h) = 1
2 T̂ (h), W[ψ](h) = ⟨ψ,Fg(h)ψ⟩

∥ψ∥2
, T̂ (h) =

∫
dVη T̂

µν(x)hµν(x). (92)

Here h is any real compact smooth covariant symmetric metric test. The selected coframe and its
derived connection, composite mixing, source contacts, boundary and improvement convention
are part of this equality. It is received at the physical source’s admitted metric/current interface,
not inferred from Poincare covariance or from a formal chiral source column [34, Sections 5–7,
Theorem 6.1]. Every protocol in this fixed first-response class uses the same insertion and all
compact tests. Its actual response graph is therefore the graph in (92), giving the direct-ledger
source attachment of [25] before tensor representation.

The total Ward identity retains internal exchanges and any declared external current. In the
source convention it reads

W[ψ](LXη) = −J[ψ](X)
for compact X. It is closed for the total physical stress at constant closed parameters. Trace
anomalies need not vanish. The conversion of the variational stress to the physical translation
charge is its separately admitted source comparison, including sign, normalization, temporal
smearing and boundary limit.

For the physical scalar and momentum formulas use η = diag(1,−1,−1,−1). The metric-
response convention is δS[k] = 1

2
∫
dVgT

µνkµν . The native (−+ ++) presentation in Section 26
is not identified with this one by changing a metric sign alone: action, current and charge
conventions must be transported together. The Einstein matching below is written using the
actual coefficient of T = t∗η, so it does not guess that conversion.

8.2 Smooth stress from actual polynomial preparations

Theorem 8.1 (Smooth normalized physical source family). Let va = AaΩ be finitely many
admitted field words with smooth compact tests, allowing v0 = Ω. Put

v(c) =
∑
a

cava, q(c) = ∥v(c)∥2 , ψ(c) = v(c)/
√
q(c), q(c) > 0.

The stress matrix-element distributions uµνab (x) =
〈
va, T̂

µν(x)vb
〉

have smooth polynomially
bounded representatives. The actual normalized stress is

tµνc (x) =
∑
a,b cacbu

µν
ab (x)

q(c) . (93)
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It is smooth in spacetime and C∞ in the real preparation coordinates with values in C∞
loc and

distributions. Its source is exactly W[ψ(c)](h) = 1
2
∫
tc : h, with the original current, support and

boundary data. The notation for the smooth representative does not define a point-field operator.

Proof. For a matrix element with m fields on the left and n on the right of the stress, use
the actual joint tempered vacuum distribution. Change its coordinates to the stress position
x and the relative positions rj = yj − x. This is an invertible linear change of a distribution,
not restriction to a coincidence surface. Translation covariance and vacuum invariance make it
translation invariant in x.

A distribution invariant under translations in that factor is 1x ⊗ w(r). For a direct proof,
choose a product test χ(x) of integral one. Subtract successively the partial averages in the four
x coordinates of an arbitrary test. Each difference has zero integral in one coordinate and is the
derivative of its compact primitive. Translation invariance annihilates these derivatives, leaving
precisely the pairing of a distribution w with the integral in x. The construction also applies to
Schwartz tests with their primitive estimates. It does not assume that a general test is a finite
sum of tensor products.

After smearing the other fields, the remaining distribution is represented by

uab(x) = wab(Fab,x),

where Fab,x is the ordered product of their translated tests, with conjugation and reversed adjoint
order on the bra side. The map x 7→ Fab,x is smooth in the Schwartz topology. For a seminorm
bounding the continuous distribution wab,

sup
x∈K
|∂αxuab(x)| ≤ C sup

x∈K
pN (∂αxFab,x) <∞.

Translations of fixed tests have at most polynomial growth in these seminorms, proving the
corresponding global bound. Empty words give constant distributions. No expression T (0), or a
point-field vector, has entered.

Sesquilinearity gives (93). The positive Gram polynomial q has a smooth reciprocal on q > 0,
locally uniformly on q ≥ δ > 0. This proves every preparation derivative in the displayed
seminorms. Source and Ward identities hold on each actual matrix element, hence on their sum
and normalized quotient.

The exact normalization contacts are useful. For Nc(h) = ⟨v(c), Fg(h)v(c)⟩,

∂sWc(h) = Ns(h)
q
− N(h)qs

q2 ,

∂s∂tWc(h) = Nst(h)
q
− Ns(h)qt +Nt(h)qs +N(h)qst

q2 + 2N(h)qsqt
q3 . (94)

Nonlinear preparation paths contribute their actual cst terms. Moving tests add their derivatives;
a moving source or prescription has its separate operator/form derivative. The homogeneous
extension 2 ∥v∥2W[v](h) =

〈
v, T̂ (h)v

〉
satisfies the parallelogram identity and polarizes to the

original stress form, as in the normalized-ray construction of [26, Definition 4.5 and Theorem 4.6].
These are actual smooth preparation families, not a smooth dependence on a still-unconstructed
curved quantum state.

8.3 Curvature probes of the original mass source

Use the original scalar insertion of Definition 4.1, with its fixed real nonzero normalization and
identity mixing:

Oρ = nOH + bI, Gρ = n2GH + L.
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Here L is the actual local extension/contact transport, not a fitted background. The physical
detecting channel and its marked continuation are those of [20, Sections 9.1–9.8]. Write O = Oρ,
and use □ = ηµν∂µ∂ν , whose Fourier multiplier on eipx is −p2. Fix the curvature convention by
its covariant-metric variation

δR[k] = −Rµνkµν +∇µ∇νkµν −□g(gµνkµν).

For compact k, let gt = η + tk in a small nondegenerate neighborhood and compose the original
source as ρσ,t = ρ0 +σR(gt). This has the correct source dimension and compact relative support.
At t = 0 it is the original source for every σ.

Theorem 8.2 (Original curvature contact and its full response). For the complete relative source
action F , with F (η, ρ0) = 0, the mixed insertion is

Ak = ∂σ∂tF
∣∣
0 = O(Lηk), Lηk = ∂µ∂νkµν −□(ηµνkµν). (95)

Use independent σ1, σ2, t1, t2 with g = η + t1k1 + t2k2 and ρ = ρ0 + (σ1 + σ2)R(g). For the same
normalized W = −i logZ,

Wσ1σ2t1t2

∣∣
0 = 2Wρρ(Lηk1, Lηk2),

Fσ1σ2t1t2

∣∣
0 = 2Fρρ(Lηk1, Lηk2),

Wσ1σ2t1t2 − ω(Fσ1σ2t1t2)
2i = κT (Ak1 , Ak2). (96)

These identities hold at the actual finite source-jet authority as well. The right side additionally
has its represented physical scalar meaning, independently of convergence of an infinite source
series.

Proof. The σ derivative is Fρ[R(gt)]. Its t derivative consists of

Fg,ρ[k,R] + Fρ,ρ[ρt, R] + Fρ[Rt].

At the baseline R = 0 and ρt = 0, so only the last term survives. Volume and insertion-
prescription derivatives multiply the same zero curvature in this contact. They have not been
discarded from the source generally. The map Lη is a continuous compact-test map of differential
order two without support enlargement, so its insertion and adjoint are on the original scalar
domain.

For the fourth derivative, first differentiate twice in σ. The result is Wρρ[R,R], with coefficient
one. At R = 0, the two metric derivatives must hit different curvature factors. There are exactly
two such assignments. Any derivative of Wρρ, or both derivatives on one curvature factor, leaves
the other factor zero. The identical calculation applies to F , including its complete source
contacts. Finally the normalized rule Wab = ω(Fab) + iκT (Fa, Fb) proves (96). In its partition
expansion the two nontrivial connected blocks pair (σ1, t1) with (σ2, t2), or their interchange.
This also checks the factor two without suppressing the action contact.

The protocol is an external mass-source experiment at an unchanged baseline. It does not
differentiate a newly chosen global vacuum. If a state or prescription is independently changed,
the full source comparison and its contacts precede this pullback, as in Theorem 3.1. A fixed
curvature coupling in a gravitational target remains fixed: σ here defines a probe, not a new
value of that coupling or an equivalence between different nonminimal theories.

The formal adjoint in (95) gives the represented tensor

Iµν = 2(∂µ∂ν − ηµν□)O, I(k) = 2Ak, ∂µI
µν = 0, ηµνI

µν = −6□O. (97)
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The factor two follows from the stress convention. The conservation and trace are exact
distributional identities. In particular Lη(LXη) = 0; no equation of motion or gauge-fixing
condition is used. This tensor is the mixed curvature contact, not the entire baseline stress.

For the held scalar source word Su =
∫
dVgR(g)u, the corresponding curved coefficient is

Tµνu = 2[−Gµνu+ (∇µ∇ν − gµν□g)u], ∇µTµνu = R(g)∇νu. (98)

The first formula follows from the declared variation and compact integration by parts. For
the second, the Bianchi identity kills ∇G, while the commutator on the scalar gradient gives
Rνµ∇µu. Its combination with −Gµν∇µu, including the factor two, is R∇νu. Thus u = σO
retains the external source exchange. Differentiating this identity retains connection, raised-index
and volume contacts; a frozen divergence of δTu is not its derivative. A genuinely renormalized
Og also has its own metric and prescription derivatives, including terms RδOg at higher order.
The held-scalar calculation does not eliminate them or construct a curved state.

8.4 Physical continuation and a strict local preparation response

All vacuum vectors I(k)Ω = O(2Lηk)Ω lie in the same physical Hilbert space as the original
scalar port. Their finite mixed kernels, including admitted bounded physical observers, are
positive by the squared-norm identity. Positivity is distinct from the time-ordered extraction in
(96).

The tensor multiplier is Πµν(p) = 2(ηµνp2 − pµpν). In the trace channel the complete
operational germs are consequently

GO,Itr(z) = 6zGρ(z), GItr,Itr(z) = 36z2Gρ(z). (99)

These are the products induced by the actual mass-source pullback. A separately normalized
time ordering of differentiated fields can differ by its local equal-time or extension contacts; the
actual comparison must be retained. In the detector convention above, both n and L remain in
(99). Multiplication also retains the regular terms generated from the principal part, not just a
pole location.

At the source-authorized nonzero simple Higgs pole pH in the mass-squared variable, with
original residue Rρ ̸= 0,

RespH GItr,Itr = 36p2
HRρ ̸= 0, Gρ(z) = GItr,Itr(z)

36z2

on its marked neighborhood avoiding zero. The full existing germ is recovered; no new sheet,
pole or spin-two state is inferred. The unordered scalar/trace spectral matrix is(

1 6s
6s 36s2

)
dµρ(s),

a positive outer product. Its spectral mass variable is not a complex resonance pole. On the
nonzero bounded positive-mass band of Theorem 4.5, multiplication by 6s has bounded inverse.
Hence the scalar-generated and trace-generated closed boundaries agree on that band. No
inversion at the massless stratum is claimed.

Theorem 8.3 (A named nonzero physical preparation response). There is a real compact scalar
test f such that ϕ = D(f)Ω ̸= 0, where D = □Oρ, and ϕ ⊥ Ω. The normalized same-source
preparation

ψs = Ω + sϕ√
1 + s2 ∥ϕ∥2

(100)
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lies in the common polynomial domain. With k0 = −(f/6)η, it satisfies

I(k0) = D(f), d

ds
⟨ψs, I(k0)ψs⟩

∣∣∣∣
s=0

= 2 ∥ϕ∥2 > 0. (101)

Its excitation energy is〈
ψs, P

0ψs
〉

= s2eϕ

1 + s2 ∥ϕ∥2
> 0 (s ̸= 0), 0 < eϕ =

〈
ϕ, P 0ϕ

〉
<∞. (102)

Proof. Theorems 4.4 and 4.5 construct the nonzero descendant as an actual scalar test pullback.
A nonzero complex test can be split into real and imaginary parts. Translation invariance makes
ω(D(f)) = 0, giving orthogonality. The invariant polynomial domain contains both ϕ and I(k0)ϕ.
For k = fη, Lηk = −3□f ; hence the specified k0 gives I(k0) = D(f). Symmetry on that domain
and the zero first derivative of the normalization give 2 Re ⟨ϕ, I(k0)Ω⟩ = 2 ∥ϕ∥2.

Smooth test translation proves every required generator domain and ϕ = −PµPµOρ(f)Ω.
Thus ϕ has no null-mass spectral component. Forward spectrum implies P 0 ≥ 0, with p0 = 0
only at zero four-momentum; the nonzero vector therefore has strictly positive energy. Its first
energy moment is finite by the proved generator domain. The vacuum is invariant, so the two
cross energy terms vanish, proving (102). No spectral projection is applied to this preparation:
such a projection need not preserve the joint local-field domain needed for its stress.

The vacuum mean of every compact I(k) is zero because ω(O) is constant, yet its response
kernel and (101) are nonzero. This is an explicit local metric/source response without a global-
charge limit. It must not be conflated with a universally nonzero first derivative of the different
baseline stress T .

On the source’s actual stress-to-charge comparison domain, the same ψs, s ≠ 0, has a compact
metric test separating its total stress from the vacuum. To prove this, form the calibrated
temporally smeared, spatially cut-off charge difference. Subtract the vacuum at each finite cutoff
if the source uses a subtracted charge; do not subtract infinite total energies. Its limit is the
strictly positive value in (102), so some finite cutoff already separates the source. Its actual
stress-to-charge test map gives the desired compact metric test.

This conclusion for the named preparation retains the charge-domain condition. Generator
membership alone would not prove every global current limit. Independently, the local joint-field
domain supplies a weaker existential check: if every normalized finite-word ray had the same
stress as the vacuum on all compact tests, polarization would make every stress smearing a
scalar form. Its admitted charge-generation relation would then act trivially on all local fields,
contradicting the nontrivial translation action of the scalar channel. Thus some finite-word
preparation has nonconstant local stress even without assigning a new global-charge domain to
the named curve.

8.5 The exact physical vacuum Einstein member

Theorem 8.4 (All-test vacuum source and Einstein matching). The actual physical vacuum
stress has the form 〈

Ω, T̂µν(x)Ω
〉

= t∗ηµν , W∗(h) = t∗
2

∫
dVη η

µνhµν , (103)

where t∗ is the fixed source’s real coefficient, including its vacuum and identity convention. For
the inherited Einstein law G[g] + Λ∗g = κ∗T , κ∗ ̸= 0, the pair (η,Ω) satisfies the complete
source-attached equation on all compact tests if and only if

Λ∗ = κ∗t∗. (104)
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Its lawful diffeomorphic and frame presentations, with the whole physical source transported, are
presentations of the same solution.

Proof. Translation invariance makes the one-point stress distribution a constant tensor, by the
distributional argument in Theorem 8.1. Proper connected Lorentz invariance makes a symmetric
constant rank-two tensor proportional to the metric: rotations remove mixed components and
fix the spatial diagonal, and one boost relates it to the temporal component. Hermiticity makes
t∗ real. The actual source insertion gives (103) on every test.

Since G[η] = 0, the Einstein residual is (Λ∗ − κ∗t∗)η. Its vanishing on all compact tests is
equivalent to (104). This is a full tensor equation, hence includes its normal, mixed and tangential
constraint and evolution components. The physical quantum evolution is its original translation
evolution with invariant vacuum ray; none of its fields, interactions or channels is reconstructed
from the solved metric. Transport of metric, source, state, domains, spin lift, tests and boundary
preserves the equation by actual source naturality and Einstein covariance. A diffeomorphism
does not turn flat geometry into physical curvature.

The vacuum is not a null source, even if its certified representative has t∗ = 0: its correlations,
physical poles and preparation responses remain. A trace anomaly can contribute to the actual
coefficient; Poincare invariance does not set it to zero. No cutoff vacuum-energy sum is used in
(104).

If the gravitational calibration has not yet been chosen over this fixed physical source, (104)
selects a nonempty compatible member of the inherited Einstein parameter family, after which the
joint point is frozen. It is not a prediction of the observed cosmological constant or equivalence of
different joint points. For an already fixed Λ∗, κ∗, it is instead an exact test. A mismatch cannot
be repaired by changing a parameter silently. Under the admitted homogeneous convention
change

T ′ = T − Cg, t′∗ = t∗ − C, Λ′
∗ = Λ∗ − κ∗C, (105)

the residual Λ∗ − κ∗t∗ is invariant. In the convention Tvac = −ρRg, the same matching says
ΛR + κRρR = 0; the nonlinear Einstein theorem fixes this quotient-stable combination, not its
numerical value [40, Theorems 23.1 and 27.3]. No infinite-volume constant density is treated as
a finite Hamiltonian offset, and no physical response is normal-ordered away at fixed Λ∗.

8.6 The physical response required for backreaction

The matched member is an exact source-attached solution. Smooth preparation profiles alone,
however, do not provide the metric-induced quantum response of a coupled physical source family.
The distinction has a precise all-test equation.

For covariant k, put
Pη(k)µν = 1

2(trη k)ηµν − kµν .

Then D[
√
|g|gµν ]η[k] =

√
|η|Pη(k)µν . Suppose an actual differentiable physical source/Einstein

family through the matched member is given on a declared domain. Resolve its response into its
fixed-frame metric-induced part δmW , preparation part δpW , and any explicitly varied original
sibling source part δjW , with all state, frame, test and prescription contacts assigned consistently.
Define

Ξ(k, h) = δmW (h)− t∗
2

∫
dVη Pη(k)µνhµν . (106)

This subtracts a known baseline density/index contact; it does not replace the unknown metric
response by that contact.
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Proposition 8.5 (Contact-complete linearized compatibility). At the fixed matched κ∗,Λ∗, every
actual differentiable coupled family satisfies

1
2κ∗

∫
dVη G

′
η(k)µνhµν − Ξ(k, h) = δpW (h) + δjW (h) (107)

for every compact metric test. The preparation term is already constructed by (94) on the actual
finite-word families, including (100).

Proof. Differentiate the exact residual

R(g, source;h) = 1
2κ∗

∫ √
|g| (Gµν [g] + Λ∗g

µν)hµν d4x−Wg,source(h).

At the flat matched point the baseline Einstein tensor vanishes. The remaining terms are its
derivative, the cosmological contact Λ∗/(2κ∗)

∫
Pη(k) : h, and the three actual source derivatives.

Substitution of (104) and (106) proves (107). Moving tests contribute their derivatives on both
sides before cancellation.

One cannot set Ξ = 0 by differentiating (103) away from the family where it was proved. The
physical in-out two-jet in a fixed prescription is

Win-out;hk = ω∗(Fhk) + iκT (Fh, Fk),

with the actual moving-state and prescription terms where present. It retains the full stress
insertions and metric, spin, density, curvature, mixing and source contacts. A real causal
backreaction derivative uses its actual causal or closed-time prescription; a possibly complex
in-out Hessian is not substituted for it. Proposition 26.7 proves this distinction by construction
on the native source. It does not identify that source’s kernel with the physical one here. Finite
physical insertion jets retain precisely their finite-jet authority until an actual metric-differentiable
physical family supplies the corresponding response in (106).

The Ward derivative is equally constrained. For fixed compact X,

(δW )fixed(LXη) +W∗(LXk) = 0 (108)

on a closed actual family; moving X adds W∗(LδXη), and declared exchange adds −δJ(X) on
the right. Along a lawful transported vacuum gs = χ∗

sη, the complete source derivative is exactly
(t∗/2)

∫
Pη(LXη) : h, while G′

η(LXη) = 0. Thus the presentation tangents satisfy the full equation
with density, index and moving-test contacts. They do not settle transverse metric response.

The nonvacuum preparation gives a direct countercheck on extending the flat assignment
without backreaction. At a compact separating stress test in its admitted charge domain,

R(η, ψs;h) = −[W[ψs](h)−W∗(h)] ̸= 0.

Thus changing the quantum preparation while keeping the matched flat metric does not define a
coupled solution map on that curve. This is not a no-go theorem for a physical semiclassical or
other Einstein realization; it identifies the actual response that must enter its construction.

The nonlinear source theory distinguishes a field-eligible Einstein member from a smooth
hyperbolic Cauchy family and its compatible seed and flow [39, Definition 16.2 and Theorem
17.3]. The certified-zero vacuum identity branch of that theory is not a theorem about an
arbitrary nonzero vacuum coefficient. Stationary solutions remain valid members of a dynamical
theory, but one all-test stationary solution and its coordinate presentations do not by themselves
construct that theory’s coupled preparation and metric solution map.
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The resulting represented stress family, nonzero curvature/contact response and complete
Higgs germ share the same physical source as the matched Einstein member. Their contact-
complete continuation equation fixes the response comparison for a coupled family when such a
family is invoked. Theorems 9.2, 9.4 and 9.7 construct the original-source action, its canonical
holding comparison and an occupied dynamical member at the original quantum-action order.
Theorem 11.5 retains this member together with the complete physical interface. A universal
transverse solution family, a particular lattice limit or a Wheeler–DeWitt quantization is not an
additional premise of that result. The native coupled realization remains a distinct construction;
it is not identified with the physical source by common field names.

9 The original physical source’s causal Einstein action

The metric response in Section 8 is an operation of the occupied interacting Standard Model
source. We now construct its source-varying gravitational action before restricting to a solution.
This supplies the action and holding comparison beyond equality of vacuum tensors. The
construction uses the original causal field prescription of Section 5; it does not substitute the
native Hamiltonian, a pure-gauge vacuum or a newly normalized curved theory.

The common premetric architecture, gravitational role and full nonlinear minimal-response
Einstein law are inherited [9, 40, 10, 39]. The action below is a variational representative of
these existing roles with their actual physical source. It is not a new foundational coupling
of separately founded quantum and gravitational theories. Its quantum construction has the
original perturbative or retained-order authority, while the stronger represented and continued
baseline observations remain the same objects. One compatible stationary member is proved. A
solution through every changed preparation is not asserted.

9.1 One source, one coefficient prescription

Fix the physical source S∗ of Section 3, including all color, weak, hypercharge, Higgs, chiral-
fermion and Yukawa interactions, the global form, spin and boundary branch, counterterms,
improvement convention and original preparation family. Write AS∗ , ⋆, T , R and E∗ for its
original graded field carrier, ordinary product, chronological products, relative insertions and
normalized interacting reconstruction. The gauge-fixed computational carrier and its physical
quotient retain their distinct meanings.

Theorems 5.2 and 5.3 identify these maps with the original source prescription, rather than
with a free-field coefficient expectation. In particular, with its complete interaction V ,

Q(F ) = SV (F ) = S0(V )−1 ⋆ S0(V + F ), Q(0) = 1. (109)

All maps in this section use that same V and normalization. The selected physical regime and
retained error convention are the ones of [20, Definitions 2.1–2.2] and [34, Definition 2.1].

Let J be the ideal generated by the external compact source amplitudes. Inverses and
logarithms with constant term one are taken in the J-adic coefficient completion, or in its
supplied retained-order quotient with the original remainder record. At each specified coefficient
they require finitely many products. No numerical sum is assigned to an unproved formal series.
In particular, metric-source amplitude is not an expansion about κ = 0, and no Standard Model
parameter is changed by introducing this notation.

Use the original (+−−−) metric and covariant-source convention of (92). Denote the complete
local coefficient-action prescription by SS∗ [g,Φ; j], where Φ includes its original fields, ghosts
and computational partners. For g = η + k, define the compact relative insertion

F [g, j] = SS∗ [g,Φ; j]− SS∗ [η,Φ; j∗], F [η, j∗] = 0. (110)
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This is the difference of local densities on the original compact relative-support or finite-region
envelope. It is not subtraction of infinite-volume actions. Inverse metrics, volume density, the
normalized coframe, induced spin connection, composite mixing, curvature terms and source
counterterms are expanded as the original coefficient functions. Their finite-order local contacts
are retained.

Put fg(h) = DgF [h] and fg(k, h) = D2
gF [k, h]. These are source labels before the original

interacting insertion map is applied. At the baseline,

RV (fη(h)) = Fg(h) = 1
2 T̂ (h), E∗RV (fη(h)) = W∗(h). (111)

Its first represented insertion has exactly the physical domain already supplied in Section 8. This
does not invert a possibly noninjective relative insertion map.

A moving original chronological prescription, product, reconstruction or BRST differential
is differentiated as part of the same source comparison. One may work in a fixed coefficient
frame and transport those original maps. This does not identify an independently chosen
curved-background renormalization with (110); such a different construction would require its
own comparison theorem.

9.2 Metric coordinates and the actual holding map

The original normalized kinetic/coframe packet fixes the metric argument of (110). A convenient
formal coframe representative near the baseline is e = (η−1g)1/2. Its unit-constant-term series is
η-self-adjoint and satisfies eT ηe = g. The comparison to any other allowed oriented coframe uses
its original spin lift, not a change of metric value or a deletion of spin data.

For a canonical presentation write

g00 = N2 − γijβiβj , g0i = −γijβj , gij = −γij . (112)

The time-gauge coframe is e0 = N dt, ea = eai (dxi +βidt), with γ = eT e. The original spin/frame
comparison and

Ψ = (det γ)1/4ψtime-gauge (113)

give the Weyl half-density coordinates. The inverse, adjoint, antifield and dual-source maps are
transported together; the Higgs, gauge and test-density components use their original tensor
types. No independent torsion or additional fermion is introduced.

Denote this invertible local field substitution by Φ = MgΦcan, and its map on the coefficient
carrier by ιg. Define the canonical-coordinate prescription by transporting the original one:

µcan,g(ιgX, ιgY ) = ιg(X ⋆ Y ), Ecan,g(ιgX) = E∗(X). (114)

Chronological, adjoint and BRST maps are pulled back by the same rule. Original Jacobian,
anomalous normalization and local mixing terms belong to the transported prescription; coordi-
nate notation does not remove them. In particular a physical trace anomaly does not vanish by
this construction.

Proposition 9.1 (Complete multiplier-coordinate source response). At (N, β, γ) = (1, 0, δ), the
tangent v = (n, b, k) has

(hv)00 = 2n, (hv)0i = −bi, (hv)ij = −kij , (115)

and its complete original source insertion is

Fg(hv) = T̂ 00(n)−
∑
i

T̂ 0i(bi)− 1
2
∑
i,j

T̂ ij(kij). (116)
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This continuous linear test map is invertible onto all compact symmetric metric tests. For
w = (m, c, ℓ), the second coefficient contact is

C(v, w)00 = 2nm− 2b · c,
C(v, w)0i = −kijcj − ℓijbj , C(v, w)ij = 0. (117)

Every furnished second source derivative consequently contains the term DgS[C(v, w)] in addition
to D2

gS[hv, hw].

Proof. Differentiate (112). The inverse first test map is n = h00/2, bi = −h0i, kij = −hij ; hence
no component is lost. Stress symmetry combines its two mixed entries, giving (116) from (111).
A second differentiation gives (117); the chain rule gives the stated additional insertion. All state,
prescription and field holding terms remain inside the original source derivatives. Moreover

Dv

√
|g| = n+ 1

2 tr k, Dvg
−1 = −η−1hvη

−1.

Thus the inverse-metric convention −1
2
√
|g|Tµνδgµν equals the covariant-metric convention

+1
2
√
|g|Tµνhµν . This conversion does not change the separately supplied signed stress-to-time-

charge map. All tests are spacetime smearings; no sharp equal-time stress operator is used.

The field-holding identity is equally explicit. With the full graded derivative and the original
boundary terms,

Dg(SS∗ ◦Mg)[h] = (DgSS∗ [h])Φ held +DΦSS∗ [(DgMg[h])Φcan]. (118)

Moving original state or prescription data contributes its own derivative. Pure coordinate
contributions cancel in complete evaluations by (114); a genuine source or preparation change
does not.

9.3 Closed-time variation and causal source composition

Write Qg = Q(F [g, j]). For real acts its original unitary normalization gives Q∗
g = Q−1

g at the
supplied grade. Define

K∗(g+, j+; g−, j−) = E∗(Q∗
− ⋆ Q+), WCTP = −i logK∗. (119)

At equal branches K∗ = 1; the logarithm is fixed by zero constant term. The two-branch field
products exist before E∗. They are not reconstructed from a scalar in-out functional.

Theorem 9.2 (Original retarded stress from the two-branch action). The held insertion

Ag(h) = −iQ−1
g ⋆ DgQg[h] = RV+F [g,j](fg(h)) (120)

is Hermitian. For g± = g ± ϵh/2, with the other source data equal on the two branches,

D−WCTP[g;h] := d

dϵ
WCTP(g + ϵh/2; g − ϵh/2)

∣∣∣∣
0

= E∗(Ag(h)). (121)

At the baseline it is the original all-test metric source W∗(h). In a fixed original coefficient frame
its metric derivative is

DkAg(h) = RV+F (fg(k, h))
+ i
{
TV+F (fg(k), fg(h))−RV+F (fg(k)) ⋆ RV+F (fg(h))

}
. (122)

The noncontact term has the original retarded support; the first term and every local extension
retain the complete source contacts.
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Proof. Differentiate Q∗
g ⋆ Qg = 1. It gives (Q−1

g ⋆ DQg)∗ = −Q−1
g ⋆ DQg, proving Hermiticity.

Substitution of (109) cancels the two baseline inverse factors in Q−1
g DQg, giving the original

RV+F (fg(h)), not a newly defined stress operator.
At the diagonal, the plus derivative of K∗ is iE∗(Ag(h))/2. The derivative of the inverse on the

minus branch, whose tangent is −h/2, gives the same contribution. Hence D−K∗ = iE∗(Ag(h)).
The logarithmic denominator is one, proving (121). Branch exchange conjugates K∗, so it sends
W ∗

CTP to −WCTP; the diagonal difference derivative is real. Equation (111) identifies its baseline
source on every compact test.

Differentiating the same inverse-relative-source expression gives (122), equivalently (34) with
the full contact fg(k, h). Its chronological and ordered products coincide when the input variation
is outside the causal past of the output, by the original causal factorization. At coincidence
their original extension remains. The result is therefore the actual retarded susceptibility, not an
in-out Hessian multiplied by a discontinuous step function. Metric density, inverse-index, spin,
coframe, improvement and counterterm terms belong to fg(k, h). Moving ADM coordinates add
the contact of (117) before applying the formula.

For a moving original product or reconstruction one differentiates the complete expression, for
example

DkE(A) = Ė(A) + E(DkA), Dk(X ⋆ Y ) = Ẋ ⋆ Y +X ⋆ Ẏ + µ̇(X,Y ).

Chronological and calibration maps have their corresponding terms. The moving BRST identity
is dgAi(g) = 0 ⇒ d0Ȧi = −ḋ Ai, not a declaration that each differentiated summand is a
frozen cocycle. Proposition 5.5 preserves the full physical readout and its original representative
independence. No gauge-fixed mixed expression is thereby given an unproved positive-Hilbert
operator domain.

Proposition 9.3 (Causal increments and their fixed holding sign). For original relative acts
F,G,H, put QF (G) = Q(F )−1 ⋆ Q(F +G). Then

QF (G) ⋆ QF+G(H) = QF (G+H), QF (0) = 1. (123)

When F is later than G, causal factorization gives Q(F +G) = Q(F ) ⋆ Q(G). Along an admitted
formal source path the left generator is

iQ̇(F ) ⋆ Q(F )−1 = −Q(F ) ⋆ AF (Ḟ ) ⋆ Q(F )−1. (124)

Proof. The middle inverse factors cancel in (123). The causal equality is the original factorization
on its declared supports. Finally (120) gives Q̇ = iQ ⋆ AF (Ḟ ); multiplication by i proves (124),
including its minus sign and conjugation. Differentiation of these operations supplies their
coefficientwise causal continuation and all higher contacts. The source-path parameter is not
physical time by renaming.

9.4 Canonical source action with metric and boundary contacts

The preceding source action has an actual canonical-coordinate pullback, not merely a current
with the same name. Apply (112)–(114) to its complete local coefficient density on a finite slab.
At each supplied coefficient it has finite jet order. Let ZA denote all coordinates varied in this
presentation: matter and metric/coframe coordinates, together with any source coordinates
actually varied. An external control held fixed is instead a held jet coefficient; its later variation
uses the full functional derivative. Thus ZA is not just the matter multiplet.
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Theorem 9.4 (The original canonical holding identity). Put QrA = ∂rtZA, with maximal temporal
order m for the coefficient under consideration. Define the spatial Euler derivative and temporal
boundary coefficients by

δspL

δQjA
=
∑
α

(−∂x)α ∂L

∂(∂αxQ
j
A)
,

P rA =
m−r−1∑
s=0

(−∂t)s
δspLcan

δQr+s+1
A

, 0 ≤ r < m. (125)

With the original graded left/right derivative conventions and spatial boundary current, the
canonical density is

Hcan =
∑
A,r

P rA∂tQ
r
A − Lcan. (126)

Write its integrated identity as Scan = ΘI − Csrc,I +BI . With the same canonical fields and jet
coordinates held,

DNCsrc,I [n] = DNΘI [n] +DNBI [n]−DN (SS∗ ◦Mg)[n]. (127)

The last term is the original normal source insertion and the explicit field-holding derivative in
(118), including its original equation-of-motion and boundary contacts.

Proof. First integrate spatial derivatives of each variation by parts, retaining their boundary
current. Repeated temporal integration by parts gives

δLcan =
∑
A

EA(Lcan)δZA + ∂t

∑
A,r

P rAδQ
r
A

+ ∂iθ
i.

The coefficient of each δQrA is the finite telescoping sum in (125); its signs come from the temporal
integrations by parts. Performing the calculation with the original Grassmann ordering gives
the graded identity without assuming a nondegenerate fermion velocity Hessian. Introducing
multipliers for Qr+1

A = ∂tQ
r
A and eliminating them recovers precisely the original Euler equations.

These constrained jet coordinates are bookkeeping, not new physical fields or a new Hilbert
representation.

Equation (126) rewrites that same action as kinetic one-form minus Hamiltonian term, with
its boundary contribution. Differentiation at the declared holding convention gives (127); (118)
supplies the last term’s actual source meaning. Applying the transported original chronological,
relative-source and reconstruction maps preserves this coefficient identity and its contacts. It is
the local microscopic coefficient density which is converted, not a local Legendre transform of
the generally nonlocal WCTP.

All source curvature and higher-derivative counterterms remain. They contribute to momenta
of the corresponding varied metric/source coordinates and to boundary terms; held external jets
retain their full later functional derivative. In the coupled action the metric momentum is the
sum of geometric and source contributions. A naked Einstein–Hilbert ADM momentum cannot
replace it. First-order Weyl sectors retain their original primary constraints. No zero-fermion
reduction or independent torsion is used, and no coefficient is resummed into an extra physical
pole.

If the actual kinetic, boundary and holding derivatives vanish in a particular presentation,
the normal canonical row reduces to −W (hn), not +T 00(n). Otherwise all terms of (127)
remain. Angular coframe and spin contributions are decided by the full density, even for a
symmetric metric lift. This is an action/variational comparison, not a global Hilbert–ADM
symplectomorphism or a represented quantum local-lapse constraint algebra.
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9.5 The original physical time and a strict source response

At (g, j) = (η, j∗), the field, prescription and relative maps restrict to the original identity.
The original total-stress charge map, including its signed normalization, temporal smearing,
spatial boundary/improvement and clock comparison, is therefore unchanged. The source’s
Noether-generation theorem identifies that map with its actual self-adjoint H0, not with a guessed
uncentered integral of T 00 [35, Chapter 12]. We use ℏ = 1, H0Ω = 0, H0 ≥ 0, with the original
phase convention and no infinite-volume vacuum-energy subtraction.

Lemma 9.5 (Finite time continuation and natural word domains). Let U(t) = e−itH0 and
αt(A) = U(t)∗AU(t). For every actual finite word P = An · · ·A1 with its natural successive-
action domain,

αt(P ) = αt(An) · · ·αt(A1) = U(t)∗PU(t), D(αt(P )) = U(t)∗D(P ). (128)

For multi-time words all offsets are translated together; their relative times and original failures
are preserved.

Proof. Insert UU∗ = I between successive factors. The first domain membership is equivalent
under U ; induction gives each subsequent membership and then both identities. Closures,
extensions and graph differentiability are asserted only where the original operation supplies
them. The group law shifts every time offset by t, without changing relative separations. Vacuum
word Gram products are unchanged by the same unitary.

For a positive smooth time-only lapse, UN (t, s) = exp[−iH0
∫ t
s N(r)dr] is the original proper-

time continuation. On its graph-domain histories the normalized-ray action is

AN [ψ] =
∫
I

{
i

2(
〈
ψ, ψ̇

〉
−
〈
ψ̇, ψ

〉
)−N ⟨ψ,H0ψ⟩

}
dt. (129)

Compact variations give the Schrödinger ray equation; the original phase section gives its vector
equation. The sphere form is presymplectic and its phase is not an extra physical degree of
freedom. At a held history, DNAN [ν] = −

∫
I ν ⟨ψ,H0ψ⟩ dt. This fixes the time-action sign but

does not turn a spacetime source test into a sharp local Hamiltonian.

Lemma 9.6 (A nonzero normal source/preparation derivative). There is a real compact smooth
f such that, with n∗ = ∂0f , h∗ = 2n∗dt⊗ dt,

L(n) = T̂ 00(n), ϕ = L(n∗)Ω ̸= 0, a = ∥ϕ∥2 > 0, e = ⟨ϕ,H0ϕ⟩ > 0. (130)

The vector lies on the original joint local-field and translation generator domains, with ϕ ⊥ Ω.
For ψs = (Ω + sϕ)/

√
1 + s2a and c = ⟨ϕ,L(n∗)ϕ⟩,

W[ψs](h∗)−W∗(h∗) = 2sa+ s2c

1 + s2a
, ∂sW[ψs](h∗)

∣∣∣
0

= 2a > 0. (131)

Proof. Work in the original vacuum-generated joint-field sector, with its actual relative locality
and local cyclicity, not in unrelated charged sectors. Suppose L(∂0f)Ω = 0 for every real compact
f . Test translation and covariance give H0L(f)Ω = 0. In the forward cone p0 = 0 implies p = 0,
so these vectors are translation invariant; vacuum uniqueness is not required.

For any translation b, the symmetric local smearing L(fb − f) annihilates Ω. Its closure
annihilates BΩ for local words in the spacelike complement of a bounded region containing both
supports, by relative locality on the original joint domain. Those vectors are dense by local
cyclicity. The kernel of a closed operator is closed, so that closure is zero. Thus L(fb) = L(f) on
the joint domain. Translate fb spacelike to any fixed finite local word; locality then makes L(f)
commute with that word.
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All corresponding finite normal stress-charge smearings would therefore have zero commutator.
The original signed charge and boundary comparison would make H0’s local-field action trivial,
contrary to the nonzero positive-energy Higgs descendant in Theorem 4.5. This uses the admitted
charge-generation comparison, not conservation alone or a new charge limit for ϕ. Hence the
asserted f exists.

Test differentiation makes ϕ a time-generator image of L(f)Ω, up to its fixed imaginary
unit/sign. Smooth compact tests give the required generator domains; the vector has no zero-
energy component, and thus finite strictly positive first energy moment. Its vacuum mean is
zero because the constant vacuum stress pairs with a compact time derivative. Expanding its
normalized matrix element gives (131).

On ψs(t) = U(t)ψs, the distinct held time-action test is

∂2
sDNAN [ν]

∣∣∣
0

= −2e
∫
I
ν(t) dt. (132)

Indeed its energy is s2e/(1 + s2a), since the vacuum and cross energy terms vanish. A compact
endpoint-fixing time redescription has zero elapsed-time change and is not the nonzero test in
(132). Equations (131) and (132) retain different holding maps; their comparison is (127).

9.6 The coupled action and a once-frozen Einstein member

For the inherited nonzero curvature normalization, the finite-region Einstein variational represen-
tative is

SEH[g] = 1
2κ∗

∫ √
|g|(R− 2Λ∗) d4x,

DgSEH[h] = − 1
2κ∗

∫ √
|g|(Gµν + Λ∗g

µν)hµν d4x. (133)

Compact interior variations remove the displayed boundary variation, not its original boundary
ledger. The sign agrees with the inverse to covariant metric conversion in Proposition 9.1. The
minimal first-curvature result is the full nonlinear Einstein form, not a linearized weak-field
equation [40, Sections 13–19, Theorem 30.1].

Construct, before imposing a solution,

Γ∗ = SEH[g+]− SEH[g−] +WCTP[g+, j+; g−, j−]. (134)

Its all-test diagonal equation is

D−Γ∗[g;h] = − 1
2κ∗
⟨G[g] + Λ∗g, h⟩g + E∗(Ag(h)) = 0. (135)

The source is precisely the original causal insertion, with its normalization and all contacts. Its
source equations are the original quantum field equations and Ward identities at their supplied
grade, not classical matter equations substituted for them. The holding comparison is already
constructed in Theorem 9.4.

Apply an original compact diffeomorphism/redescription act to both branches, fields, tests and
source/preparation endpoints. The metric term is the divergence of the extracted stress; the field
terms give its original equation-of-motion contacts, and other terms give the declared external
exchange and boundary contribution. Thus its reconstructed source obeys Wg(LXg) = −Jg(X)
in that original ledger. Differentiation retains, for fixed X,

(δW )fixed(LXg) +Wg(LXδg) = −δJ(X),
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with the additional moving-X term when needed. This follows from the same action-principle
integration by parts and the moving Ward comparison, so it agrees with the Bianchi identity.
Trace and flavor anomalies are not set to zero. On a closed invariant vacuum and compact
interior tests the appropriate exchange terms vanish. The invertible ADM test map supplies all
normal, shift and tangential equations together, not constraints selected after discarding other
components.

Theorem 9.7 (A compatible physical member at one joint point). Let t∗ be the actual original
vacuum-stress coefficient of (103). Above the fixed physical source its gravitational calibration
has not been numerically selected. Choose once a permitted κ∗ ̸= 0 in the inherited normalization
family and freeze

Jjoint = (S∗, κ∗,Λ∗), Λ∗ := κ∗t∗. (136)
Then (η,Ω), with its original physical time continuation and observation algebra, is a stationary
member of the source-coupled dynamical action (134). The quantum action and causal contin-
uation have the original retained grade; the stronger represented baseline source and physical
channels remain intact.

Proof. The nonzero curvature normalization, source conversion and homogeneous coefficient are
the inherited family [40, Corollary 23.3 and Remark 30.2]. The fixed physical source does not
prescribe the separate classical target’s compact topology, scalar clock or zero-offset parameter
tuple. Choosing (136) over this unselected calibration therefore changes no Standard Model
parameter, state, normalization or source. The joint point is fixed before any comparison of
outputs.

At the baseline F = 0, Qg = 1 and G[η] = 0. Theorem 8.4 and (111) give, for every compact
h,

D−Γ∗[η;h] = − Λ∗
2κ∗
⟨η, h⟩η + t∗

2 ⟨η, h⟩η = 0.

All tensor components vanish, including the normal/shift constraint and tangential evolution
components. The source remains the original interacting one, obeying its original equations
and Ward identities. Its continuation is Lemma 9.5; the vacuum ray is stationary but the field
action is not trivial. Lawful coordinate and frame presentations transport the whole source, tests,
domains and boundary data together.

The action and its source domain were constructed before this restriction. The metric is varied
in (134), the inherited gravitational kinetic term remains nonzero, and Theorems 9.2 and 9.4
identify its source-varying causal and canonical response with the original physical source. Thus
the solution belongs to that constructed dynamical theory, rather than being an independently
matched flat tensor placed next to a fixed-background QFT.

The normalization selection preserves authority. If the source record has t∗ = tN + rN , the
joint record is exactly Λ∗ = κ∗tN +κ∗rN , with the transported error domain. A formal coefficient
record stays formal; an actual represented value and its supplied coefficient certificate are both
retained. No sum, positivity or numerical remainder bound is added. For previously fixed
(κ0,Λ0), the same member instead passes if and only if Λ0 = κ0t∗. Under a lawful homogeneous
convention change,

T ′ = T − Cg, t′∗ = t∗ − C, Λ′
∗ = Λ∗ − κ∗C,

the residual Λ∗ − κ∗t∗ is invariant [40, Theorem 27.3]. This is neither retuning an already fixed
point nor predicting the observed cosmological constant.

Corollary 9.8 (The coupled action is not blind to preparation). The original preparation of
Lemma 9.6 has the nonzero represented mixed action response

∂sD−Γ[ψs][η;h∗]
∣∣∣
0

= 2a > 0 (137)
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on its original represented first-response restriction. The graded action retains the coefficient
certificate of this same equality, not a positivity assertion for every truncated coefficient.

Proof. The source preparation is explicitly the original normalized operation. In coefficient
notation, with Bs = 1 + sRV (fη(h∗)), it is

Es(X) = E∗(B∗
s ⋆ X ⋆ Bs)

E∗(B∗
s ⋆ Bs)

.

Its denominator has unit constant term and, on the represented common domain, is the actual
norm 1 + s2a. No new product domain or curved state is inferred. The geometric action is
preparation independent, so (131) and (121) give (137). Equation (127) retains the corresponding
−2a normal source contribution together with its actual kinetic, boundary and holding derivatives;
the complete pullback recovers the displayed positive action-normal response.

Nontrivial coupling is also visible before reconstruction. The original nonzero Higgs kinetic
coefficient cH multiplies

√
|g|gµν(DµH)†DνH. At h = 2ndt⊗ dt, its principal variation is

−cHn
{

(D0H)†D0H +
∑
i

(DiH)†DiH

}
.

The original normalized kinetic coefficient is nonzero; its field monomials have not been replaced
by a vacuum scalar. Gauge, potential, fermion, spin and counterterm terms remain in the same
action. At fixed Jjoint, keeping η while changing Ω to ψs therefore generally fails (135). The
preparation is still physical; it is not declared inadmissible to protect the stationary member.

No transverse solution map through all preparations follows from this member theorem. At
fixed κ∗, linearization retains the actual retarded susceptibility (122) and local metric counterterms
in the leading response operator. They cannot be reassigned to lower order to obtain an inverse
without proof. The all-test stationary member of an actual source-coupled theory does not require
that additional universal inverse, a finite curved positive-state family or a Wheeler–DeWitt
quantization.

9.7 Identity of the baseline record and common color operations

With the minus branch at the baseline, an original plus-branch probe satisfies

K∗(η, j; η, j∗) = E∗(SV (F [η, j])) = Zoriginal(j). (138)

This follows from SV (0) = 1 and the original coefficient identity. More strongly, include the
baseline source record by identity: its Hilbert space, states, represented operators, natural word
domains and failures, positive kernels, physical boundaries, marked poles and entire authorized
germs are unchanged. Formal source-jet equality is not used to reconstruct those stronger records.
Both-branch variation retains the original mixed ordinary and chronological field products before
reconstruction.

The source and response incidence is also preserved at the common premetric level. For an
admitted common record a, take its original quantum/source restriction ΠQ(a), its normalized
kinetic metric, and its original compact act labels. Evaluate the displayed Einstein term and
original CTP operation on these data. This adjoins their evaluation graph without a new source
variable or structural carrier. Complete source/act comparisons transport each coefficient and
its domain through the existing gravitational presentation [9, 25, 39]. On the member their
continuations agree by the proved canonical holding, source composition and time identities.
Neither the equation Γ = 0, a solved metric nor a clock constructs the upstream continuation
category. Actual preparations, off-shell source acts and lawful presentation changes remain
distinct.
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Theorem 9.9 (Same-source conjunction for the retained color operations). The accepted compact
color/Higgs source operations, the actually attached neutral color ports and the original witnessed
composite-persistence/process operations admit a source-preserving lift to the action object at
Jjoint. Their intrinsic values, exact domains, boundary grade, failures and actual continuation are
unchanged. Every jointly admitted finite composition has the same property. This is a conjunction
of the constructed operations, not a proof of a larger required-domain coverage statement.

Proof. Let x∗ denote the constructed source/action object and rQ(x∗) = S∗ its complete quantum
restriction. For an actual original operation O define

Õ(x, a) = O(rQ(x), a), D
Õ

= {(x, a) : a ∈ DO(rQ(x))}. (139)

This receives an already supplied graph; it does not manufacture its operation. The concrete
source identity is checked in three cases.

For an admitted completed color insertion with raw source label fC and an original physical
scalar port with raw label ff , the lifted source derivative is literally

Af = RV (ff ), BC = RV (fC),
Df ;C = RV (ffC) + i{TV (fC , ff )−BC ⋆ Af}. (140)

It uses exactly the V, TV , RV , ⋆, E∗ of (119). The completed-composite normalization and prod-
uct/domain authority precede the lift. These are raw source labels; their original insertion
normalization is applied once by the displayed maps, not applied again to an already normalized
insertion. The original field-valued Hermitian response, its connected real readout and its distinct
complex sesquilinear polarization are therefore unchanged. Products such as E∗(A∗

f ⋆ BC ⋆ Ag)
are the same original products, not newly supplied scalar moments. The mixed contacts ffC ,
ffg, ffgC , moving prescription/BRST/preparation and source-dual calibration terms remain
exactly once. The physical Higgs port and its complete baseline germ are included by identity;
the compact mixed response is not renamed a new continued resonance.

For an actual neutral color port, the original space Hobs, its state and translation action,
input representation RC , intertwiner J and Haar projector are unchanged. Hence its established
equation J = JPC and its actual continuation remain the same at x∗. Operational neutral
boundaries likewise retain their whole joint input tensor and boundary comparison. No separate
projection is applied to each constituent, and a nonlinear history is not made linear by averaging.
A different boundary color action is not silently identified with the proper action on Hobs.

For a witnessed composite-persistence record the full original local profile, standing, identity-
memory and boundary witness are part of rQ(x∗). Its original inclusion, quotient qS and witness
reader are unchanged. For an actual process w with terminal witness reader γ,

Kw = qSγw, D(w,pers) = {a ∈ Dw : w(a) ∈ Dγ}

is exactly the same partial operation. Intermediate domains, class changes, first failure and the
nonempty occupied records remain. No persistence record is replaced by a Hilbert vector, and a
process lacking a terminal witness acquires none here.

Finally the domain of two successive original operations is {a ∈ DO1 : O1(a) ∈ DO2}.
Substitution of (139) gives its exact pullback, output and failure. Induction proves the finite-
network statement with shared operands retained as one record. The source comparison and
boundary squares transport vertex by vertex, as in the original projection/process reception
[3, 1]. Joint admission is required; separate argument domains are not assumed to intersect.

Original preparations remain part of this same source/action object. Where PΩ has
its actual nonzero norm and product-domain witnesses, its normalized state is EP (X) =
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E∗(P ∗XP )/E∗(P ∗P ). At a coefficient-only authority the original graded counterpart is used
instead, without inventing positivity or domains. At the fixed joint point its flat residual is

D−ΓP [η;h] = − Λ∗
2κ∗
⟨η, h⟩η + 1

2EP (T̂ (h)).

It vanishes for the proved vacuum member, not automatically for every retained preparation or
process. Thus common source identity does not multiply stationary gravitational solutions.

The result is one original-source causal Einstein action, explicit canonical/source holding,
a once-frozen compatible physical member, and identity-preserving reception of the retained
electroweak, quantum and color operations. It supplies the sufficient dynamical member at the
physical source’s declared quantum-action grade. Theorems 10.4–10.9 extend the comparison to
the entire original physical-interface diagram and its compatible witness families. Theorem 11.5
then places the complete original color-boundary acquisition at this same action object and
frozen joint point. It uses the actual source-qualified witnesses, not a promotion of a phase label,
an unresolved authority or a zero response to a productive boundary.

10 Complete physical interfaces and exact source comparison

A physical boundary retains the authority by which it is observed. A compact source response, a
represented spectral channel, a persistent composite history, an incoming or outgoing asymptotic
attachment, and a marked resonance germ are therefore different objects. The source may supply
several of these on related carriers; the comparison must retain their actual maps and domains,
rather than replace them by one scalar readout. We first give a quantitative spectral construction
on the represented physical source. We then compare the entire original physical-interface
diagram with its inclusion in the common action object of Section 9.

Throughout, S∗ is the occupied full interacting source of Section 3. Its parameters, global
form, spin and boundary data, preparation, normalization and original continuation authority
are fixed. In particular, x∗ and Jjoint are the object and joint point already constructed in
Theorem 9.7, with rQ(x∗) = S∗. The inclusion of the original baseline record in (138) retains
its represented domains and continued channels by identity. This is stronger than equality of
formal source derivatives and does not construct the same spectral or analytic objects at every
additional off-shell metric.

10.1 The represented source and a fixed spectral boundary family

Let Hobs, Ω and U(t) = e−itH be the original vacuum-observable representation, normalized
vacuum and time translations, with H ≥ 0. The original proper-color action is the identity on
this space and it reduces translations by Lemma 7.1. The gauge-fixed computational field algebra
and separately typed charged sectors are not all declared operators on this vacuum-observable
space [35, Sections 8–11].

For its Wightman presentation let W∗ be the original test-word ∗-algebra: finite sums of finite
ordered words in the supplied fields and adjoints, with their original test completion, independent
spacetime arguments and contraction incidences. A coincident composite requires its own original
normalization; it is not obtained by restricting arbitrary separated arguments to a diagonal.

Lemma 10.1 (The original vacuum word domain). With the original positive word functional
ω∗, put N = {b : ω∗(b∗b) = 0}. Then N is a left ideal and the map

W∗/N −→ Hobs, [b] 7−→ bΩ

is an isometry with dense range. It identifies the supplied word actions and their adjoints on the
original common invariant domain.

80



Common physical sources Constraint-derived Standard Model

Proof. The squared norm of the displayed vector is ω∗(b∗b), and polarization gives its existing
mixed word kernels. If b ∈ N , positivity and Cauchy–Schwarz, applied to b and a∗ab, give
ω∗(b∗a∗ab) = 0; all these are admitted finite words. Thus ab ∈ N . Left multiplication descends
to the quotient and intertwines its actual field action with bΩ; the ∗-identity gives the adjoint
relation. Cyclicity of the original observable representation gives density. No new state is selected
by this construction.

For the local-observable alternative use the original represented operation algebra and its
actual product domains; bounded local products have the domain property immediately. A
source that has supplied only a form distribution does not gain an unbounded invariant word
domain from the lemma. In particular, a color singlet carrying an electric or boundary charge
still requires its actual endpoint; color averaging alone does not put it in Hobs.

Before choosing an input, fix the spectral measure EH and the family

PR = EH([0, R]), HR = RanPR, aR : HR ↪→ Hobs, R ∈ N>0. (141)

Here aR is the inclusion, and we also allow a∞ = I on Hobs. The projections increase strongly
to the identity and commute with U(t). The boundary authority is positive-energy spectral
response of this original source. Neither locality of PR, finite dimension of HR, nor a particle
interpretation of HR is asserted.

Let V be a finite-dimensional original joint input space and j : V → Hobs its actual realized
linear insertion map. It is supplied before applying a spectral projection, on its original word or
graph domain. If necessary its actual invariant input projection is included in j; weak, Higgs
and all other indices remain. Finitely many such input maps can be concatenated on their finite
direct sum, preserving their common source and mixed matrix entries. Define

JR(t) = a∗
RU(t)j, G = j∗j, GR = j∗PRj, (142)

µ(∆) = j∗EH(∆)j,

KR(t, s) = j∗U(t)∗PRU(s)j =
∫

[0,R]
e−i(s−t)E dµ(E).

(143)

The inner product is antilinear in its first argument. These matrix entries are Hilbert pairings,
not an application of an unbounded composite adjoint to a projected vector. The kernel is
positive: its finite quadratic form is ∥

∑
k PRU(tk)jxk∥2. All unbounded insertions occur on their

original domains before the terminal projection. No assertion that PR preserves those domains is
needed; a subsequent unbounded operation retains its own successive-action domain.

Theorem 10.2 (Simultaneous finite-window detection). For every such finite family j, some
finite R satisfies

ker(PRj) = ker j. (144)

If j ̸= 0, let λ∗ be the least positive eigenvalue of G, and put

δR = Tr
(
j∗(I − PR)j

)
.

Then δR ↓ 0. For 0 < ϵ < 1, every R with δR ≤ ϵλ∗ satisfies

(1− ϵ)G ≤ GR ≤ G. (145)

The same R preserves all linear null relations and all nonzero combinations of this input family
at every common time translation. For j = 0, every channel is exactly zero and no positive
normalization is asserted.
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Proof. Choose an orthonormal basis (el)dl=1 of V . Strong convergence gives

δR =
d∑
l=1
∥(I − PR)jel∥2 −→ 0.

The positive operator G−GR has norm at most its trace. Both G and GR vanish on N = ker j.
On N⊥, G ≥ λ∗I, so

0 ≤ G−GR ≤ δRI ≤ ϵG.
Extending by zero on N proves (145). Its lower bound gives kerGR = kerG, which is (144).
The choice ϵ = 1/2 supplies a finite R. Commutation with U(t) leaves both Gram matrices
unchanged under common translation. The zero-family case is immediate.

The family of boundaries was fixed before the input; only the finite witness R depends on the
whole fixed input family. It need not be numerically known for the existence theorem. There is
no single asserted R for all configurations or all test families. The matrix amplitudes obey the
separate quantitative estimate

∥K∞(t, s)−KR(t, s)∥ ≤ ∥j∗(I − PR)j∥ ≤ δR, t, s ∈ R. (146)

Indeed I − PR can be inserted on both sides of U(s− t), whose norm is one. The estimate does
not assert exact equality of amplitudes, residues or states; the exact conclusion is equality of the
null relation.

For maps ja : Va → Hobs with independent anchored times ta, the block Gram difference
satisfies

∥K∞((ta))−KR((ta))∥ ≤
∑
a

∥(I − PR)ja∥2HS. (147)

To prove it, set L((xa)) =
∑
a U(ta)jaxa. The difference is L∗(I −PR)L, bounded by the squared

Hilbert–Schmidt norm of its tail. This gives the displayed sum, uniformly in the times. The
null-relation theorem applies to each fixed joint family; a uniform null-relation assertion for all
independently varying time tuples would additionally need a uniform positive singular-value
bound. For an actual jx ̸= 0,

νx(∆) = ⟨jx,EH(∆)jx⟩
∥jx∥2

is its original spectral probability and νx([0, R]) ≥ 1 − ϵ under (145). A spectral response
probability does not by itself classify that preparation as a hadron.

Corollary 10.3 (One current boundary for a whole descendant family). For any finite original
compact-test family f1, . . . , fm, put jD(c) =

∑
l clD(fl)Ω. One boundary from the independently

current-generated family HK(Bn) of Theorem 4.5 preserves exactly ker jD under every common
time translation, with the relative Gram and tail bounds above. The statement includes dependent
and all-zero test families.

Proof. Theorem 4.4 gives D(f)Ω = −PµPµOρ(f)Ω, so every such vector has no massless compo-
nent. The bands

Bn = {p ∈ V + : 1/n ≤ p2 ≤ n, p0 ≤ n}
increase to its entire spectral support. On Bn, the multipliers −i/P 0 and −P 2 recover
E(Bn)D(f)Ω from E(Bn)K0(f)Ω. They are bounded there. Hence the orthogonal projec-
tion onto the current-generated boundary obeys

PHK(Bn)D(f)Ω = E(Bn)D(f)Ω.

These boundaries reduce translations. The finite Gram proof applies with their projections,
which converge to the identity on Ran jD. The original nonzero Higgs germ supplies a nonzero
test family when needed, by Theorem 4.5; a complex pole is not used as a spectral atom.
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Equation (17) gives this an interaction-sensitive meaning: the represented descendant is the
total Higgs kinetic, potential, quark-and-lepton Yukawa, Euler and contact combination. The
corollary does not separately represent or give a nonzero spectrum to each Yukawa summand.

10.2 Spectral comparisons and their actual source contacts

Suppose a lawful full-source unitary comparison T and an input comparison S satisfy TΩ = Ω′,
TU(t) = U ′(t)T , and Tj = j′S. Spectral calculus gives TPR = P ′

RT . With the unitary restriction
TR : HR → H′

R, the channel square and matrix congruences are

TRJR(t) = J ′
R(t)S, (148)

G = S∗G′S, GR = S∗G′
RS, µ(∆) = S∗µ′(∆)S. (149)

These are congruences, not operator-intertwining identities for an arbitrary nonunitary S. If S
is unitary, the Gram spectra, λ∗ and δR agree. Complete source, boundary, weak/Higgs and
anomaly data travel in this comparison; equal field labels at different coupling points do not
supply it.

When a genuinely differentiable represented family js and spectral projection PR(s) is supplied
in a unitary Hilbert frame, the full differential is

dGR = (dj)∗PRj + j∗(dPR)j + j∗PR(dj). (150)

At any furnished order with labelled derivative set I,

∂IGR =
∑

I1⊔I0⊔I2=I
(∂I1j)∗(∂I0PR)(∂I2j). (151)

The blocks may be empty. Both formulas follow by distributing each derivative to one of the
three factors; dj includes the actual insertion and preparation derivatives. A nonisometric
frame adds the original inner-product and connection contacts. Sharp spectral cutoffs can
fail to be differentiable when spectral weight crosses the cutoff. Thus these identities use
supplied represented differentiability, not a consequence of the fixed-source spectral theorem.
The coefficientwise compact-source calculus remains valid at its own grade without becoming a
derivative of an unprovided positive spectral measure.

10.3 The whole original physical-interface diagram

Use the fixed source universe, or a small skeleton, of the original realization construction [1, 5].
Let G∗ retain all its independently admitted original input sorts and joint configurations, including
those without a positive channel; every originally authorized physical boundary with its type,
source and continuation authority; every actual primitive partial graph with its entire intrinsic
parameter; and the original interface maps, source relations, equality witnesses, fixed siblings and
domain/failure tests. Whole spectral, limiting and continued maps are legitimate primitives with
their original infinite-dimensional arguments [1, Definition of the received operational target].

This definition is fixed by original source admission, not by a favorable result of the receiving
construction. A boundary label without its required authority does not become an authorized
object. If its unresolved status is part of the original target, that status remains distinct from a
defined zero or a source-proved exclusion. Likewise a boundary object’s identity arrow is not
a preparation map from every configuration. The independently typed persistence input of
Theorem 7.5 is a genuine positive case, not permission to reverse every boundary quotient.

For an original sort X, define

iX : X −→ Xret, iX(a) = (x∗; a), pX(x∗; a) = a. (152)
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The semicolon records incidence with the fixed action object, not a new independent source
variable. The complete original a, topology, norm, adjoint and structural maps remain. Thus
pXiX = I and iXpX = I. For joint inputs restrict these identifications to the actual joint incidence
subset, not a product of independently compatible marginals. For an original e : De ⊂ X → Y ,
put

Dret
e = iX(De), eretiX = iY e, Graph(eret) = (iX × iY ) Graph(e). (153)

Original diagnostics on failed arguments are copied by their own injective output maps. This
is the original graph evaluated under rQ(x∗) = S∗, not a new operation stipulated to have its
values.

Theorem 10.4 (Exact original diagram comparison). Let R∗ be the original source-witnessed real-
ization category, with its actual partial composition and original source relations. Equations (152)–
(153) give inverse functors

I : R∗ −→ Rret
∗ , P : Rret

∗ −→ R∗,

PI = I, IP = I.
(154)

They preserve and reflect original equations, complete operation graphs, domains, failures, physical
types and authority, fixed siblings and original continuation. The same holds for the complete
original finite operational networks.

Proof. The sort maps are inverse, and (153) proves each primitive statement, including the actual
warrant rather than only its scalar value. For e : De ⊂ X → Y and f : Df ⊂ Y → Z,

Dfe = {a ∈ De : e(a) ∈ Df},
Df reteret = iX(Dfe), f reteretiX = iZfe.

(155)

Each intermediate domain is tested in its original order, so the first failed vertex and its diagnostic
agree. This does not assert composability of arbitrary densely defined operators.

For a finite admitted source network, use an original evaluation order and the corresponding
domain pullbacks. A shared edge carries one iX(a) to every consumer. The inverse therefore
reflects all equality and sibling conditions as well as preserving them. A source-supplied loop,
whole evolution or infinitary mechanism is retained as its original primitive, not constructed
from finite samples by this induction.

Before quotienting, the original graph and its retained graph have inverse path maps: vertices,
edges, full operands and warrants are all copied. Each defining source relation is copied with
its proof on its actual domain. Reflexivity, symmetry, transitivity and composition closure of
those relations correspond in both directions. An independently established analytic or operator
identity is a whole retained relation with its original domain, not an inference from finitely
many tests. Hence the generated congruences correspond, and the inverse path maps descend to
(154).

The retained category is not asserted to be full in the enlarged category containing new
metric-response arrows. It has the same original source relations, not all equations obtained
by evaluating only on the stationary (η,Ω) member. Reading back an original graph recovers
every original preparation and multi-time argument. It neither reconstructs an arbitrary curved
extension from one point nor gives a global inverse on the entire gravitational category.

10.4 All boundary channels, balanced gluing and histories

Let C∗ and B∗ denote the original configuration and physical-boundary categories, and use
A : C∗ → R∗ and Bin : B∗ → R∗ for their actual interface functors. On the color interface, C∗ is
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the same independently formed category C∗ of (43); a configuration domain means its original
object domain with the stated incidence and operation data, not a different set of successful
inputs. The original source-witness channel profunctor is

K∗(C,B) = HomR∗(A(C), Bin(B)). (156)

Its Hom set can be empty. An existing zero linear map is instead an actual arrow with a defined
zero value [5, Composite-continuation and source-witness profunctor theorems].

Theorem 10.5 (Every original channel and its realized gluing). Let IC , IB be the restrictions of
I to the two interfaces. For every original pair (C,B),

K∗(C,B) −→ Kret
∗ (ICC, IBB), k 7−→ Ik (157)

is a bijection, natural contravariantly in C and covariantly in B. It preserves and reflects
evaluated domains and original productive, nonproductive and failure records. For another
originally supplied boundary interface it induces an isomorphism of the balanced composition
modules and commutes with realized gluing.

Proof. Copy the original interface arrows. Then IA = AretIC and IBin = Bret
in IB. Full faithfulness

onto the retained category gives the bijection, including empty Hom sets. For u : C ′ → C,
v : B → B′,

I(Bin(v)kA(u)) = Bret
in (IBv)(Ik)Aret(ICu).

This is exactly the two profunctor actions and preserves every originally admitted pre- and
postcomposition.

In a balanced product send [k, ℓ] to [Ik, Iℓ]. The relation (vk, ℓ) ∼ (k, ℓv) goes to its correspond-
ing relation by the preceding identity. The inverse reads back the pair and the same relation.
This proves an isomorphism of the balanced sets or, with the original linear structure, their
modules and coends. Moreover,

glueret([Ik, Iℓ]) = I(ℓk).

Equation (155) gives its complete domain and first failure. Distinct factorizations can still obey
additional source equalities, and some larger Hom-set arrows may not factor through the stated
intermediate boundary. Thus the theorem identifies the actual gluing image; it does not claim
injectivity or surjectivity of gluing beyond its original theorem.

A productive represented port retains its actual input, nonzero output and norm; a productive
persistence port retains its actual history and indicated boundary. Their inverse images give the
same witnesses, proving reflection as well as preservation. A later noninvertible readout may
annihilate a productive channel; no stronger monotonicity is asserted.

Corollary 10.6 (Complete original context and history comparison). For the complete original
family of jointly admitted source contexts, two retained inputs are observationally equivalent
if and only if their original inputs are. The exact domain-reflecting observation quotients are
isomorphic. The same holds for the full licensed history-reconstruction family and its non-null
stability conclusion in Theorem 7.10.

Proof. Every original context has its retained context, and every retained source context reads
back to an original one by Theorem 10.4. Their totalized output and failure records are related
by injective output maps. Equality for all original contexts is therefore equivalent to equality
for all retained contexts. This proves both quotient directions without choosing representatives.
Applying the same argument to the actual history readers preserves their reconstruction classes,
continuation and original non-null stable interior. Additional gravitational contexts may refine a
comparison; they are not identified with the original context family.

85



Common physical sources Constraint-derived Standard Model

10.5 Concrete comparison at the original physical boundary types

These theorems act on actual boundary objects, not just names of allowed types. The following
applications specify the whole graphs that are retained.

For persistence, Theorems 7.5, 7.7 and 7.8 give the independent domain PS∗ , quotient qS∗ ,
and process with its actual terminal reader γ. Retain the complete input alongside its quotient.
Then

qretiP = iBqS∗ ,

Kret
w iX = iBqS∗γw, DKret

w
= iX{a ∈ Dw : w(a) ∈ Dγ}.

(158)

The equalities follow by composing the exact graph squares. All history, restoration, identity/class
change and first-failure data remain. Descending an arbitrary process to classes alone still uses
the original saturation, output-class and failure hypotheses of Proposition 7.9; no inverse of qS∗

is chosen. Persistence is not relabelled as an eigenstate or a scattering amplitude.
For a supplied self-adjoint H, retain the same spectral measure and every originally invoked

measurable functional calculus. In particular,

D(f(H)) =
{
u :
∫
|f(λ)|2 d⟨u,EH(λ)u⟩ <∞

}
(159)

is unchanged. The spectral integral gives the same f(H), resolvent and projections, not values re-
constructed from finitely many moments. In a lawful unitary frame T , ETHT−1(∆) = TEH(∆)T−1

and the domain is TD(f(H)), by that same integral. Any actual bound-state subspace and its
original physical attachments persist. The comparison does not infer that a chosen spectral
projection is nonzero, discrete or stable without its source certificate.

For an original stable asymptotic interface, retain its actual incoming/outgoing spaces, prepa-
rations jC , continuation U and attachment isometries ain, aout. All belong to the same source
and state. Then the whole maps

JC,out = a∗
outUjC , Sout,in = a∗

outUain (160)

are unchanged, with every successive domain. Identity on the named boundary space is onto.
More generally a unitary comparison on that named space gives the adjoint square; a non-onto
boundary isometry does not suffice. If an attachment is an original strong limit Fαu→ Fu, then

∥T (Fαu− Fu)∥ = ∥Fαu− Fu∥

preserves and reflects its whole convergence domain. This receives an existing wave operator or
limit, not an unprovided one. Any original completeness theorem is retained on its entire stated
scattering domain; none is inferred for a claim that did not invoke that authority.

For a physical resonance, retain the original gauge-invariant detecting channel, source ports,
normalization, connected continued domain or sheet, marked pole and all regular/contact terms.
Its actual function satisfies

Gret(z; iuu, ivv) = G∗(z;u, v) (161)
on that whole domain. The functions and admitted contour integrands are literally equal, so
their Laurent coefficients, regular germs and continuation along original overlap paths agree. A
zero residue at chosen ports remains zero. This includes the Higgs and W/Z germs of Section 4;
it does not construct a new mixed resonance from a compact source derivative, turn an unstable
pole into a stable spectral atom, or extend a flat-source germ to an arbitrary curved metric.

For other originally authorized neutral channels the same graph argument applies with their
own physical authority. A nonlinear source operation remains its actual equivariant partial
graph; lawful orbit descent uses its original domain invariance and equivariance, not a nonlinear
Haar-averaging formula. The finite list of boundary types describes authority, not a finite list of
all possible values of a physical functional.
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10.6 Physical signatures before branching and actual readers

The exact source realization of Theorems 6.9, 6.10 and 6.11 allows the original structural
interfaces to be compared with the physical maps just retained. Keep each full presentation and
its lawful marking, not a selected word or preferred root order. Write rm for its complete source
re-presentation and rbm for inverse readback.

The source-first operator primitive contains the actual data (O,QBRST, class/action), together
with target, physical quotient, anomaly, vacuum, operator locus and scale/order data. The state,
local-operator and deformation complexes are different source categories. The accidental-operator
primitive contains (Oi, di, charges, effect set) on its registered operator-order domain. Extended
line, surface, defect and other operator objects keep their own categories [38, Local-operator
and accidental-operator primitive definitions]. Thus an operator is an operand, not the word
“operator” attached to an otherwise structural coordinate.

The independently extracted physical signature is

πcl([z]) = (D,κ, F, I, S, V ). (162)

Here D is the original target/domain fingerprint, κ is proposition kind, F its physical family, I its
exact interface, S the retained physical features and V the typed value/status data. Extraction
uses the original class coordinates before branch assignment, not branch identifiers, role, residue,
liveness or endpoint status. Independently, each source-clause branch has its signature πbr(c).
The original branch map is characterized by

β([z]) = c ⇐⇒
{
c is source-available at the exact locus,
πcl([z]) = πbr(c).

(163)

The original range and unique-match theorems supply this map on their occupancy-relevant
domain and preserve the complete assignment predicate. They also retain the non-occupancy
branch where present [53, Sections 8–9]. Source availability alone is not memberwise matching.

An operation-specific support license keeps its own meaning: carrying boundary data is not
constructing a preparation-to-boundary channel, and typing an operator is not evaluating its
physical expectation. The physical reader must therefore be compared as an actual map in
addition to (162) [53, Section 10].

Theorem 10.7 (Physical-signature and actual-reader matching). For every primitive M : DM ⊂
X → Y of the original received source-use grammar, the complete source re-presentation has

MmrX = rYM on DM , DMm = rX(DM ), (164)

with inverse readback of the full record. At every invoked class-normal-form locus,

πcl([rbm zm]) = πcl([z]). (165)

Consequently the equality-induced branch and its complete assignment predicate agree on their
original domains. Physical vertices retain their actual reader, normalization and authority, not
merely that signature. Every license retains its original operation kind.

Proof. For a local field/source primitive, Theorem 6.9 gives, before reconstruction,

Tm0 (rmA1, . . . , rmAn) = rmT0(A1, . . . , An),
(rmA) ⋆m (rmB) = rm(A ⋆ B),

Vm = rmV, Emrm = E∗,

SmVm
(rmf) = rmSV (f). (166)
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Every field leg, family index, Yukawa tensor, counterterm, diagonal extension, full interaction
and preparation is transported. These are identities of the original algebra-valued prescription,
not inferences from scalar moments. The current-leg refinement of Theorem 6.10 restricts this
same source at a marked U/D incident slot. Both weak components retain the same family
marking; Higgs and all other Yukawa/source incidences remain. Its reduct is the original ρf ,
with the specified θ and complete ancestral record, not an identification of two different full
realization spaces.

Readback therefore recovers the actual O,QBRST, class/action and every original target/status
coordinate. If the source differential moves, differentiate that original identity, including its
Q̇BRST, product and prescription terms; do not impose frozen closure on each derivative separately.
For an accidental operator the same readback retains its actual operator, dimension, full charge
action and registered effect/order set, not only an eigenvalue list [52].

Apply the original extraction after this recovery. Its arguments are identical, which proves
(165) without consulting β first. Original source guards and normalization keep the same locus.
The range theorem and exact signature equality in (163) then give the same branch; every
inspected compatibility coordinate gives the same assignment predicate. No graph coordinate is
silently added to the signature definition.

For an original path, tensor, support, phase, history or whole physical primitive, Theorem 6.11
and Theorem 10.4 transport its entire graph, which proves (164). If such a vertex has an original
class classification, the same coordinate proof applies; otherwise its actual graph comparison
suffices. A composite network is not forced into one artificial class-normal-form object. The
retained license still concerns the same operation. The concrete physical cases below establish
that the readout is the original physical map, rather than a source constraint substituted for
it.

For compact source readers use raw original source labels fC , ff , with Af = RV (ff ), where
Af is the actual scalar mass detector. The derivative is

Df ;C = RV (ffC) + i{TV (fC , ff )−RV (fC) ⋆ Af}. (167)

Its normalization is applied once by these original maps. For real Hermitian detector directions
let

QC(f, g) = 1
2{Df ;C ⋆ Ag +Ag ⋆ Df ;C +Af ⋆ Dg;C +Dg;C ⋆ Af}.

In a fixed product and reconstruction frame the connected response is

E∗(QC(f, g))− E∗(Df ;C)E∗(Ag)− E∗(Af )E∗(Dg;C). (168)

Substituting (166) in each term gives Dm
rf ;rC = rmDf ;C and equality of the reconstructed

responses. The same substitution applies to each moving product, reconstruction, BRST, rule
and preparation contact because it is a derivative of that same original source identity. The
original detector conversion, including n−2 and its derivatives, is transported, not selected anew.
Joint detector contacts ffg and ffgC remain their additional original terms as in Theorem 5.6.

For complex tests the unsymmetrized kernel is instead D∗
f ;C ⋆Ag +A∗

f ⋆Dg;C , with its original
antilinear/linear source duals. Its Hermitian symmetrization is real-bilinear on the realified
test spaces, not complex sesquilinear. The field-valued operation attaches the physical detector
before E∗; it is neither an arbitrary scalar decorated with a physical name nor a newly continued
mixed resonance. The completed neutral-word branch retains its independently authorized
composite and product normalization; admission of a bare P does not supply a new coincident
P ∗P prescription.

For persistence the exact identities γmrY = rPγ and qmrP = rBqS∗ , combined with (164),
prove (158) and reflect its full domain. For whole spectral, continued and asymptotic readers use
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(159)–(161). They compare the actual entire functions, limits, spaces and domains, not a finite
collection of samples. Negative and source-status operations have their same inputs, proof and
sector scope. Neither a support license nor a status comparison changes an unresolved antecedent
into a productive physical reader.

10.7 All original native uses and their common operands

The independently fixed original grammar has six constructor families: source, restriction,
representation and mixed incidence; declared local law, variations and jets; paths, networks and
invariant tensors; global descent, screening and actually received support/phase maps; supplied
observable, state, graph, continuation and physical-port maps; and incidence, domain, authority,
obstruction and failure tests [5, Reception of finite native uses]. Each family contains all its
admitted intrinsic arguments. An entire operator or limiting mechanism can be one primitive;
an arbitrary new operation on a carrier with the same field names is not thereby admitted.

Theorem 10.8 (Complete original native-use comparison). Every original finite use at every
admitted intrinsic argument has a receiving network with the same full result, exact domain,
joint incidence, operation kind, physical authority and first failure. These data are preserved
and reflected. Whole intrinsic mechanisms remain whole primitives. An actual original positive
physical witness, or a source-proved alternative, is retained with its input, process and authority-
bearing boundary.

Proof. Apply the original six-family exhaustion theorem. The first three families use the actual
full-source and rooted-current constructions of Theorems 6.9– 6.11, with all original constituent
and support incidences. The fourth uses its original global/support/phase graphs with their
branch and grade. The fifth uses the physical reader comparison of Theorem 10.7, including
the complete compact, persistence and whole spectral/analytic cases. The sixth keeps the exact
original tests and diagnostics. No physical vertex is omitted because it is not a monomial.

For each vertex v, use its actual Mv : Dv ⊂ Xv → Yv. The network domain is the original
iterated pullback of these domains along its common-interface equations. The product of the
complete r maps preserves and reflects every equation. Restriction to that pullback is therefore
an inverse comparison on the full network domain, not just an injection on successful evaluations.
Concretely,

Dgmfm = rX{a ∈ Df : f(a) ∈ Dg}, gmfmrX = rZgf.

Adjoin vertices in their original admitted evaluation order. A shared operand has one transported
value for every weak/Higgs, source and preparation consumer. A whole evolution, loop or limit
retains its intrinsic graph and domain rather than being solved by this finite induction.

The same domain test fails at the same first vertex with its original diagnostic. Exact zero,
proved obstruction, inactive proposal, undefined act and unresolved authority remain distinct.
Original path relations are preserved with their source warrants and reflected by inverse readback.
At a classified vertex the physical signature agrees before branching by Theorem 10.7; network
compatibility is still the actual conjunction of its incidence equations, not one invented class
signature. Finally every component of an original witness is transported and read back. This
proves the last assertion without creating a missing witness.

10.8 Phase, source qualifications and physical continuation

The original synchronized physical sector assignment distinguishes stable massive, stable massless,
resonance, confined-field and composite-asymptotic records on the supplied physical state and
spectrum [35, Chapters 11 and 16]. It is an actual source object, not a classifier inferred from a
finite tensor’s covariance. The theorems above preserve its complete domain and interpretation.
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The chiral and infrared construction supplies its source-qualified physical content as well. Its
confining QCD vacuum uses registered physical input 8.1; the stabilizer follows from its nonzero
chiral witness. The heavy-hadron construction carries its mass/residual momentum, scale/lifetime
and bound-state assumptions, populating c/b and excluding top from that particular long-lived
hadron predicate [37, Theorems 8.1 and 19.2]. Its source-to-observable paths retain exact source
and destination, map, warrant, preserved-data and assumption fields [37, Theorems 20.1–21.1]. A
path may start at the Standard Model source or a registered conventional source; a decoupling or
EFT matching is not an invertible representative change. The physical records remain valid with
those qualifications, not exact generic full-SM amplitudes obtained by reversing a restriction.

For the selected neutral physical interfaces, the actual comparison of Theorem 7.2 has
JRC(g) = J , hence J = JPC . Retaining the full source action, port and domain preserves this
exclusion for every admitted joint input and its actual continuations. It does not remove the
singlet part of 3⊗ 3, identify screening with confinement, or derive the source’s phase from the
projector alone. Whole phase-qualified records and their actual maps supply that meaning. A
lawful change of one port retains the full pointed substitutions and fixed-sibling comparison;
simultaneous covariance of the whole tensor is not substituted for an experiment with the other
port held fixed.

All admitted original preparations and source acts coexist in x∗. They are not all stationary
Einstein histories. An excitation can change the stress without changing its legitimacy as a
physical preparation, and the fixed joint gravitational parameters are not adjusted to compensate.
The source/action identity preserves that distinction rather than reducing the observation algebra
to the vacuum’s one-point values.

10.9 Complete compatible witness families

Keep an original request family Q independently fixed by the target. A request retains its
input/configuration, source branch, fixed matter/Higgs and preparation siblings, required physical
output type and grade, domains, continuation and permitted outcomes. Let W∗(q) be the actual
original-source solution packets for that request. Each packet contains all demanded incidence
maps, physical boundary authority, channel or history, normalization, domain and gluing
equations, and the original evidence for its asserted outcome. A productive request includes its
nonzero witness. A response-only request need not be made productive, spectral or resonant;
its exact zero can be a legitimate response. A missing operation or unresolved authority is not
made a solution packet.

Let Wret(q) use the same request on the originally indexed retained diagram. It is not the set
of all possible packets using new metric arrows or stronger curved-source authorities.

Theorem 10.9 (Complete compatible witness-family transport). For every original q, the
diagram maps induce inverse maps

Lq :W∗(q) −→Wret(q),
Rq :Wret(q) −→W∗(q).

(169)

They preserve and reflect boundary grade, source equations, domains, failures, original continua-
tion and productive/nonproductive distinctions, and commute with original presentation changes
and request restrictions. They restrict to inverse maps on complete jointly compatible families,
with

(Lw)q = Lq(wq), (Rwret)q = Rq(wret
q ), RL = I, LR = I. (170)

This comparison alone does not assert that an empty original solution set is inhabited.

Proof. Apply Theorem 10.4 to every packet component and Theorem 10.5 to its channels and
gluing. Each exact domain and first failure is preserved in both directions. An original graph
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equality is copied with its actual domain and warrant; a retained equality is an original one or a
consequence of those relations, so readback preserves its derivation. Equality of values solely at
the stationary member inserts no new relation.

The boundary components are the actual objects described above. Represented graphs keep
their physical inner products and domains; resonances keep their entire functions and sheets;
asymptotic maps keep their limits; persistence keeps the full history and boundary. An asserted
exclusion retains its original input and proof. Hence the request predicate is evaluated on exactly
the same full packet. A common incidence or gluing equation sees the same shared operand, not
independent marginal replacements. Fixed siblings remain fixed, and genuine variations retain
their actual mixed contacts and source authority. Therefore both maps preserve being a solution
of the same request.

Their composites recover every originally indexed primitive, operand, relation, authority
and witness. This proves (169). Composition of the original source comparisons and request
restrictions proves naturality. For a complete family, the coordinate formulas in (170) are specified
maps, not fresh choices of representatives or witnesses. Every compatibility equation between
packets is one of the preserved common-interface equations. The maps consequently restrict to
the compatible families and remain inverse there.

There is thus no separate assembly obstruction merely because an original channel is spectral,
asymptotic or resonant rather than a compact response. The independently formed input and
exact native-use comparison provide the other leg of the application. Theorem 11.5 applies these
maps to the original physical declarations and their actual witnesses at the same x∗, retaining
one source and the once-frozen joint point.

11 A common physical realization

The preceding constructions now meet at one source. The comparison includes the complete
original finite configuration domain, its actual physical uses, the full electroweak channels, and
the source-dependent Einstein action. It is stronger than agreement of marginal states or lists of
masses: the source restrictions identify the operations, their domains, their common operands,
and their continuation.

We first identify the physical declarations to which the color and composite result applies.
This fixes its quantifiers independently of the realization. We then prove the complete physical
interface and place its whole compatible family at the same action/source point as the quantum
and gravitational constructions.

11.1 The original physical declarations

Fix the occupied interacting source S∗ and the physical target Tph of Definition 1.1. Its field
inventory, chiral and weak representations, Higgs and Yukawa incidences, global form, spin
and boundary data, anomalies, vacuum, renormalized prescription, preparation classes, and
continuation are retained. In particular, the independently formed configuration domain C∗ is
the full original source fibre of Theorem 6.1, not the image of successful physical channels.

Definition 11.1 (Original physical-use declarations). Let Λph denote the original physical and
source operations invoked at Tph, with their source-qualified domains. A declaration λ includes
its source and target node, operation kind, operand sorts, intrinsic parameter, joint interfaces,
domain, output type, physical authority, and diagnostic. Write its actual graph as

gλ : Dλ ⊆ Xλ −→ Yλ. (171)
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An intrinsic parameter may be a whole operator, response family, spectral calculus, marked
analytic germ, asymptotic attachment or history mechanism. An original use is an admitted
graph, restriction, comparison, or finite witnessed composition of such declarations, with every
shared operand and intermediate domain retained.

This is the received operational target of [1, Definition Received operational target], specialized
to the fixed source, not a new selection of required uses. The complete native operation
classification in [5, Proposition on color-native reception] has six families: source restrictions
and mixed incidences; declared local source laws and variations; paths, networks, tensors and
evaluations; global descent, phase and closed-sector operations; actual observable, state, operator,
continuation and physical-port operations; and exact domain, authority, obstruction and failure
tests.

These are constructors for all the admitted intrinsic arguments, not a finite list of numerical
outputs. An originally supplied non-finite mechanism remains its whole primitive graph; finite
composition does not reduce it to a polynomial or a finite jet. Equally, a declaration that carries
boundary data or types an operator is evaluated as that operation. Its name does not supply a
physical boundary reader.

The relevant physical declarations have the following meanings.

1. A compact original color or matter insertion at the physical Higgs ports uses the full-
interaction source prescription and the contact-complete calibrated reader of Theorem 5.6.
It is a response on its entire admitted insertion and test domain, including its exact zeros.

2. A localized composite-persistence input uses the whole independently typed domain and
witness of Theorem 7.5. A process uses its actual terminal witness reader and the exact
domain in Theorem 7.8. The occupied heavy-hadron records give nonempty physical
instances.

3. A supplied spectral, stable asymptotic, or continued resonance primitive retains its original
source theorem, full domain, preparation and port, spectral or limiting prescription, and
marked sheet. Its complete comparison is furnished by Theorems 10.4 and 10.5.

4. The phase and sector declarations retain the source’s synchronized physical classification.
At the selected neutral interface, Theorem 7.2 supplies the actual exclusion of a productive
freely colored port. Exact source-proved impossibility, inapplicability and failure remain
separate outcomes with their original premises.

5. A structural or source-constraint use retains its actual constraint, typing, transport or
support graph. Its typing or constraint operation alone is not a physical reader; a subsequent
physical output uses the actual admitted physical vertex and its domain.

The independently extracted physical signatures and occupied assignment are supplied by
[53, Sections 8–9]. Their operation-specific source licenses distinguish construction, witnessing,
transport, constraint and fixing. The local BRST primitive begins with the original actual
operator and BRST class/action data; the accidental-symmetry primitive begins with the
registered operators, dimensions, charges and effect set [38, 52]. Theorem 10.7 matches these
actual operands and signatures before branch assignment, and matches the physical graph in
addition to its signature.

Source nodes are not amalgamated by this notation. The physical core and its
BRST/electroweak formulation retain their admitted relation. A QCD/HQET-matched
record retains its matching order and directed source path. In particular, the chiral vacuum
result uses registered physical input 8.1, the confining QCD branch with nonzero chiral witness;
its stabilizer is then derived. The heavy-hadron record uses its registered scale/lifetime and
bound-state target, and the source path retains those assumptions [37, Input 8.1, V01–V02,
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H06 and R01]. These are positive source results at those grades, not an unconditional
reverse-decoupling theorem for generic full-SM amplitudes.

Input coverage and positive realization. The original confinement interface makes two
different demands. Its configuration and operation comparison covers the independent role-
complete domain, including every terminally relevant class. Its positive-output clause requires
an actual boundary and witness for each positively claimed realization, and its authority clause
requires the independent authority of each boundary type invoked [5, Definition Complete
target-relative confinement acquisition].

It does not assign a productive hadron, pole, scattering state or promoted quark parent to
every pre-boundary configuration. FCGS–II distinguishes pre-boundary admission from physical
descent and states the additional conditions for a positive parent claim [29, Definition of κcol
and positive-parent conditions]. Those conditions remain valid when such a claim is made; they
do not make every source configuration terminal. Conversely, an original physical declaration
cannot be removed because its evaluation is difficult. All declarations in Definition 11.1 retain
their complete original domains and propositions.

11.2 Exact comparison of physical uses

Keep the full original source-marked presentation category F∗. The configuration interpretation
of Theorem 6.11 has the readback equation

J : F∗ −→ P∗, E : P∗ −→ C∗, EJ = e, (172)

where e reads the original configuration and licensed operation record. No word or realization is
selected from a coarser configuration class. In particular, Theorem 6.10 retains the full ancestral
record, the actual current field realization and their specified common-reduct comparison.

For each primitive of (171), Theorem 10.7 identifies the receiving graph by maps rX , rY with
inverse readback on the retained records:

D rec
λ = rX(Dλ), g rec

λ rX = rY gλ. (173)

The source, node, domain, normalization, authority and diagnostic belong to the record on both
sides. Thus, writing rb for the full readback, one has

rb
{
(λ, rXa, g rec

λ (rXa)) : λ ∈ Λph, a ∈ Dλ

}
=
{
(λ, a, gλ(a)) : λ ∈ Λph, a ∈ Dλ

}
.

(174)

At a classified primitive, the complete physical signature agrees before the source-available branch
is chosen. At a physical vertex, (173) identifies the actual reader as well; signature equality alone
would not prove (174).

Proposition 11.2 (Physical declarations and complete native uses). The interpretation (172)
and graph comparison (173) identify every original physical/source declaration at Tph, and all
its admitted finite native uses, on the exact original domains. Every invoked positive realization
retains its actual source witness. Every source-proved alternative retains its branch and warrant.
The full pre-boundary configuration domain remains included, whether or not a configuration is
positively declared terminal.

Proof. Theorem 6.9 identifies the original coefficient products, full interaction V , relative-source
operation and interacting reconstruction E∗ before scalar evaluation. Thus the compact physical
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use is the same source operation as in Theorem 5.6, not merely a formula with a matching label.
In a fixed original rule frame its field-valued insertion derivative is

Df ;C = RV (FfC) + i
{
TV (FC , Ff )−RV (FC) ⋆ RV (Ff )

}
. (175)

The scalar-port reader retains its original nonzero detector normalization and contact-complete
n−2 calibration. If the original variation moves the product, reconstruction, renormalized
rule, BRST representative, preparation or detector, their derivatives occur exactly once, as in
Proposition 5.5 and Theorem 10.7. Consequently the full reader square holds on every original
admitted insertion/test tuple. An exact zero is a defined response, not a proof of a different
positive channel or of impossibility.

For a persistence use the actual quotient qS∗ , process w, and terminal witness reader γ give

Kw = qS∗γw, DKw = {a ∈ Dw : w(a) ∈ Dγ}. (176)

Theorems 7.5 and 7.8 supply these maps on their full independently typed domains. The complete
input and history remain alongside their quotient. An empty process pullback is not a productive
realization; the source’s nonempty persistence population is independently supplied.

For each other whole physical primitive, Theorems 10.4 and 10.5 identify its complete original
graph and authority. An unbounded spectral function keeps its integrability domain; a continued
channel keeps its whole marked germ and ports; an asymptotic map keeps its original limiting
domain. The original source theorem supplies the object and the comparison theorem identifies
its use. It does not create a new channel from the existence of a formal graph. The phase,
negative and constraint cases likewise use their actual source maps and warrants.

These cases exhaust the original primitive operation families. For composable vertices f :
Df ⊆ X → Y and g : Dg ⊆ Y → Z, the exact composite is

Dgrecf rec = rX{a ∈ Df : f(a) ∈ Dg},
grecf recrX = rZgf.

(177)

A finite network has the iterated pullback of its vertex domains along the original interface
equations. Each repeated operand has one transported value. Theorem 10.8 preserves and reflects
those pullbacks, fixed siblings, source relations and first failures. Induction proves (174) for every
admitted finite use. An originally supplied whole evolution, limit or history mechanism remains a
primitive with its own domain; the induction asserts no new fixed-point or convergence theorem.

Finally, a positively invoked witness consists of its original physical input, actual re-
sponse/process/port and authority-bearing boundary. The preceding source cases carry all these
components together, and their readback is the original witness. This is not a positivity inference
from graph existence: the positive proposition and witness are the actual source conclusion,
while the graph comparison identifies their previously specified configuration/use. The same
argument retains an exact source-proved alternative.

The exhaustive operation grammar is essential here. It prevents an original physical primitive
from being omitted merely because its intrinsic parameter was not displayed in a short table.
It also prevents a stronger output from being introduced without a source comparison through
a familiar operator name. Actual represented boundaries retain their stronger authority; valid
coefficientwise source operations do not thereby become represented fields.

11.3 The complete color and composite interface

Theorem 11.3 (Complete physical color and composite interface). At the occupied original
source S∗ and fixed Tph, the complete original finite-configuration interpretation, physical-use
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comparison, and source constructions above supply the target-relative confinement and asymptotic-
sector interface of [5]. Its domain is the independently formed role-complete C∗; its physical
conclusions have the original invoked authority. It includes exact color/composite continuation
and the exclusion of isolated-quark/gluon physical output maps at the stated physical interfaces.
It does not assert a positive parent for every pre-boundary configuration or uninvoked all-state
asymptotic completeness.

Proof. We verify the seven source requirements in the definition of complete target-relative
confinement acquisition.

Independent input. The source fibre and finite constructors are fixed before any channel-
success test. The occupied source supplies actual current up/down, conjugate, gauge/support
and weak/Higgs data. Theorems 6.10 and 6.11 retain their common color, matter, Higgs,
global, boundary, vacuum and ancestral/current incidences. Thus the domain is nonempty and
role-complete, not an image of successful probes.

Complete realized operation comparison. Equation (172) covers every original configuration
and licensed arrow. Proposition 11.2 adds the exact physical-signature and operation comparison
(173)–(177). Every originally terminally relevant subclass is included without selecting it by
receiving success. Structural/support primitives remain at their native grade; physical uses reach
their actual physical reader.

Positively claimed boundaries and outcomes. The original positive declarations are those of
Definition 11.1, not a new terminality assignment to all C∗. The compact physical responses have
(175) and their actual Higgs endpoint. The complete persistence and process witnesses have (176).
Other invoked physical types retain their actual whole objects and witnesses under Theorem 10.5.
Proposition 11.2 carries these at every original argument of the asserted proposition. Exact
impossibility or inapplicability retains its source proof; neither a missing attachment nor an
unproved positive existence statement is replaced by zero.

Phase and freely colored ports. The occupied source’s synchronized phase/sector classification
is retained with its actual physical meaning [35, 37, 53]. At the selected neutral interface the
actual color action and admitted intertwiner satisfy

ARC(g) = A, A = APC , A(1− PC) = 0. (178)

Theorem 7.2 derives this comparison from the original output action and port, not from a bare
input projector or a mass gap. It excludes a productive isolated fundamental, antifundamental or
adjoint port into that neutral physical interface. The projection acts on the full joint input and
does not remove neutral composite responses constituentwise. Together with the actual confined-
field, composite and other sector declarations, this is the asserted phase-qualified exclusion
of isolated-color physical output maps. Registered QCD/HQET records retain their source
assumptions, matching direction and physical type; no additional charged or global boundary
sector is introduced.

Independent boundary authority. Compact response, persistence, represented spectral measure,
stable asymptotic attachment and unstable continued pole remain distinct typed objects. Their
complete domains and authority are retained by (173). A supplied continued channel keeps its
full germ, not only a pole list or finite jet. Persistence is not relabelled as scattering. Every
invoked asymptotic map retains its original limiting authority. All-state asymptotic completeness
is not an assertion of this theorem, so its separate all-state premise is not introduced.

Continuation, gluing and mixed inputs. Theorem 10.5, Theorem 10.8, and (176)–(177) identify
the actual continuation and gluing operations, including intermediate domains, failure and
boundary type. The balanced-module comparison preserves the original realized gluing image; it
does not assert that every ambient channel factors through a chosen boundary. All weak/Higgs,
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flavor, preparation and source consumers use the same operands. Genuine variations retain their
joint contacts. No marginal sources are spliced.

Source-complete outcomes and common matter/Higgs incidence. Equation (174) identifies the
original declarations and outcomes, and (177) identifies their complete admitted compositions.
A constraint is evaluated by its constraint operation, a physical response by its actual reader,
and an asserted positive boundary by its source witness. Missing required authority is never
hidden as a zero. The original full input domain contains pre-boundary uses, but does not
declare an additional positive boundary for every such input. The complete matter/Higgs and
source incidences are already those of Theorem 6.11; the common action/source comparison is
made explicitly below. This verifies the complete interface at the original domains and authority
layers.

This result uses the positive source assignment and actual physical operations, not merely
source licenses alone. If a different target asserts a new particle boundary, positive parent,
stronger product domain or additional scattering coverage, it has its own source obligation. Such
an extension does not follow from reception of the present graphs, and is not silently made here.

11.4 Restriction and lift at the common action

Keep the once-selected point of Theorem 9.7,

Jjoint = (S∗, κ∗,Λ∗), Λ∗ = κ∗t∗, κ∗ ̸= 0, (179)

where t∗ is the original vacuum stress coefficient. The gravitational calibration was selected in
its admitted fibre before being frozen. No new parameter choice is made for a color preparation.

The source-dependent action was constructed before selecting its stationary member. In the
notation of Section 9,

Sg,j = SV (F [g, j]),
KCTP = E∗(S ∗

g−,j− ⋆ Sg+,j+),
Γ = SEH[g+]− SEH[g−]− i logKCTP.

(180)

The relative action F is the original metric/coframe, gauge, chiral-fermion, Higgs/Yukawa and
source prescription, with its normalization and contacts. These are the actual algebra-valued
operations of Theorem 5.3. The action has its original quantum order; its independently supplied
stronger baseline physical records are not reduced to that order.

Let x∗ be this common action/source object with the constructed member (η,Ω). Its restrictions
are:

1. rQ(x∗) = S∗, retaining the entire original quantum source and forgetting only the additional
gravitational action/calibration coordinates;

2. the baseline restriction b to g = η, j = j∗, where F = 0 and SV (0) = 1;

3. rG(x∗), retaining Γ, its full all-test source extraction, holding/time-action comparison and
the member at (179).

In particular,
KCTP(η, j; η, j∗) = Zoriginal(j), b(Ax∗) = AS∗ (181)

for every original represented or continued baseline record A, with its complete domain and
authority. This is identity of the retained object, not equality of a few coefficient jets or a partial
trace from an independently formed tensor-product state.

96



Common physical sources Constraint-derived Standard Model

For every admitted compact metric test h, the member equation is

DdiffΓ(η)[h] = − Λ∗
2κ∗
⟨η, h⟩+ t∗

2 ⟨η, h⟩ = 0. (182)

The Einstein kinetic coefficient and complete source response remain in the action. The strict orig-
inal preparation response of Corollary 9.8 prevents (182) from being merely a source-independent
fixed background with a matching tensor.

Proposition 11.4 (Exact original-operation lift). The complete original configuration, source-
operation and physical-interface family has a lift to x∗ with inverse readback. It retains every
source equation, exact partial domain, common operand, failure, physical type and authority. At a
rooted constituent it retains both full source records and their existing common-reduct comparison.

Proof. For an original operation M : DM ⊆ X → Y , set

iX(a) = (x∗; a), D↑
M = iX(DM ), M↑(iXa) = iYM(a). (183)

Equivalently, on the actual source-family pullback domain, M↑(x, a) = M(rQ(x), a). The inverse
reads the entire original argument and its warrant, not just the value of an observation on (η,Ω).
Whole operators, channels, limits and history mechanisms keep their original graphs.

The actual current coefficient/source operations are precisely V, ⋆, SV , E∗ in (180), by Theo-
rem 6.9. The current field leg is the realization of Theorem 6.10. For a full ancestral record Af ,
actual current restriction ρ̂f , and specified comparison θf , the rooted lift is

(Af , ρ̂f , θf ) 7−→ (x∗;Af , ρ̂f , θf ). (184)

The two full target fingerprints are not identified. Each consumer uses its original full record,
and the common root, kind, weak/Higgs and source data compare by the same θf . Reading back
returns the whole triple.

For f : Df ⊆ X → Y and g : Dg ⊆ Y → Z,

Dg↑f↑ = iX{a ∈ Df : f(a) ∈ Dg}, g↑f↑iX = iZgf. (185)

Thus each intermediate domain and its first failure is the original one. A shared edge carries one
iX(a). The full physical-use matching in Proposition 11.2 and induction on the original finite
network prove the complete statement, with no new physical vertex inferred from metadata. An
originally supplied non-finite mechanism stays a primitive on its furnished domain.

All original source relations carry their same warrants and read back to the same equations. On
physical boundaries these maps are exactly the inverse retained source functors of Theorem 10.4.
They are not an inverse on the entire enlarged gravitational category: new metric-response
arrows need not be original quantum arrows. Consequently (172) remains valid after the lift.
This establishes the complete input-to-interface comparison at the common point.

11.5 Simultaneous physical realization

Theorem 11.5 (One common physical source and realization). The occupied original Standard
Model source, its complete color/composite interface, its physical W , Z and Higgs channels, and
its source-compatible dynamical Einstein realization are simultaneously realized at x∗ and the
single fixed point Jjoint.

Their comparison preserves the original field inventory, interaction, branch, global form, spin
and boundary, source and parameter data, preparation and observation domains, and every
invoked authority layer. The color/asymptotic records used by the interacting quantum realization
are the same records as those of Theorem 11.3. No independent sector state, source fit, root
realization or further parameter choice is used in their conjunction.
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Proof. The original source construction and Theorem 9.7 give x∗ in the intersection of the physical
electroweak, received interacting-source, and dynamical-gravity domains. These domains are the
inverse images of the actual source-projection domains, not abstract sets known separately to be
nonempty.

For the Higgs channel, retain the original Oρ = nOH + b1, n ̸= 0, with its local contact
subtraction, physical ports, sheet and full continued germ from Theorem 4.3. The original W/Z
records keep their current, charged-sector or physical-amplitude attachment and endpoint factors.
Equation (181) leaves these objects unchanged. It does not reconstruct a resonance from a
compact source jet or replace it by a stable mass eigenstate.

The original full field prescription, interacting reconstruction, gauge/anomaly, vacuum and
renormalization data are exactly rQ(x∗). All originally supplied operator, continued and asymp-
totic records are retained there with their full authority. The gravitational object is the source-
dependent action (180) with its actual holding/time-action comparison and the occupied member
(182).

Let wcol be the complete compatible interface family supplied by Theorem 11.3 on this very S∗.
Proposition 11.4 identifies its entire independent input and operation family at x∗. Theorem 10.5
gives the actual channel bijections

K∗(C,B) ≃ K↑
∗ (ICC, IBB), k 7−→ IRk. (186)

They preserve both interface actions, exact domains and physical authority. Their balanced
composition map sends [k, l] to [IRk, IRl], commutes with realized gluing and retains its exact
image. No additional factorization through a chosen boundary is asserted.

Theorem 10.9 applies these specified maps componentwise to the whole compatible family:

L(wcol)q = Lq((wcol)q), RL(wcol) = wcol. (187)

No new independent choice is made for each q. All joint equations and fixed siblings hold because
they are equations of the same shared source operands. A persistence witness remains a history
with its boundary reader; a residue remains part of its full continued channel; an exclusion retains
its original sector and premises. Required-domain coverage is provided by Theorem 11.3 and the
exact input comparison, not by declaring the receiving diagram to be the required domain.

It follows that x∗ also belongs to the color acquisition domain, the inverse image under rQ of
its actual original source domain. The color/asymptotic columns of the interacting quantum
source are precisely these records, not another quantum realization. The projection-intersection
theorem of [3, Section 8, theorem on projection descent] therefore evaluates the whole dependent
physical output family at this single point.

Every named target coordinate is unchanged: the complete field inventory and interaction
are those of S∗; the branch, global form, spin and boundary are retained; all original physical
parameters stay fixed; κ∗,Λ∗ are the once-selected values of (179); and each construction keeps
its actual authority. The mixed constraints use the same source maps and arguments. This
proves simultaneous realization, rather than an intersection inferred from separately nonempty
marginal domains.

11.6 Mixed response and the meaning of the common member

The lift preserves the source’s actual variations, not only its baseline values. For an originally
admitted physical source act c and metric act h, the same relative action F , in a fixed original
coefficient frame, gives

Ag(h) = RV+F (fh),
DcAg(h) = RV+F (fch)

+ i
{
TV+F (fc, fh)−RV+F (fc) ⋆ RV+F (fh)

}
.

(188)
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The mixed seagull fch and all metric-density, coframe, normalization and BRST contacts are
those of the original source. If its prescription, product, reconstruction, port or holding map
moves, the corresponding original derivatives are retained exactly once, as in Theorems 5.6
and 9.4. Reading (188) through (183) gives the identical field-valued expression before E∗ and
the same physical readout at its original grade. A color/Higgs source act is therefore not an
independent current appended to gravity. A structural-only act is not promoted to a differentiable
field insertion.

The baseline time continuation U(t) = e−itH0 , its represented domains and full multi-time
arguments remain those of Lemma 9.5. Histories, limiting attachments and continued germs
retain their original domains. The coefficientwise metric formula does not extend them to
arbitrary off-shell metrics. The independently formed upstream continuation remains prior to
these projections [9, 39, 40]; neither the stationary member nor its quantum time flow is renamed
as that construction.

Finally, the common source contains its entire original preparation and operation classes.
This does not mean that each excited preparation is another flat Einstein solution. With κ∗,Λ∗
fixed, a change of state generally changes the all-test stress. No retuning or compensating
metric is asserted for every such preparation. The theorem supplies the genuine source-coupled
dynamical action, its occupied invariant member, and the complete original physical source on
the same target. The separate regulated constructions that follow provide additional existence,
domain, response and comparison theorems; their method-specific refinement questions are not
antecedents of Theorem 11.5.

Part II

Constructive interacting source realizations
The finite spatial realization gives explicit interacting Hamiltonians, physical domains and con-
trolled observations. Its refinements provide complementary existence and response theorems.
Throughout this part, statements about continuum identification concern this particular re-
alization; the common physical source of Part I is already constructed at its original source
authority.

12 An occupied quantum gauge–Higgs–matter regulator

The source-first physical realization of Theorem 11.5 is complemented by an explicit finite-spatial
construction. We realize the complete gauge, Higgs and matter inventory on one state space,
with a common operator domain and mixed observations, including nonzero physical Yukawa
response and feedback on the Higgs coordinate. This is an occupied interacting quantum theory
at its stated resolution. Identifying a refining family of these theories with the original physical
source is a distinct comparison, formulated at the end of the section.

The local Yang–Mills construction supplies a useful precedent with a precise proof mechanism.
Lane A first constructs positive finite mixed families, controls replacement of one insertion against
every fixed word in the remaining slots, and proves compatibility on overlaps. Only then does
it form the inductive-union state [17, Appendix B, Theorems B.11–B.13 and Corollary B.17].
The already constructed local quantum theory and its nonzero spectral witness are supplied by
the local theorem and reconstruction companion [16, Theorem I.1][18, Theorems M.1, M.3 and
M.6]. The following finite regulator uses the complete matter and Higgs alphabet, with its joint
positive source constructed directly.
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12.1 The product group, fields and physical subspace

Fix a finite connected cubical graph with vertex set V , oriented edge set E, and a finite plaquette
family P. Require at least one genuine non-backtracking plaquette with independently variable
holonomy. Fix

G0 = SU(3)× SU(2)×U(1), G = G0/⟨c⟩, c = (e2πi/3I3,−I2, e
iπ/3).

The compact Abelian factor acts by integer characters zq, where q = 6Y . The full internal
representation list is

Q = (3, 2)1, uc = (3, 1)−4, dc = (3, 1)2,

L = (1, 2)−3, ec = (1, 1)6, H = (1, 2)3.
(189)

There are three copies of each matter representation and one Higgs doublet. Fractional hy-
percharge remains available as the notation Y = q/6; it is not used as a fractional power of
z.

Lemma 12.1 (Exact descent and a faithful Wilson representation). Every representation in
(189) descends through G. Their direct sum σ is faithful as a representation of G.

Proof. The action of c is respectively

e2πi/3(−1)eiπ/3, e−2πi/3e−4πi/3, e−2πi/3e2πi/3, (−1)e−iπ, e2πi, (−1)eiπ,

all equal to one. Conversely, write an element of the common kernel as (C, S, z). The Higgs
equation gives S = z−3I2, hence z6 = 1. The dc equation gives C = z2I3. These elements are
precisely the powers of c. Thus the common kernel in G0 is exactly ⟨c⟩, and the descended direct
sum is faithful. This is the common-product descent used by the global-form source [21, Theorem
6.1].

The bosonic configuration manifold is

X = GE × (C2)V .

Let W be the finite one-particle space consisting, at each vertex, of the three matter copies in
(189), each with a two-component spin index. Set F =

∧
W and

Hkin = L2(GE , dU)⊗ L2(R4|V |, dH)⊗F . (190)

The finite CAR generators are denoted by ψR for each matter species R. Higgs multiplication
and −i times Higgs differentiation give the usual CCR on the smooth domain specified below.
Link multiplication and invariant differentiation give the group-coordinate and electric operators.
This is the Hamiltonian finite-link setting [23], with all representations taken on the joint quotient
rather than on independently selected color links.

The local gauge group K = GV acts on configurations by

Uxy 7−→ kxUxyk
−1
y , Hx 7−→ ρH(kx)Hx.

Its bosonic Hilbert action is pullback, (Ub(k)f)(x) = f(k−1x), and its Fock action is Uf (k) =
Γ(R(k)). We fix the forward field convention

U(k)−1ψRU(k) = R(k)ψR. (191)

The annihilation column has this transformation by second quantization. Higgs and link
multiplication obey the same forward convention; adjoint CAR fields transform contragrediently.
Thus no matter multiplet is replaced by its conjugate to establish invariance.

100



Common physical sources Constraint-derived Standard Model

Definition 12.2 (Physical regulator space). The physical Hilbert space and its orthogonal
projection are

Hphys = HKkin, PK =
∫
K
U(k) dk.

Physical bounded observables preserve this Gauss-invariant space. The reflected-observable
algebra below is its parity-even part. Elementary charged fields act on Hkin and need not preserve
Hphys. Their compressed operators are not asserted to obey the original CAR or CCR.

12.2 One common Hamiltonian and its domain

Choose positive electric coefficients and let TG be the resulting positive invariant Laplacian on
GE . Put TH = −∆H , choose λH > 0 and aH ∈ R, and define

H = TG + TH + λH
∑
x

|Hx|4 + aH
∑
x

|Hx|2 +WG +WH + Fhop + Y. (192)

Here
WG =

∑
p∈P

βp
(
dim σ − Re Trσ(Up)

)
, WH =

∑
xy

κxy|Hx − ρH(Uxy)Hy|2,

with βp, κxy > 0. The finite hopping operator is a sum of

ψ†
R,x

(
ρR(Uxy)⊗ Sxy

)
ψR,y

and its adjoint. Each Sxy is a fixed spin hopping matrix and commutes with the internal action.
The coefficient record is part of this regulator target.

For clarity, the Yukawa contraction is fully displayed. With i, j generation indices, A a color
index, a, b weak indices and α, β spin indices, set

ZY =
∑
x,i,j

ϵαβ
[
(yu)ijϵabQAaαi ucj,A

βHb

+ (yd)ijQAaαi dcj,A
βHa + (ye)ijLaαi ecj

βHa
]
, Y = ZY + Z†

Y .

(193)

All fields in a term are at x. CAR products use the displayed order. The integer Abelian
sums are 1 − 4 + 3 = 0, 1 + 2 − 3 = 0 and −3 + 6 − 3 = 0. Color uses the 3–3 pairing; weak
indices use ϵ or the conjugate-Higgs pairing. Equation (191) therefore proves gauge invariance.
The matrix-valued multiplication operator Y(H) is Hermitian, parity even, linear in real Higgs
coordinates and satisfies

∥Y(H)∥ ≤ C|H|. (194)

In particular, all mixed terms belong to one operator on one Hilbert space.
Let D consist of functions smooth in the compact link coordinates and Schwartz in the real

Higgs coordinates, with uniform Schwartz bounds for every mixed derivative, tensored with
F . Smooth link coefficients, the polynomial Higgs coefficients and all displayed differential
expressions preserve D. Haar averaging preserves it. Its physical part is PKD.

Theorem 12.3 (Self-adjoint physical occupation). The Hamiltonian (192) has a unique self-
adjoint semibounded realization associated with its specified closed form. It commutes with the
local gauge action and restricts to a self-adjoint operator on a nonzero Hphys. This restriction
has compact resolvent, a lowest eigenvalue with a nonzero finite-dimensional eigenspace, and a
finite heat trace for every positive inverse temperature. Thus it has exact unitary dynamics and
a faithful stationary Gibbs state on its represented bounded physical algebra.
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Proof. Begin with the positive closed form of

TG −∆H + λH
∑
x

|Hx|4 + 1.

Its domain is the intersection of the kinetic first-order Sobolev domains with the space on which∫ ∑
x |Hx|4 ∥u∥2 is finite. For every ε > 0,

r2 ≤ εr4 + Cε, r ≤ εr4 + Cε.

Consequently the quadratic Higgs terms and (194) have arbitrarily small relative form bound.
WG is bounded by compactness and the finite plaquette sum. Fhop is bounded because the link
representations are unitary and F is finite dimensional. The small-relative- form perturbation
theorem gives a closed semibounded form and its unique associated self-adjoint operator. In
particular,

H ≥ TG −∆H + 1
2λH

∑
x

|Hx|4 − C. (195)

Uniqueness here concerns this specified form, not different counterterm or regulator records.
All form terms and their common domain are gauge invariant. Uniqueness of the associated

resolvent makes it commute with each U(k) and hence with PK . The physical space therefore
reduces H. Independently, the normalized vector

ψ0(U,H) = c0e
−
∑

x
|Hx|2 ⊗ |0⟩ (196)

is gauge invariant: its bosonic function is radial and link-independent, and the Fock vacuum is
invariant. It proves that the physical space is nonzero.

Smooth cutoff and mollification show that D is a form core. Integration by parts identifies its
differential operator with the form realization. Since the expression preserves D, this domain is
contained in every operator-power domain. The same statements hold after Haar averaging.

For compactness, a form-bounded sequence has uniformly small Higgs tails, since for large R
its squared norm outside |H| ≤ R is bounded by a constant times R−4. On each bounded Higgs
set, Rellich compactness, compactness of GE and finite-dimensionality of F give a convergent
subsequence. A diagonal choice and the tail estimate give convergence in the full Hilbert norm.
The form embedding is compact, so the resolvent is compact, also on the reducing physical space.
Nonemptiness then gives a lowest eigenvalue and a nonzero finite-dimensional ground eigenspace.

The lower form bound also dominates, up to positive constants and a scalar shift, a compact-
manifold Laplacian plus a finite-dimensional harmonic oscillator. Their heat traces are finite.
Eigenvalue min–max comparison therefore gives Tr e−βHphys <∞ for every β > 0. The normalized
Gibbs operator has strictly positive eigenvalues on every physical spectral vector. Its state is
stationary and faithful on every represented bounded physical subalgebra.

For subsequent constructions fix a scalar shift c1 such that

H0 = Hphys + c1I ≥ I. (197)

The shift does not change the mixed dynamics or any commutator below. The physical space is
infinite dimensional: independent radial Higgs functions times the Fock vacuum are physical.

Lemma 12.4 (Nonzero gauge response). The vector (196) has strictly positive expectation of
WG.

Proof. For a unitary matrix, dim σ−Re Trσ(U) is nonnegative and vanishes only when σ(U) = I.
Faithfulness and independent variation of a genuine plaquette therefore make its contribution
positive on an open set. Haar measure has full support, and the Gaussian is nonzero almost
everywhere. The integral of this nonnegative function is strictly positive.
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12.3 A mixed physical state and its backreaction

Theorem 12.5 (Nonzero Yukawa occupation and Higgs response). Suppose at least one entry
of the Yukawa matrices is nonzero. With ψ0 normalized as above, put

χ = Yψ0, ϕ = χ/ ∥χ∥ , η = (ψ0 + ϕ)/
√

2.

Then χ is nonzero and physical, η is normalized and physical, and

⟨η,Yη⟩ = ∥Yψ0∥ > 0. (198)

For the total finite fermion number NF ,〈
e−itHψ0, NF e

−itHψ0
〉

= 2 ∥Yψ0∥2 t2 + o(t2). (199)

Moreover, for the physical radial Higgs coordinate RH =
∑
x |Hx|2, the Yukawa contribution to

its Heisenberg acceleration at zero is −4Y. Its expectation in η is nonzero.

Proof. The annihilation terms of ZY kill the Fock vacuum. Its adjoint creates two distinct species
modes with a nonzero linear Higgs coefficient. For a nonzero matrix entry fix a vertex, a generation
pair, a color/weak component and opposite spin components. The two spin contractions occupy
different wedge basis vectors; up, down and lepton terms use distinct species sectors. Thus CAR
antisymmetry does not cancel every coefficient. Multiplication by the nonvanishing Gaussian
gives ∥χ∥ > 0.

Gauge invariance of Y and ψ0 makes χ physical. It has fermion number two, whereas ψ0 has
number zero. The two vectors are orthogonal. Since Y changes number by two, its diagonal
expectations in ψ0 and ϕ vanish, while ⟨ψ0,Yϕ⟩ = ∥χ∥. Self-adjointness supplies the conjugate
cross term and proves (198).

The vector ψ0 belongs to the Hamiltonian domain, so its unitary orbit has the first-order
norm expansion e−itHψ0 = ψ0 − itHψ0 + o(t). All other terms preserve fermion number, and the
hopping kills the Fock vacuum. Since NF is bounded and annihilates ψ0, only the number-two
component Yψ0 contributes at order t2. This gives (199).

In real Higgs coordinates of dimension d = 4|V |,

[TH , RH ] = −4H · ∂H − 2d, [Y, [TH , RH ]] = 4(H · ∂HY) = 4Y.

The final equality uses the degree-one homogeneity of Y. Every other matter potential commutes
with RH ; the Yukawa part of the negative double commutator is therefore −4Y.

This is an actual derivative statement on the displayed states. The coercive form estimate
gives ∥RHu∥2 ≤ C ⟨u,H0u⟩ after a sufficient shift, so RHH−1/2

0 is bounded. Both ψ0 and ϕ are
in PKD, hence in every Hamiltonian-power domain. Graph-norm differentiability of their unitary
orbits validates the second derivative of the RH expectation at zero and its double-commutator
formula. Global invariance of the Schwartz domain under time evolution is not needed.

All three matrices may be simultaneously nonzero, for example invertible diagonal matrices.
The corresponding pair sectors then give occupation witnesses in all charged Yukawa channels.
The construction has nonzero gauge response, Higgs support and mixed fermionic response in one
physical Hilbert realization. It does not identify each component with an asymptotic particle.

12.4 Positive temporal data on the same source

Proposition 12.6 (Mixed Gram kernels and even-string reflection). For any physical vector ξ,
bounded physical operators Ai and real ti, the kernel

Kij =
〈
Aie

−itiH0ξ, Aje
−itjH0ξ

〉
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is positive semidefinite. Let Ω0 be a physical ground vector and L = H0 −E0I ≥ 0. For positive
times the kernel

KE
ij =

〈
AiΩ0, e

−(ti+tj)LAjΩ0
〉

is positive semidefinite. The same holds for reflected ordered strings from the parity-even bounded
physical algebra, with reflection defined by reversing order, taking adjoints and negating the time
labels.

Proof. The first two matrices are Gram matrices, using respectively Aie−itiH0ξ and e−tiLAiΩ0.
For 0 ≤ t1 ≤ · · · ≤ tn, define the transfer vector

vA,t = e−t1LA1e
−(t2−t1)LA2 · · · e−(tn−tn−1)LAnΩ0.

The reflected negative-time string is its adjoint transfer expression. Pairing two strings is therefore
the inner product of their transfer vectors. Every finite reflected quadratic form is the squared
norm of their corresponding linear combination. The restriction to even observables avoids
identifying this reflection with an unproved graded Euclidean fermion prescription.

These are actual positive mixed data from a constructed source; they can enter the represented-
source comparison of BCRS-3 [3]. A finite spatial graph does not supply four-dimensional
Euclidean covariance or a continuum OS theorem.

12.5 A mixed extension of the existing Yang–Mills source

The following comparison shows that the supplied quantum source can also support an explicit
new mixed interaction without assuming its resulting correlations.
Proposition 12.7 (Bounded entangling quantum extension). Let (HY ,ΩY , HY ) be the con-
structed Yang–Mills vacuum source. There is a bounded self-adjoint element A of its represented
gauge-invariant quasilocal observable algebra with ⟨ΩY , AΩY ⟩ = 0 and AΩY ̸= 0. On a two-mode
auxiliary fermion Fock space put B = a†

1a
†
2 + a2a1 and N = a†

1a1 + a†
2a2. For g ̸= 0 and ω > 0,

Hg = HY ⊗ I + I ⊗ ωN + gA⊗B

is self-adjoint on the uncoupled domain and bounded below. For Ψ = ΩY ⊗ |0⟩,〈
e−itHg Ψ, (I ⊗N)e−itHg Ψ

〉
= 2g2 ∥AΩY ∥2 t2 + o(t2).

For all sufficiently small nonzero t the evolved pure state is entangled between the two factors.

Proof. The bounded quasilocal observable algebra acts cyclically in its vacuum representation.
If every self-adjoint element sent ΩY into its own ray, so would every element of that algebra.
Cyclicity would make HY one dimensional, contradicting the nonzero centered witness [16,
Theorem I.1][18, Theorems M.3 and M.6]. Choose such an observable and subtract its expectation.
The perturbation gA⊗B is bounded self-adjoint, giving the asserted domain and lower bound.
Norm differentiability at zero gives

e−itHg Ψ = Ψ− itgAΩY ⊗ |12⟩+ o(t).

Boundedness of N and N |0⟩ = 0 prove the number formula. Write the evolved vector as
χ0(t)⊗|0⟩+χ2(t)⊗|12⟩. Then ∥χ2(t)∥2 = g2 ∥AΩY ∥2 t2 +o(t2) and ⟨χ0(t), χ2(t)⟩ = o(t) because
A is centered. The reduced two-by-two density matrix has determinant g2 ∥AΩY ∥2 t2 + o(t2) > 0.
Its mixedness proves entanglement of the pure joint state.

The auxiliary pair is a gauge singlet. This example preserves the Yang–Mills marginal at time
zero; it does not preserve the uncoupled later automorphism or claim a local Lorentz-covariant
Standard Model extension. Its changed Hamiltonian is not automatically a gap-preserving
same-domain completion.
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12.6 Compatible mixed limits and their source comparison

Theorem 12.8 (Compatible mixed limits and algebraic reconstruction). Let A1 ⊂ A2 ⊂ · · · be
unital star algebras with common specified relations and a positive-time reflection structure, and
set A =

⋃
nAn. Suppose actual regulated joint representations and positive unital states supply

representatives of every fixed capwise word, with:

1. a finite limiting expectation for every word, independent of the containing cap;

2. vanishing linear, star, product and quotient-relation defects inside every required mixed
context;

3. an actual reflection-safe representative for every fixed positive-time polynomial, with van-
ishing reflected quadratic-form error.

Then the limits define a unique compatible positive unital state on A, reflection positive on its
stated positive-time algebra. Its algebraic GNS representation has a common invariant polynomial
domain. Uniqueness is relative to the specified limiting mixed source data.

Proof. Every finite linear combination, product or star expression belongs to a containing cap.
The first two hypotheses make its value independent of cap and presentation and make all
specified quotient relations valid in the limiting functional ω. Normalization passes from the
regulated states. For every P ∈ A,

ω(P †P ) = lim
ε→0

ωε(P †
εPε) ≥ 0.

Thus every finite mixed Gram matrix is positive. The third hypothesis gives the same conclusion
for reflected positive-time matrices. The positive-functional Cauchy–Schwarz inequality makes
{P : ω(P †P ) = 0} a left ideal. Quotienting by it and completing gives GNS, with left multiplica-
tion on the dense polynomial classes. Since each word lies in one cap, its limiting value is fixed;
hence the extension is unique.

This theorem derives positivity at the union from actual regulated data; it does not assume
a complete mixed kernel. No estimate uniform in the number of generators is needed merely
to form this algebraic union. Limits and compatibility for every fixed mixed word are needed.
Continuum field closure, regularity, covariance, locality and the appropriate physical quantum
identities require their further domain and limit estimates, as in the separate OS dossier [18,
Theorems M.1–M.3].

The finite regulator above establishes joint occupation and mixed positivity at a fixed graph.
Ground or Gibbs states on different graphs need not restrict compatibly. Finite-site chiral
representation inventory does not prove continuum chirality, absence of doubling, continuum
anomaly cancellation, renormalization convergence or asymptotic completeness. Identification of
this refining gauge–Higgs–chiral family with the original physical source requires those properties
and their exact source comparisons. This is a condition on the regulated route, not a prerequisite
for Theorem 11.5. The occupied regulator and the compatible-limit theorem give distinct
constructive results.

13 Common asymptotic sources from regulated quantum states

The regulated constructions admit an actual limiting positive source without first assuming
convergence of every mixed correlation. Bounded observations can be placed in a common
sequence algebra and their states can be taken to a cluster point. Explicit sampling maps then
identify continuum equal-time canonical relations inside that algebra. These results construct a
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common native cluster source, while leaving its field regularity, chiral dynamics and physical
source comparisons to distinct theorems.

This distinction also appears in the local Yang–Mills construction. Its bounded mixed families
precede its local insertion, graph-domain and reconstruction estimates [17, Appendix D, Corollary
D.8 and Theorem D.9] [18, Theorems M.1–M.3]. The compactness argument below concerns the
first of these tasks. It does not import the pure-gauge estimates for the additional matter and
Higgs fields.

13.1 A positive state on a common bounded algebra

Fix a sequence of the regulators of Section 12, with meshes an → 0 and finite spatial boxes
exhausting R3. The coefficient record is specified at every regulator; no assertion about its
renormalized physical limit is implicit in this choice. Write Hkin,n and Hphys,n for the kinematical
and physical Hilbert spaces. A normalized physical vector ξn defines a state on either the physical
bounded algebra or the kinematical bounded algebra, in the latter case by

ωn(A) = ⟨ξn, Aξn⟩ .

The kinematical extension is needed when charged CAR fields are retained: their physical
compressions need not satisfy the original CAR.

For a sequence of unital represented C∗-algebras Bn, define

B =
{

(An) : An ∈ Bn, sup
n
∥An∥ <∞

}
,

J0 = {(An) ∈ B : ∥An∥ −→ 0}, Bas = B/J0.

(200)

The quotient class of a sequence is denoted by [An].

Theorem 13.1 (Common bounded cluster source). The regulated states have a nonempty set of
asymptotic cluster states on Bas. For any free ultrafilter U on N, one such state is

ωU ([An]) = lim
U
ωn(An). (201)

It assigns all bounded mixed words simultaneously. If a mixed expectation has an ordinary limit,
every cluster state takes that value. Exact relations and relation defects tending to zero in norm
hold in the quotient.

Proof. The bounded product is a unital C∗-algebra in the supremum norm, and J0 is a closed
two-sided star ideal. The scalar sequence in (201) is bounded by supn ∥An∥. Ultralimits are linear
on bounded scalar sequences and preserve real nonnegativity. They therefore give a positive
normalized functional on the product. The estimate |ωn(An)| ≤ ∥An∥ makes it vanish on J0, so
it descends to the quotient.

Equivalently, let en be the state en((Aj)) = ωn(An) on B. The weak-star compact state space
contains the nonempty intersection ⋂

N≥1
{en : n ≥ N}w

∗
.

Every element of this intersection annihilates J0. This description retains the entire cluster-state
set without selecting a distinguished ultrafilter. Ordinary scalar limits have the same value at all
tail cluster points. A norm-vanishing relation belongs to the quotient ideal, which proves the last
assertion.
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No compatible embeddings of the ground-state Hilbert spaces are required. Initially, however,
an observation is a bounded sequence, not an independently identified continuum field. Such
identification will be supplied below for a specified canonical algebra. Cluster existence does not
imply independence of the coefficient record or cluster point.

On a countably generated observation algebra, an ordinary subsequence can be used: diagonal-
ize the bounded expectations on a countable norm-dense star-polynomial set and extend by the
common state norm bound. The corresponding sequential assertion for an arbitrary nonseparable
algebra is not needed here.

13.2 Continuum equal-time canonical observations

Take cubic cells of volume a3
n, with centers xv. For a smooth compactly supported test function

with the relevant internal indices, set

(Jnf)v = a3/2
n f(xv). (202)

Riemann sums give

⟨Jnf, Jng⟩ −→
∫
R3
⟨f(x), g(x)⟩ dx, sup

n
∥Jnf∥ <∞. (203)

For a smooth local gauge transformation k, sampled at the same centers, there is also the exact
identity

Jn(R(k)f) = R(kn)Jnf. (204)

We use the observable action γk(A) = Un(k)AUn(k)−1. Its action on an antilinearly smeared
annihilation operator is the action R(k) on the test function. This agrees with the inverse-
conjugation forward-field convention of (191).

Theorem 13.2 (A continuum CAR source). Let Wint be the internal space consisting of the
three matter copies in (189), with their two spin components; dimCWint = 90. In the kinematical
quotient define

c(f) = [an(Jnf)], f ∈ C∞
c (R3;Wint).

These classes satisfy

{c(f), c(g)} = 0, {c(f), c(g)∗} = ⟨f, g⟩L2 I, ∥c(f)∥ = ∥f∥L2 . (205)

They extend to the continuum CAR algebra over L2(R3;Wint). The cluster state restricts to a
positive state of this algebra, with the stated gauge covariance and gauge-invariant state. Its
CAR representation is noncommutative.

Proof. Finite CAR gives ∥an(Jnf)∥ = ∥Jnf∥ and an exact zero for the first anticommutator.
The second anticommutator differs from the asserted limit by (⟨Jnf, Jng⟩ − ⟨f, g⟩L2)I, whose
norm tends to zero. The quotient norm is the limsup of the component norms, giving the last
equality in (205) and the extension from smooth tests to L2. Equation (204) proves covariance.
Invariance of every physical vector state gives invariance of every mixed polynomial expectation,
hence of the restricted state.

A normalized test generates the one-mode CAR matrix algebra. Its unital representation is
nonzero and therefore faithful, so its image is not commutative. The same reasoning applies to
each finite orthonormal test family. No charged operator was compressed to the physical Hilbert
space in this argument.
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The conclusion concerns equal-time canonical relations and the internal representation inven-
tory. It does not identify the chiral dispersion or the physical charged sectors of a continuum
dynamics.

For Higgs observations use the real phase-test space

S = C∞
c (R3;R4)⊕ C∞

c (R3;R4), σ((f, g), (f ′, g′)) =
〈
f, g′〉

L2 −
〈
g, f ′〉

L2 .

Let Qn and Πn denote the actual finite Higgs coordinate and momentum operators.

Theorem 13.3 (Joint gauge–Higgs–matter bounded source). The unitaries

Wn(v) = exp(i{Qn(Jnf) + Πn(Jng)}) , v = (f, g),

define classes W (v) = [Wn(v)] satisfying

W (v)W (w) = e−iσ(v,w)/2W (v + w), W (v)∗ = W (−v). (206)

The same cluster state jointly evaluates these classes, the CAR classes and any fixed family of
bounded gauge-loop sequences. The sampled local gauge action preserves the joint algebra and
leaves its state invariant.

Proof. Every Weyl generator has norm one. Its finite product law uses the symplectic form σn
formed with Jn. Equation (203) gives σn(v, w) → σ(v, w), so the scalar phase defect tends to
zero in norm. This proves (206) without invoking norm continuity of the Weyl map. Bosonic and
CAR operators commute at every regulator, and their joint words belong to the same quotient
algebra. Wilson-loop traces divided by the representation dimension are also bounded sequences.
They are evaluated by this very state, not by a separately selected gauge functional.

The Higgs representation is orthogonal on its four real components and acts canonically on
position and momentum. Equation (204) gives the required exact intertwining. Gauge-loop
invariance and physical-vector invariance finish the proof.

Graph paths approximating a loop are part of its source comparison; independence of different
path prescriptions is not asserted. The abstract Weyl relations also do not imply regularity of
the limiting state. In particular, self-adjoint smeared Higgs fields require continuity of their Weyl
groups in the resulting representation.

For a bounded spatial region O, take sequences of gauge-invariant parity-even operators
supported on cells and links contained in O. Their quotient algebras are isotonic. Algebras for
disjoint regions commute, since their tensor factors and even CAR subalgebras commute before
the limit. This proves equal-time locality. It is distinct from causal locality under a relativistic
time evolution.

13.3 Continuous physical time and positive energy

Choose physical ground vectors Ωn and put

Ln = Hphys,n − Ephys,nI ≥ 0, αnt (A) = eitLnAe−itLn . (207)

The inequality is on the physical Hilbert space. The bottom of the Hamiltonian in every charged
kinematical sector has not been identified with Ephys,n.

Inside the physical bounded product define

Buc =
{

(An) : lim
t→0

sup
n
∥αnt (An)−An∥ = 0

}
. (208)

It is a unital norm-closed star algebra, invariant under each αt. We use its quotient by Buc ∩ J0.
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Proposition 13.4 (Uniform time smearing). For any bounded physical sequence (An) and
f ∈ L1(R), the weak-operator integrals

Bn =
∫
R
f(t)αnt (An) dt

exist and belong to Buc. In particular,

sup
n
∥Bn∥ ≤ ∥f∥L1 sup

n
∥An∥ ,

sup
n
∥αns (Bn)−Bn∥ ≤ ∥f(· − s)− f∥L1 sup

n
∥An∥ .

Proof. Strong continuity of the finite unitary groups gives continuous bounded matrix elements.
Integration defines a bounded sesquilinear form and thus a bounded operator with the first
estimate. Changing the integration variable gives the second estimate. Translation continuity in
L1 proves the assertion. No norm continuity of the unsmeared bounded orbit is required.

Theorem 13.5 (Positive-energy physical cluster dynamics). The ground-state cluster functional
on the uniformly continuous physical quotient is stationary. Its GNS representation admits a
strongly continuous implementing group U(t) fixing the cyclic vector, with

U(t) = eitLas , Las ≥ 0.

Proof. Ground-state invariance passes to the cluster functional. Consequently

U(t)π(A)Ω = π(αt(A))Ω

defines an isometry on the cyclic domain with inverse U(−t). Equation (208) proves strong
continuity there and hence on its completion.

For A ∈ Buc, the finite correlation

Cn(t) =
〈
AnΩn, e

itLnAnΩn

〉
is the Fourier transform, with the displayed plus sign, of a finite positive measure supported in
[0,∞). These functions are uniformly bounded and equicontinuous, because

|Cn(t)− Cn(s)| ≤ ∥An∥ ∥αnt (An)− αns (An)∥ .

For a Schwartz function h, integration against h commutes with the cluster limit: truncate its
integrable tails uniformly, then approximate on a compact interval by Riemann sums uniformly
in n. If

ĥ(E) =
∫
R
h(t)eitE dt, supp ĥ ⊂ (−∞, 0),

each integral
∫
h(t)Cn(t) dt is zero. The same is true for the limiting correlation of π(A)Ω under

U(t). The spectral theorem therefore gives no negative spectral support on this vector. The
cyclic vectors are dense, so the negative spectral projection of the generator is zero.

Ordered parity-even positive-time strings retain their reflected positivity as well. Every finite
reflected matrix is the Gram matrix of transfer vectors built from the actual e−tLn and bounded
physical insertions. Its quadratic forms are nonnegative and have nonnegative cluster limits.
These are temporal source statements; neither four-dimensional Euclidean covariance nor a
graded charged-fermion reflection prescription follows from them.

Time smearing can also enlarge spatial support. Without a uniform propagation estimate,
Proposition 13.4 does not prove that every small spatial region has the required nontrivial
time-continuous observable algebra. The positive energy theorem concerns physical invariant
observations, not all charged kinematical CAR sectors.
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13.4 Regularity and nontrivial mixed limits

Bounded-state compactness does not preserve regularity by itself. For example, regular Gaussian
states of a canonical pair with position variance n satisfy

ωn(eitQ) = e−nt2/2.

Every cluster state on their common Weyl algebra takes the value one at t = 0 and zero at every
t ̸= 0. This is a nonregular limit of regular states.

A uniform estimate for a specified smeared field changes the conclusion. If

sup
n
∥φn(v)ξn∥2 ≤ Cv <∞, (209)

functional calculus gives ∥∥∥(eisφn(v) − I)ξn
∥∥∥2
≤ s2Cv.

Thus the limiting characteristic function is continuous on that Weyl subgroup. The Weyl relations
extend this continuity to the cyclic Weyl-polynomial domain. Distributional fields and coincident
local products require further test-seminorm and common-domain estimates. The finite graph
form bound alone does not make its constants uniform on a refining interacting ground-state
family.

For the explicit mixed vector of Theorem 12.5, some of these estimates can already be proved.
They also permit an exact test of the local persistence of that vector’s mixed occupation.

Theorem 13.6 (Regular reference-time fields and local dilution). At each regulator take site-
independent Yukawa matrices, not all zero, and the product seed ψ0,n of (196). Put

ζn = Ynψ0,n
∥Ynψ0,n∥

, ηn = ψ0,n + ζn√
2

.

The states defined by ηn obey, for every fixed real phase test v = (f, g),

φn(v) = Qn(Jnf) + Πn(Jng),

∥φn(v)ηn∥ ≤ (1 +
√

2)
(

1
4 ∥Jnf∥

2 + ∥Jng∥2
)1/2

.
(210)

Their limiting Weyl states are therefore regular. Fixed-order linear-field moments also have
bounds independent of the number of vertices.

Let Sn be a vertex region, Nn the total vertex count, and pn = |Sn|/Nn. The reduced states of
ηn and ψ0,n on its kinematical factors satisfy∥∥∥ρSn

η,n − ρ
Sn
0,n

∥∥∥
1

=
√
pn + p2

n, (211)

where ∥T∥1 = Tr |T |. In exhausting boxes, a fixed bounded physical region has pn → 0. Every
uniformly bounded local observation there consequently has the product-seed limiting value. In
particular, the equal-time Weyl and CAR restrictions are respectively

ω(W (f, g)) = exp
[
−1

2

(
1
4 ∥f∥

2
L2 + ∥g∥2L2

)]
(212)

and the empty CAR Fock state. Initial bounded connected correlations between the seed’s distinct
gauge, Higgs and matter factors disappear locally.

Proof. In oscillator coordinates adapted to the Gaussian e−
∑

q2
j , let bj = qj + 1

2∂qj . Then
bjψ0,n = 0, qj = (bj + b∗

j )/2 and −i∂qj = −i(bj − b∗
j ). Each term of Ynψ0,n contains one linear
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Higgs coordinate and two created fermions. Its bosonic support is therefore in the number-one
subspace, while that of ηn is in the number-zero and number-one subspaces. Write

φn(v) = b(un) + b(un)∗, ∥un∥2 = 1
4 ∥Jnf∥

2 + ∥Jng∥2 .

The annihilation and creation bounds on these subspaces give (210). Equations (203) and (209)
give regularity. Applying the same bounds successively on the number-at-most-j + 1 subspaces
gives, for a fixed power m,

∥φn(v)mηn∥ ≤
m∏
j=1

(
√
j +

√
j + 1) ∥un∥m .

Fixed products of different linear fields have the corresponding product bound.
For the local statement, write Yn =

∑
v Yn,v. The vectors Yn,vψ0,n occupy mutually orthogonal

vertex fermion-pair sectors. Site independence makes their norms the same positive number cn.
If ζn,v = Yn,vψ0,n/cn, then

ζn = N−1/2
n

∑
v

ζn,v.

The pairs have even fermion parity, so the region and complement can be separated without a
grading sign. For 0 < pn < 1, denote their normalized excitation sums by ζS and ζSc . Then

ζn = √pn ζS ⊗ 0Sc +
√

1− pn 0S ⊗ ζSc .

The link seed is unchanged. Tracing the complement gives, on the span of 0S , ζS ,

ρSn
η,n − ρ

Sn
0,n =

(
−pn/2

√
pn/2√

pn/2 pn/2

)
.

Its eigenvalues are ±
√
pn + p2

n/2, proving (211); the endpoints follow directly. The bound applies
to every bounded local invariant observation with such a kinematical lift. No tensor factorization
of the Gauss-invariant Hilbert space is used.

For a fixed physical region in growing boxes, its vertex fraction tends to zero. Trace-norm
convergence gives the product-seed limiting values on bounded local words. The seed has Higgs
variances 1/4 and 1 in position and momentum and the empty fermionic vacuum. Riemann sums
yield (212) and the stated CAR restriction. Factorization of the seed across the retained factors
gives the connected-correlation conclusion.

This theorem concerns the displayed reference-time states. It does not imply that their
interacting Hamiltonians have free continuum dynamics. Evolution can generate further mixed
correlations, and identifying their limit requires uniform dynamical estimates. The theorem
establishes both the regular equal-time data and the precise failure of this initial occupation
witness to provide a nonzero local continuum interaction by itself.

A nonzero finite response likewise need not survive. For fixed bounded comparison sequences
An, Bn, the stronger inequality

|ωn(AnBn)− ωn(An)ωn(Bn)| ≥ η > 0 (213)

does pass to every retained cluster state. Ultralimits preserve products of bounded scalar
sequences and the inequality is closed. A strictly positive value at every regulator, with no
uniform lower bound, has no such implication.

The acquired canonical algebra also does not settle the species content of its dynamics. The
finite construction permits specified spin hopping matrices. The symmetric derivative choice in a
free translation-invariant background,

Da(k) =
3∑
j=1

σj
sin(akj)

a
,
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has eight zeros on the spatial Brillouin torus. Their linearization orientations are
∏
j cos(akj),

with four signs of each kind. This is a test of an allowed kinetic choice, not a statement that
every interacting regulator has that limiting spectrum. It shows why the internal CAR inventory
is not itself a doubler-free chiral dynamics theorem.

Finally, equal-time commutativity and continuous time do not give the required causal
propagation estimate. Nor does the common bounded state identify its gauge restriction with the
inherited Yang–Mills state, or supply renormalized coincident gauge–Higgs–Yukawa operators.
The bounded cluster-source set is positively occupied. Identifying this native cluster realization
with the original physical target requires uniform field and propagation estimates, the appropriate
chiral current identities, a surviving mixed response on the same selected source, and exact
comparisons to the inherited source observations. These conditions concern the native comparison,
not the completed source-first realization of Theorem 11.5.

14 Invariant response in the physical ground state

The interaction vector of Section 12 proves that the regulated physical algebra has a nonzero
Yukawa response. A ground-state statement requires a different argument. We obtain local
scalar moment bounds, a strictly positive invariant response, and an explicit positive-energy
spectral interval in the ground state of the complete regulated gauge–Higgs–matter Hamiltonian.
The estimates are uniform in spatial volume, with their coefficient dependence displayed.

14.1 The ground density and engineering normalization

Use periodic cubic boxes, with at least three vertices in each direction. Write N = |V |; there
are 3N positively oriented nearest-neighbor edges and 3N plaquettes. A site has an integer
lattice label x and physical location ℓx. The coefficient record is translation invariant. All
representations, Higgs incidences and CAR contractions are those of (189) and (193).

We denote lattice spacing by ℓn, so that ℓn = an in the mesh notation of Section 13. It is
distinct from the homogeneous scale factor a used in the gravitational evolution. At one mesh
suppress n and write Xx, Px for the four real Higgs coordinates and their canonical momenta.
One candidate engineering normalization in three spatial dimensions is

Xx = ℓ3/2φlat
x , Px = ℓ3/2πlat

x , cx = ℓ3/2ψlat
x ,

where cx is a normalized finite CAR mode. These equalities define lattice field normalizations,
not an already constructed continuum field. The unitary scalar dilation

Xx =
√
ℓ qx, Px = ℓ−1/2px

and the coefficient choices

λH = λℓ−3, κH = κℓ−2, aH = µℓ−2,

yR = yRℓ
−3/2, SR = SRℓ

−1, βG = βℓ−1 (214)

with each electric coefficient scaled by ℓ−1 give exactly

Hℓ ≃ ℓ−1HN (ϑℓ),
HN = TG + TH + λ

∑
x

|qx|4 + µ
∑
x

|qx|2

+WG +WH + Fhop + Y (q).

(215)

Here TH =
∑
x |px|2, with the unit real-Laplacian coefficient of (192); WG,WH have coefficients

β, κ. Every term of the original Hamiltonian is retained. The bare record ϑℓ may depend on ℓ.
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Let EN be the lowest physical eigenvalue of HN , let GN be its ground eigenspace, and put

P0,N = 1{EN }(HN ), dN = dimGN , ρN = d−1
N P0,N , LN = HN − ENI. (216)

Theorem 12.3 gives 0 < dN < ∞. Translations commute with the physical Hamiltonian and
therefore with P0,N , so ρN is stationary and translation invariant. No choice of a translation-
invariant pure ground vector is required. Write ⟨A⟩N = Tr(ρNA), using the associated form
expectation for positive unbounded expressions.

For spectral arguments a convenient purification is

KN = Hphys,N ⊗ GN , ΩN = d
−1/2
N

dN∑
j=1

ej ⊗ ej , A 7−→ A⊗ I. (217)

It represents exactly Tr(ρNA) and is independent of the orthonormal ground basis. In this
representation LN means LN ⊗ I and annihilates ΩN . The auxiliary conjugate space represents
a mixed state; it is not an additional physical sector. Bounded-state compactness and positive-
energy cluster dynamics from Section 13 apply to these densities: their proofs use positivity and
the ground spectral support, both of which hold in (217).

14.2 Local moments with explicit volume-independent constants

At a site write

Yx(qx) =
4∑
r=1

qx,rMr, y∗ =
( 4∑
r=1
∥Mr∥2

)1/2

,

where the Mr are the Hermitian local Fock matrices determined by the full Yukawa contractions.
Then ∥Yx(qx)∥ ≤ y∗|qx|. Let h∗ bound the norm of the complete hopping operator on one edge,
uniformly over its link and orientation. For the displayed hopping convention a computable
choice is

h∗ = 2 max
j

∑
R

3 dim(R)
∥∥∥SR,j∥∥∥1

, ∥S∥1 = Tr
√
S∗S,

or its exact smaller edge norm. Generation and internal multiplicities are included, while the
spin indices belong to SR,j . Consequently Fhop ≥ −3Nh∗I.

Put µ± = max(±µ, 0), dσ = dim σ, and define

D =
µ2

−
λ

+ 3
4y

4/3
∗ λ−1/3 + 3h∗,

U(s) = 4s+ 3λ
2s2 + µ+ + 6κ

s
+ 3βdσ, s > 0,

C = U(1) +D, M4 = 2C
λ
.

(218)

Theorem 14.1 (Uniform physical-ground moments). For λ > 0, κ, β ≥ 0 and positive electric
coefficients, the ground density (216) satisfies at every site

⟨|qx|4⟩N ≤M4, ⟨|px|2⟩N ≤ C, ⟨|qx|2⟩N ≤
√
M4. (219)

The constants are independent of N . The nonnegative boundary values of κ, β are allowed for
these estimates; positive values give the coupled source already specified above.

Proof. For r ≥ 0, maximizing the respective differences gives

µ−r
2 ≤ λ

4 r
4 +

µ2
−
λ
, y∗r ≤

λ

4 r
4 + 3

4y
4/3
∗ λ−1/3.
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The Wilson and Higgs-gradient forms are nonnegative. Thus the full physical form obeys

HN ≥ TG + TH + λ

2
∑
x

|qx|4 −ND. (220)

For the upper energy bound use the normalized physical trial vector with constant link
wavefunction, empty Fock vacuum and scalar factor exp(−s

∑
x |qx|2). In four real dimensions

direct Gaussian integration gives, per site,

⟨TH⟩tr/N = 4s, ⟨|qx|2⟩tr = s−1, ⟨|qx|4⟩tr = 3
2s2 .

Each scalar edge has expectation 2κ/s: the independent centered scalar factors make its cross
term zero. Hopping and Yukawa expectations vanish in this trial vector, not as operators. Electric
energy is zero. Every summand of the faithful σ is a nontrivial irreducible representation of
the joint quotient, hence its Haar character integral vanishes. The distinct edges of a genuine
plaquette make its holonomy Haar distributed in the trial measure. Its Wilson expectation is
exactly βdσ. The variational principle therefore gives EN/N ≤ U(s).

Taking the expectation of (220) in ρN and using s = 1 yields〈
TH + λ

2
∑
x

|qx|4
〉
N

≤ NC.

Translation invariance gives the first two local bounds. The last follows from Cauchy–Schwarz.
All expectations are finite on the physical ground form domain.

For example, on a coefficient family satisfying

λmin ≤ λ ≤ λmax, |µ| ≤M, κ ≤ K, β ≤ B∗, y∗ ≤ Y∗, h∗ ≤ H∗,

one may replace C by

C∗ = 4 + 3
2λmax +M + 6K + 3B∗dσ + M2

λmin

+ 3
4Y

4/3
∗ λ

−1/3
min + 3H∗.

(221)

No upper bound on the positive electric coefficients is needed. Outside such a controlled family
the dependence C(ϑℓ) must be retained; in particular an increasing β is not absorbed into a
mesh-independent constant.

14.3 A positive invariant scalar spectral response

Fix a site and let

r = |qx|2, b = r

1 + r
, mb = 1

2C(1 + 2
√
M4)4 , M2 = (2

√
C + 8)2. (222)

Multiplication by b is bounded, parity even and gauge invariant. Its bounded first derivatives
imply that b and b2 preserve the kinetic form domain; both also preserve the quartic-weight
domain. This is an admitted invariant scalar observation of the physical response sort, without
using an elementary charged field [4, Sec. 12].
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Theorem 14.2 (Ground response, second moment and variance). On the purified physical
ground source, 〈

bΩN , LNbΩN

〉
=
〈 4r

(1 + r)4

〉
N

≥ mb > 0, (223)∥∥∥LNbΩN

∥∥∥2
≤M2, (224)

VarρN (b) ≥ m2
b

M2
. (225)

The first equality is initially an energy-form identity. In fact bΩN belongs to the operator domain,
so the displayed operator expressions are well defined.

Proof. The four-dimensional vector-valued Hardy inequality gives

⟨r−1⟩N ≤ ⟨|px|2⟩N ≤ C.

To see its constant directly, expand
∥∥∇u+ (q/|q|2)u

∥∥2 ≥ 0 and integrate the cross term using
div(q/|q|2) = 2/|q|2. Cutoffs near zero and infinity, followed by form-core approximation, give
the inequality on the ground form domain. All remaining coordinates, Fock indices and the finite
purification space are Hilbert-valued spectators.

Markov’s inequalities now give

Pr(r ≤ δ) ≤ δC, Pr(r ≥ R) ≤M4/R
2.

Take δ = (4C)−1 and R = 2
√
M4. The shell δ < r < R has probability at least one half. Its

endpoints are ordered because 1 ≤ ⟨r−1⟩N ⟨r⟩N ≤ C
√
M4. On this shell, 4r/(1+r)4 ≥ 4δ/(1+R)4,

giving the lower bound mb.
For an individual ground vector ej , test its weak eigen-equation with b2ej . Every multiplication

and CAR term commutes with the scalar b, and link differentiation does not differentiate it. The
scalar kinetic product rule therefore yields

qHN
(bej , bej)− EN ∥bej∥2 = ∥(∇b)ej∥2 .

Averaging over the full ground projection proves (223), since

∇b = 2qx
(1 + r)2 , ∆b = 8

(1 + r)3 .

Both multipliers are bounded, with ∥∇b∥∞ ≤ 1 and ∥∆b∥∞ ≤ 8. The same weak equation gives

LNbej = −2∇b · ∇ej − (∆b)ej . (226)

Its right side lies in the Hilbert space. Form-domain preservation and the defining representation
theorem for the closed form then place bej in the operator domain, proving (226) as an operator
equality.

Apply this identity in the purification. The averaged local kinetic norm, rather than that of
an arbitrary vector in a degenerate ground space, is bounded by C. Hence∥∥∥LNbΩN

∥∥∥ ≤ 2
√
C + 8,

which proves (224). Finally set ηb = (b− ⟨b⟩N )ΩN . Then LNηb = LNbΩN and ∥ηb∥2 = VarρN (b).
Thus

m2
b ≤

∣∣〈ηb, LNηb〉∣∣2 ≤ VarρN (b)M2.

This proof uses neither a positive scalar wavefunction nor uniqueness of the ground vector.
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Corollary 14.3 (An explicit occupied spectral interval). Let µb,N (∆) =
∥∥∥1∆(LN )bΩN

∥∥∥2
. Then

µb,N

([
mb

4 ,
4M2
mb

])
≥ m2

b

8M2
. (227)

Proof. The measure has total mass at most one. Below mb/4 its first moment is at most mb/4.
Above 4M2/mb its first moment is at most mb/4, by the second-moment bound. The first moment
inside the displayed interval is therefore at least mb/2. Dividing by the upper endpoint proves
(227). Possible zero-energy weight does not affect this argument.

Proposition 14.4 (A physical finite-volume scalar pole). At each regulator the same physical
source has a scalar resolvent channel with a nonzero pole at an isolated positive excitation energy.

Proof. Let P̂0 = P0,N ⊗ I in the purification and put ζb = (1− P̂0)bΩN . It is nonzero by (223).
The finite multiplicity of the purification and compact resolvent give discrete positive energies
λj with no finite accumulation. Their weights wj =

∥∥∥1{λj}(LN )ζb
∥∥∥2

have finite positive sum.
Consequently

Gb,N (z) =
〈
ζb, (LN − z)−1ζb

〉
=
∑
j

wj
λj − z

(228)

is locally normally convergent off the discrete spectrum. At any λj with wj > 0 it has residue
−wj ̸= 0. All vectors and operators are representations of this same ground source. The full
zero-energy projection, not merely the chosen cyclic vector, has been removed.

The pole is a finite-volume invariant scalar excitation. Its identification with the physical
Higgs would require the corresponding current, normalization and continuation comparison; a
real discrete excitation is not an unstable second-sheet resonance [20, Secs. 2.2 and 9][4, Secs. 6
and 12].

14.4 Physical energy and scalar comparison

Ground-energy subtraction in (215) gives Lℓ = ℓ−1LN . The spectral measures of the same
observation therefore obey the exact pushforward law

µphys
b,ℓ ([ε, E]) = µb,N ([ℓε, ℓE]). (229)

The interval guaranteed by (227) becomes [mb/(4ℓ), 4M2/(mbℓ)] in physical energy. For uniformly
controlled coefficients it moves to the ultraviolet, not to a fixed physical mass.

For a Schwartz time test h, define

vℓ(h) =
∫
R
h(t)eitLℓ(b− ⟨b⟩N )ΩN dt, ĥ(E) =

∫
R
h(t)eitE dt.

The spectral theorem gives

∥vℓ(h)∥2 =
∫

[0,∞)
|ĥ(E/ℓ)|2 dµcen

b,N (E), (230)

where the centered measure may still have zero-energy weight from ground degeneracy. A filter
supported in a fixed positive compact frequency interval probes dimensionless energies of order ℓ.
This is a different estimate from (227). For example, rescaling time on one fixed finite graph
leaves every ground bound above unchanged, but its first positive excitation energy becomes
arbitrarily large. Such a fixed-frequency filter eventually sees zero excitation. This tests the
strength of the estimates; it is not a refining-box construction.
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A physical scalar comparison can use an admitted renormalized invariant composite or current,
with its spatial and temporal test prescriptions. The bare normalization alone gives |φlat

x |2 =
ℓ−2|qx|2; centering, mixing with the identity and the jointly transported source normalization
must be specified before its physical interpretation. A sufficient nonzero finite-energy comparison
for an actual preparation Bℓ(f) is

lim inf
ℓ→0

∥∥∥1[ε,E](Lℓ)Bℓ(f)ΩN

∥∥∥2
> 0, 0 < ε < E <∞, (231)

or an equivalent nonzero time-smeared Gram entry. Its sibling words, current ports and physical
clock must share the same comparison. Theorems 14.1–14.3 do not imply (231). This is a survival
condition for the refining native family, not an identification of its finite scalar pole with the
original physical Higgs germ.

14.5 The ground-state Yukawa sign and accessibility

Scale all three Yukawa matrices by one real g, holding the gauge, Higgs and fermion hopping
inputs fixed, and write

HN (g) = HN (0) + gY0.

This is a fixed-sibling comparison of the actual full regulator. Its common form domain is
independent of g.

Proposition 14.5 (Exact ground interaction sign). The physical ground energy EN (g) is even
and concave. For every physical ground density at g,

g⟨Y0⟩g ≤ EN (g)− EN (0) ≤ 0. (232)

Proof. The physical unitary eiπNF /2 fixes every bosonic and number-preserving hopping term.
Each Yukawa term contains two annihilators or two creators, so the same unitary reverses Y0. It
follows that EN (g) = EN (−g). The variational infimum of affine functions of g is concave and
finite by quartic coercivity. Evenness and concavity imply EN (g) ≤ EN (0). Evaluating HN (0)
in a ground density at g gives EN (0) ≤ EN (g)− g⟨Y0⟩g.

Proposition 14.6 (A sufficient ground-accessibility criterion). Let e0 be a normalized physical
ground vector of HN (0) with definite total fermion number. If Y0e0 ̸= 0, then EN (g) < EN (0)
for every g ̸= 0.

Proof. Number conservation at g = 0 permits the stated ground choice and gives ⟨e0, Y0e0⟩ = 0.
Quartic form control implies Y0e0 ∈ Hphys. Put

v = (HN (0)− EN (0) + 1)−1Y0e0.

The resolvent is strictly positive, so v ̸= 0 and ⟨Y0e0, v⟩ > 0. It commutes with fermion number;
the number changes in Y0e0 therefore make v ⊥ e0. Moreover v belongs to the operator domain.
The Rayleigh numerator of e0 − t sgn(g)v, relative to EN (0), is

−2t|g| ⟨Y0e0, v⟩+ t2
(
qHN (0)(v, v)− EN (0) ∥v∥2 + g ⟨v, Y0v⟩

)
.

The second coefficient is finite by the form bound. For sufficiently small t > 0 the quotient is
strictly below EN (0).

Ground accessibility cannot be replaced by the statement that Y0 is a nonzero physical operator.
At every site fill all Q and L modes and leave uc, dc, ec empty. Each annihilating Yukawa term
is killed by an empty singlet, and each adjoint by a filled doublet. The three generations and
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two spins give 36 filled Q modes of integer charge 1 and 12 filled L modes of charge −3. Their
Abelian weights cancel, while their non-Abelian determinants are one. This is a gauge-singlet
Fock vector. Tensoring it with an invariant scalar/link core function gives a physical vector
annihilated by Y0, without asserting that it is the ground state.

An extensive estimate EN (g)−EN (0) ≤ −cNg2 would additionally give −g⟨Y0⟩g/N ≥ cg2 by
(232). The finite accessibility criterion does not supply its uniform susceptibility and remainder
bounds. The invariant scalar spectral response and the strictly Yukawa-dependent mixed response
are thus distinct questions.

14.6 Undressed fields and invariant comparisons

The independent weak-center transformation at a site reverses qx and fixes qy for y ≠ x. Gauge
invariance of the physical ground density consequently gives ⟨qx,rqy,s⟩N = 0 for x ≠ y. For a real
smooth compactly supported test f , its undressed engineering position smearing is

Φℓ(f) =
∑
x

ℓ3/2f(ℓx) ·Xx =
∑
x

ℓ2f(ℓx) · qx.

The diagonal moment bound therefore yields

⟨Φℓ(f)2⟩N ≤ ℓ
√
M4(ϑℓ)

(
ℓ3
∑
x

|f(ℓx)|2
)
. (233)

When ℓ
√
M4(ϑℓ)→ 0, these raw position smearings vanish in ground-state norm and their Weyl

expectations tend to one. If the matched nondegenerate momentum Weyl extension is retained
on the kinematical algebra, its limiting state is then nonregular in that direction: every position
Weyl operator fixes the cyclic vector, while conjugation by it multiplies a nontrivial momentum
Weyl expectation by a freely variable nontrivial phase. That expectation must be zero away from
the origin.

These undressed coordinates do not preserve the Gauss-invariant Hilbert space. Equation (233)
consequently does not exclude the invariant scalar response proved above, a neutral current
channel, or a properly attached charged sector. The physical comparisons use their actual
invariant or dressed observations [20, Sec. 9][3, Sec. 8].

14.7 Fixed physical frequencies of a bounded scalar average

An invariant observable permits a stronger, source-native frequency test than the undressed
calculation. Let f ∈ C∞

c (R3;R) and define on the same ground family

Fℓ(f) = ℓ3
∑
x

f(ℓx)bx, Sp,ℓ(f) = ℓ3
∑
x

|f(ℓx)|p (p = 1, 2). (234)

Fixed supports eventually lie inside the exhausting boxes without crossing the periodic seams.
Riemann sums give Sp,ℓ(f)→ ∥f∥pLp . The average is a self-adjoint invariant bounded multiplier
with ∥Fℓ(f)∥ ≤ S1,ℓ(f). In this subsection Ωℓ denotes the purified full ground density at that
mesh and ωℓ its state. No uniform coefficient bound is imposed.

Theorem 14.7 (Physical scalar sum rule). For the full interacting physical generator Lℓ = ℓ−1LN ,

⟨FℓΩℓ, LℓFℓΩℓ⟩ = ℓ5
∑
x

|f(ℓx)|2ωℓ
( 4rx

(1 + rx)4

)
(235)

≤ 27
64ℓ

2S2,ℓ(f). (236)

Consequently, for every ε > 0, ∥∥∥1[ε,∞)(Lℓ)FℓΩℓ

∥∥∥2
≤ 27

64εℓ
2S2,ℓ(f). (237)
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Proof. The site scalar derivatives are independent coordinates, so

|∇Fℓ|2 = ℓ6
∑
x

|f(ℓx)|2|∇bx|2.

At every finite graph Fℓ has bounded first and second derivatives and preserves the form domain.
All potential and CAR terms commute with it, and the electric derivatives act only on links.
Testing the ground weak equation with F 2

ℓ times each ground vector gives the same scalar kinetic
form identity as in Theorem 14.2. Averaging those identities in the full ground density and
multiplying by ℓ−1 proves (235). The maximum of 4r/(1 + r)4 is 27/64, attained at r = 1/3,
proving the bound. Finally use 1[ε,∞)(Lℓ) ≤ Lℓ/ε in quadratic-form order.

On the controlled coefficient family, the Hardy-shell lower bound also gives mbℓ
2S2,ℓ(f) for

the first moment. Thus this response can be strictly positive at finite resolution while its fixed
positive-frequency weight tends to zero. The upper bound needs neither that lower estimate nor
a ground-gap assumption.

For a Schwartz time test with supp ĥ ⊂ [ε, E], set

Aℓ(h, f) =
∫
R
h(t)αℓt(Fℓ(f)) dt.

This actual bounded sequence belongs to the uniformly time-continuous physical algebra, since∥∥∥αℓs(Aℓ)−Aℓ∥∥∥ ≤ S1,ℓ(f) ∥h(· − s)− h∥L1 .

Stationarity of the ground source gives AℓΩℓ = ĥ(Lℓ)FℓΩℓ. If Dℓ is any admitted mixed physical
word or bounded current preparation with supℓ ∥Dℓ∥ ≤MD, then

∣∣〈DℓΩℓ,1[ε,E](Lℓ)FℓΩℓ

〉∣∣ ≤MDℓ

√
27S2,ℓ(f)

64ε , (238)

∣∣⟨DℓΩℓ, Aℓ(h, f)Ωℓ⟩
∣∣ ≤MD

∥∥∥ĥ∥∥∥
∞
ℓ

√
27S2,ℓ(f)

64ε . (239)

These follow directly from the spectral theorem and Cauchy–Schwarz. They compare a scalar-
created ground response with arbitrary uniformly bounded sibling preparations on the same
source. They do not apply to FℓDℓΩℓ as though DℓΩℓ were a ground vector.

Proposition 14.8 (Bounded scalar unitaries and normalization). For real τ , let Uℓ(τ, f) =
eiτFℓ(f). Then

⟨UℓΩℓ, LℓUℓΩℓ⟩ = τ2 ⟨FℓΩℓ, LℓFℓΩℓ⟩ . (240)
In particular the positive-frequency norm bound (237) holds for UℓΩℓ with its right side multiplied
by T 2, uniformly for |τ | ≤ T . For the centered average F cℓ = Fℓ − ωℓ(Fℓ)I, every normalization
|Zℓ| = o(ℓ−1) satisfies ∥∥∥1[ε,E](Lℓ)ZℓF cℓ Ωℓ

∥∥∥ −→ 0.

Proof. For a normalized ground vector u, conjugating the scalar kinetic form by eiτFℓ gives

qHN
(eiτFℓu, eiτFℓu)− EN = τJ(u) + τ2 ∥(∇Fℓ)u∥2 .

All other full Hamiltonian terms commute with the scalar unitary. The real coefficient J(u) is
initially retained; a fermionic ground wavefunction need not be real. The ground variational
principle makes this polynomial nonnegative for both signs of τ , so J(u) = 0. Average over
the ground density and multiply by ℓ−1 to obtain (240). The spectral projection estimate then
proves the unitary bound. Finally centering changes no positive-energy projection, and (237)
bounds the squared normalized response by |Zℓ|2ℓ2 27S2,ℓ(f)/(64ε), which tends to zero at the
stated rate.
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Thus this particular unrenormalized bounded scalar average is not a nonzero positive-frequency
interpolating preparation, even when used through bounded unitary functions. The conclusion
leaves zero-energy fluctuations and other physical source words intact. A normalization of
order ℓ−1 or larger only escapes this upper-bound obstruction; it does not prove survival or
define a uniformly bounded source element. An invariant renormalized spacetime composite or
current may use a different, independently justified preparation. Its existence and common-source
comparison are not excluded by this result.

15 Mass-coefficient insertions and static scalar response

A physical composite can be specified by its response to an actual source, rather than by assigning
a particle name to a bounded observation. On the regulated source we apply this principle to the
quadratic Higgs coefficient of the full Hamiltonian (215). The resulting invariant scalar insertion
has a nonvanishing static susceptibility. Its equal-time excitation norm nevertheless diverges
under spatial refinement on the controlled coefficient family. These two statements concern
different moments of the same positive spectral measure.

15.1 The mass-source derivative

Retain the periodic cubic source, its complete interaction record, and the physical clock of
Section 14. Put rx = |qx|2. In the engineering normalization already fixed there, φlat

x = ℓ−1qx.
For a real f ∈ C∞

c (R3), vary the Higgs-potential mass-squared coefficient by tf(ℓx), with every
other input held fixed. The dimensionless quadratic coefficient becomes µx(t) = µ+ tℓ2f(ℓx),
and hence

Hℓ(t) = Hℓ + tCℓ(f),
Cℓ(f) = ℓ

∑
x

f(ℓx)rx = ℓ3
∑
x

f(ℓx)(φlat
x )∗φlat

x . (241)

This is a literal coefficient derivative. It does not identify a bare quadratic coordinate with a pole
mass or change the received Higgs carrier [29, 20]. Multiplication by Cℓ(f) is gauge invariant and
self-adjoint on its maximal multiplication domain. At each finite graph the positive quartic term
absorbs every bounded quadratic coefficient variation, so (241) has one common semibounded
form domain.

The normalized full ground density and its purification remain (216)–(217). On the unpurified
physical space set

Eℓ = ℓ−1EN , Lℓ = Hℓ − EℓI = ℓ−1LN , Pℓ = P0,N , Qℓ = I − Pℓ.

In the purified space use P̂ℓ = Pℓ ⊗ I and Q̂ℓ = Qℓ ⊗ I; operators in scalar expectations act
on the first factor. Thus the full zero-energy space, including ground degeneracy, is retained
explicitly. Write ΩN for the purified ground vector.

For boxes exhausting space, fixed supports eventually avoid their periodic seams. Define

S2,ℓ(f) = ℓ3
∑
x

|f(ℓx)|2 −→ ∥f∥2L2(R3) . (242)

The constants C,M4, y∗ are those of (218). In addition to (219), vector-valued Hardy in four
real dimensions and Cauchy–Schwarz give

⟨r−1
x ⟩N ≤ C, ⟨rx⟩N ≥ C−1, ⟨

√
rx⟩N ≤M1/4

4 . (243)

Indeed 1 ≤ ⟨rx⟩N ⟨r−1
x ⟩N . All local bounds refer to the translation-invariant ground density, not

to an arbitrarily chosen vector in a degenerate ground space.
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15.2 Polynomial insertions and scalar dilation

For real site weights wx, put

Fw =
∑
x

wxrx, Dw = 1
2
∑
x

wx(qx · px + px · qx). (244)

The second operator generates independent unitary dilations of the four real scalar coordinates
at each site. Such dilations commute with the orthogonal real form of the local Higgs gauge
action. They act within the physical Hilbert space and do not rescale physical time.

The required unbounded-operator statements follow from the finite source, as we now verify.
After a sufficiently large fixed-graph scalar shift, write HN = T +W , where T is the positive
sum of the complete site and link Laplacians and W is Hermitian matrix multiplication. The
quartic lower bound permits W ≥ 1 + c

∑
x r

2
x. Its second coordinate derivatives have growth

at most C0(1 +
∑
x rx); compact-link derivatives of the scalar-edge terms have the same bound.

Integration by parts on the invariant smooth/Schwartz core gives

2 Re ⟨Tu,Wu⟩ = 2
∑
j

aj ⟨∂ju,W∂ju⟩ −
〈
u,
(∑

j

aj∂
2
jW

)
u

〉
,

with invariant vector fields for the compact-link factors. The first sum is nonnegative. The last
term is bounded by ε ∥Wu∥2 + Cε ∥u∥2. Expansion of ∥(T +W )u∥2 therefore yields

∥Tu∥+ ∥Wu∥ ≤ Cgr(
∥∥∥HNu

∥∥∥+ ∥u∥). (245)

The constant is finite at each fixed graph; no volume uniformity is claimed for it. Complete
kinetic summands on distinct factors commute and are nonnegative, so each is controlled by T .

Lemma 15.1 (The physical operator domain). The self-adjoint form realization of the shifted
finite Hamiltonian has domain DomT ∩DomW . The invariant smooth/Schwartz domain is an
operator core, including after restriction to the Gauss-invariant physical space.

Proof. The product Laplacian has its second-order Sobolev domain. The bounds 1 + c
∑
x r

2
x ≤

W ≤ C1(1 +
∑
x r

2
x)I identify the multiplication domain with the corresponding quartic weighted

L2 space. Smooth scalar cutoffs ζR, equal to one on |q| ≤ R and zero outside |q| ≤ 2R,
approximate a vector in the intersection in both graph norms. The kinetic commutator contains
only first and second cutoff derivatives, bounded by O(R−1) and O(R−2), against its first
derivatives and itself. Coordinate smoothing with a partition of unity on the compact-link
manifold then approximates in H2; on the fixed enlarged scalar support, W is bounded. Thus
the smooth/Schwartz domain is dense in the intersection in the sum graph norm. Equation (245)
extends there and makes T +W closed.

It remains to identify this closed operator with the form realization HF . If u ∈ DomHF

and g = HFu, the weak equation is Tu = g −Wu. Since W is locally bounded, local elliptic
regularity gives u ∈ H2

loc. Consequently ζRu belongs to the intersection and

(T +W )ζRu = ζRg + [T, ζR]u, ∥[T, ζR]u∥ ≤ C2
(
R−1 ∥∇qu∥+R−2 ∥u∥

)
.

The derivative on the right is globally square integrable because u is in the form domain. The
graph estimate is therefore uniform in R. Fatou gives Wu ∈ L2, and the weak equation then gives
Tu ∈ L2. The maximal-domain characterization of the self-adjoint product Laplacian implies
u ∈ DomT . Conversely, for a vector in the intersection, integration by parts and form-core
approximation give the defining form identity for HF with value (T +W )u. This proves domain
equality and the operator-core assertion. Haar averaging commutes with T , W and the form
realization and preserves the test core, so the same approximations prove the physical-space
statement.
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In four real scalar dimensions another integration by parts gives∫
rx|∇xu|2 = Re ⟨rxu,−∆xu⟩+ 4 ∥u∥2 . (246)

Equations (245)–(246) control qx · px, hence Dw, by the Hamiltonian graph norm. Completion
of the operator core puts every ground vector in DomDw. The fourth scalar moments also put
FwΩN in the Hilbert space.

On the common core the exact identity is

[HN , Fw] = −4iDw. (247)

Every nonscalar-kinetic term commutes with Fw: the Yukawa and scalar-edge terms are coordinate
multipliers, and neither the electric terms nor CAR hopping differentiates q. Testing against the
operator core gives the distributional equation HNFwΩN = ENFwΩN − 4iDwΩN . Its right side
is a Hilbert vector. Self-adjointness of the core closure therefore proves

FwΩN ∈ DomLN , LNFwΩN = −4iDwΩN . (248)

Theorem 15.2 (First and third scalar spectral moments). Define

K = 4C + 16λM4 + (4|µ|+ 48κ)
√
M4 + y∗M

1/4
4 . (249)

For every real finite site-weight family,〈
FwΩN , LNFwΩN

〉
= 4

∑
x

w2
x⟨rx⟩N , (250)

FwΩN ∈ DomL
3/2
N ,∥∥∥L3/2

N FwΩN

∥∥∥2
≤ 8K

∑
x

w2
x. (251)

Proof. Insert (248) in the first scalar product and integrate by parts in the first-order expression.
The real part of the weighted derivative gives 4

∑
xw

2
x⟨rx⟩N ; the imaginary part vanishes by

self-adjointness. The preceding graph bounds and polynomial moments justify compact cutoffs
and their removal. In particular, the proof does not require the unverified test vector F 2

wΩN in
the form domain.

Let Ut = exp(itDw). Its coordinate action gives

U∗
t qxUt = e−twxqx, U∗

t pxUt = etwxpx.

It preserves the physical form domain. The full energy expectation Vw(t) = qHN
(UtΩN , UtΩN ) is

a finite sum of exponentials in t, with finite coefficients given by the kinetic, quartic, quadratic
and Yukawa moments. The ground variational principle gives Vw(t) ≥ EN = Vw(0), hence
V ′
w(0) = 0. If Dw =

∑
xwxqx · ∂qx acts on coordinate multipliers and V is the full multiplication

part,
V ′′
w(0) = 4

∑
x

w2
x⟨|px|2⟩N + ⟨D2

wV ⟩N .

The scalar quartic, quadratic and linear Yukawa contributions are 16λw2
xr

2
x, 4µw2

xrx, and w2
xYx.

For an edge, write cxy = qx · ρH(Uxy)qy in real coordinates. Its exact contribution is

κ
(
4w2

xrx + 4w2
yry − 2(wx + wy)2cxy

)
.

Using |cxy| ≤ (rx + ry)/2 and (wx + wy)2 ≤ 2(w2
x + w2

y) bounds its absolute expectation by
8κ
√
M4(w2

x + w2
y). Six edge incidences per site give the coefficient 48κ

√
M4 in (249). The other

local moment bounds now imply

0 ≤ V ′′
w(0) ≤ K

∑
x

w2
x. (252)
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Gauge electric, Wilson and fermion-hopping terms are unchanged by the scalar test unitary.
Their explicit derivatives vanish; their contributions to the full ground state have not been
removed.

Finally, because LNΩN = 0,∥∥∥∥L1/2
N

(Ut − I)ΩN

t

∥∥∥∥2
= Vw(t)− EN

t2
−→ 1

2V
′′
w(0).

The Hilbert difference quotient converges to iDwΩN . Lower semicontinuity of the closed positive
form proves that this vector belongs to its form domain and has squared form norm at most
V ′′
w(0)/2. Equation (248) then gives (251). No twice-differentiable orbit in form norm or formal

triple commutator has been assumed.

15.3 Equal-time excitation and physical scaling

Take wx = ℓf(ℓx), so Fw = Cℓ(f) and
∑
xw

2
x = ℓ−1S2,ℓ(f). The physical moments are

M1,ℓ := ⟨Cℓ(f)ΩN , LℓCℓ(f)ΩN ⟩ ≥
4
C
ℓ−2S2,ℓ(f),

M3,ℓ :=
∥∥∥L3/2

ℓ Cℓ(f)ΩN

∥∥∥2
≤ 8Kℓ−4S2,ℓ(f).

(253)

The corresponding first-moment upper bound is M1,ℓ ≤ 4
√
M4ℓ

−2S2,ℓ(f).

Theorem 15.3 (Equal-time positive-excitation lower bound). With Ψℓ(f) = Q̂ℓCℓ(f)ΩN ,

∥Ψℓ(f)∥2 ≥ 2
√

2
C3/2
√
K
ℓ−1S2,ℓ(f). (254)

The same lower bound holds for ∥(Cℓ(f)− cℓI)ΩN∥2 for every scalar cℓ. For nonzero f , the
positive-excitation norm diverges on every refining coefficient family with C,K uniformly bounded.

Proof. If all sampled weights vanish, the assertion is immediate. Otherwise removing the entire
zero-energy space leaves both positive moments unchanged. For the positive spectral measure
νℓ(∆) = ∥1∆(Lℓ)Ψℓ(f)∥2, Hölder gives

M1,ℓ ≤ νℓ((0,∞))2/3M
1/3
3,ℓ .

Thus ∥Ψℓ(f)∥2 ≥ M
3/2
1,ℓ /

√
M3,ℓ. Substitution of (253) proves the constant in (254). The

orthogonal projection Q̂ℓ annihilates every scalar multiple of ΩN and cannot increase norm.
Equation (242) proves the refinement assertion.

Consequently an equal-time family obtained by multiplication by a scalar Zℓ can have bounded
source-vector norms only if |Zℓ| = O(

√
ℓ) on this controlled branch. Fixed nonzero normalizations,

and logarithmic factors with |Zℓ|2/ℓ→∞, fail this necessary test. A factor of order
√
ℓ is not

thereby sufficient or a physically justified renormalization. The bound concerns the total positive
spectral norm; it does not locate that norm in any fixed energy interval.

15.4 A nonvanishing static susceptibility

At a fixed finite source the excited spectrum is separated from zero. On the unpurified space let

Rℓ = Qℓ(Lℓ|RanQℓ
)−1Qℓ, R̂ℓ = Rℓ ⊗ I.
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The inverse is restricted to the indicated positive subspace. It is bounded at this regulator; a
uniform spectral gap is not needed. Define the actual reduced-resolvent response

M−1,ℓ(f) =
〈
Cℓ(f)ΩN , R̂ℓCℓ(f)ΩN

〉
=
∫

(0,∞)

dνℓ(ω)
ω

. (255)

Theorem 15.4 (Static response of the complete ground cluster). The source (241) satisfies

M−1,ℓ(f) ≥ 2
C2K

S2,ℓ(f). (256)

Let Pℓ(t) be the analytic continuation of the isolated full ground cluster on the unpurified physical
Hilbert space, and put

eℓ(t) = d−1
N Tr(Hℓ(t)Pℓ(t)).

Then
e′
ℓ(0) = ⟨Cℓ(f)⟩N ,

χℓ(f) := −e′′
ℓ (0) = 2M−1,ℓ(f) ≥ 4

C2K
S2,ℓ(f).

(257)

In particular the liminf of this static response is positive for nonzero f on a uniformly controlled
coefficient branch.

Proof. The lower bound is trivial when every sampled weight is zero. For a nonzero weight
family, Cauchy–Schwarz in the positive spectral measure, with factors ω−1/2 and ω3/2, gives
M2

1,ℓ ≤M−1,ℓM3,ℓ. Equation (253) proves (256); the mesh powers cancel.
Quadratic multiplication is relatively Hℓ-bounded with arbitrarily small relative bound, by

(245) and the quadratic/quartic Young inequality. The affine family is therefore analytic on its
common operator domain. A resolvent contour around the isolated ground eigenvalue supplies
Pℓ(t) of constant finite rank for small t. The neighborhood may depend on the regulator. Its
cluster mean is analytic even if the individual ground levels split. Differentiating the contour at
zero gives

P ′
ℓ(0) = −RℓCℓ(f)Pℓ − PℓCℓ(f)Rℓ.

The products are well defined: Cℓ(f)Pℓ is bounded and finite rank, and the other term is its
appropriate adjoint composition. Since P ′

ℓ(t) is off diagonal relative to Pℓ(t) and Hℓ(t) commutes
with that projection, Tr(Hℓ(t)P ′

ℓ(t)) = 0. Consequently

e′′
ℓ (0) = − 2

dN
Tr
(
PℓCℓ(f)RℓCℓ(f)Pℓ

)
.

By (217) this is exactly −2M−1,ℓ(f). All traces in this calculation are on the unpurified space;
the tensor identities defining P̂ℓ, R̂ℓ identify them with the ground-density expectations.

The theorem concerns the mean of the continued rank-dN cluster, not a twice-differentiable
choice of the lowest split level. At each finite source the same response has the positive-time form

M−1,ℓ(f) =
∫ ∞

0

〈
Ψℓ(f), e−tLℓΨℓ(f)

〉
dt.

This follows directly from the spectral theorem on the fixed physical clock. The lower bound
neither supplies a continuum upper bound nor permits interchange of refinement with this
infinite-time integral. For example, spectral mass of order ℓ−1 at energy of order ℓ−1 has an
order-one inverse first moment while leaving every fixed finite energy window. The present
estimates do not decide its location.
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15.5 Source normalization and the spacetime comparison

The susceptibility above belongs to the affine coefficient protocol (241). If a source prescription
instead has the local expansion

Hℓ(t) = Hℓ + tCℓ(f) + 1
2 t

2Jℓ + o(t2)

on the same controlled domain, its cluster second derivative is ⟨Jℓ⟩N − 2M−1,ℓ(f). Thus a
quadratic identity counterterm changes that response by its scalar second derivative. Linear
centering leaves the reduced-resolvent fluctuation unchanged, but nonlinear source changes
require their own derivative comparison. These contact contributions cannot be discarded when
the full source is compared.

The equal-time obstruction does not exclude a renormalized four-dimensionally smeared invari-
ant composite. The local Yang–Mills construction provides a concrete precedent: its curvature
insertions use spacetime tests, source-owned graded mixing, and summable insertion estimates on
common word domains [32, Props. F.235 and F.245A, Thm. F.246, Lem. F.247]. Those estimates
belong to its actual gauge source. Applying that method to the mixed Higgs–matter source
requires the corresponding mixed insertions and bounds, rather than an identification of the two
states by their common gauge labels.

Once such actual source-word kernels are available, the invariant-composite reconstruction of
Section 22 and [4] provides the appropriate common operator and domain comparison. The present
theorems give a source-derived mass insertion, a quantitative equal-time test, and a nonvanishing
static response on the complete regulated family. Section 16 constructs its spacetime insertion,
and Theorem 21.11 gives the fixed-source recovery of its bounded calibrations. Identifying a
refining family with the original physical source additionally requires the corresponding mixed-
word and source-normalization comparison; it is not a relabeling of a finite-regulator scalar
pole.

16 Spacetime mass response and physical spectral weight

The regulated mass-coefficient derivative admits a physical spacetime insertion without assuming
a continuum limit of its correlations. Its natural energy estimate also separates two operations
that behave differently under refinement: conjugation by physical time evolution and damping
by a positive, but extensively shifted, Hamiltonian.

Write a = ℓ for the mesh and na for the number of vertices. The full dimensionless Hamiltonian,
its lowest physical eigenvalue and its ground-subtracted physical generator are denoted by Ha,
Ea and La = a−1(Ha − Ea). All the gauge, Higgs, CAR and Yukawa terms of Section 12 are
retained. Let Da, C

mom
a ,M4,a denote the coercivity and moment constants of the ground-state

construction, so that

Ha + naDa ≥ TG +
∑
x

p2
x + λa

2
∑
x

r2
x,

Ea + naDa ≤ naCmom
a , ωa(r2

x) ≤M4,a, rx = |qx|2. (258)

Here and below the full ground density is represented by Ωa in its purification when necessary;
each physical operator acts on the first factor. Put

Ca(f) = a
∑
x

f(ax)rx, Sa(f) = a3∑
x

|f(ax)|2, Ia(f) = a3∑
x

|f(ax)|. (259)

The insertion Ca(f) is not the moment constant Cmom
a .
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16.1 The common energy domain and physical time

Lemma 16.1 (Extensive coercive energy). For

Aa = a−1(Ha + naDa) = La + ea, ea = a−1(Ea + naDa),

one has
Aa ≥ maI, ma = 3(2λa)1/3na

a
≤ ea ≤ Cmom

a

na
a
. (260)

Moreover, on Va = DomA
1/2
a ,

∥∥∥Ca(f)A−1/2
a

∥∥∥ ≤ ka(f) :=
√

2Sa(f)
λa

. (261)

Proof. For one four-component scalar and w > 0, completing the square gives (λa/2)r2 ≥
w2r − w4/(2λa), whereas the sum of four oscillator quadratic forms gives p2 + w2r ≥ 4w. The
choice w = (2λa)1/3 gives p2 + (λa/2)r2 ≥ 3(2λa)1/3. This form inequality holds also for vector-
valued wavefunctions. Sum over vertices, use (258), and restrict to the reducing physical subspace.
The upper bound is the existing physical variational estimate.

Pointwise Cauchy–Schwarz gives |Ca(f)|2 ≤ a2(
∑
|f(ax)|2)

∑
r2
x. Since (λa/2)

∑
r2
x ≤ aAa in

form sense, ∥Ca(f)u∥2 ≤ ka(f)2
∥∥∥A1/2

a u
∥∥∥2

on Va. This proves the multiplication-domain inclusion
and the bounded extension in (261).

Theorem 16.2 (Actual spacetime insertion). For F ∈ C∞
c (R× R3) the expression

Ja(F )u =
∫
R
eitLaCa(Ft)e−itLau dt, Ft(x) = F (t, x), u ∈ Va, (262)

is a Hilbert-space Bochner integral and satisfies∥∥∥Ja(F )A−1/2
a

∥∥∥ ≤ √2/λa
∫
R

√
Sa(Ft) dt. (263)

It is symmetric and closable for real F . With ĥ(E) =
∫
h(t)eitE dt and Qa = I − Pa, where Pa is

the complete physical ground projection,

Ja(hf)Ωa = ĥ(La)Ca(f)Ωa, QaJa(hf)Ωa = ĥ(La)QaCa(f)Ωa. (264)

Proof. The group generated by La preserves Va and its A1/2
a norm, because Aa = La+ ea. Strong

continuity in that norm and the finite smooth coefficient sampling imply Hilbert-norm continuity
of the integrand. Its compact time support and (261) prove the Bochner assertion and bound. For
real tests each conjugated multiplier has symmetric matrix elements on Va; the integrable bound
allows integration of that identity. A symmetric densely defined operator is closable. Finally
e−itLaΩa = Ωa and the spectral theorem give (264). The same argument extends separated tests
to h ∈ L1(R).

For F s(t, x) = F (t−s, x), physical time translates Ja(F ) to Ja(F s). The fundamental theorem
of calculus yields ∥∥∥(Ja(F s)− Ja(F ))A−1/2

a

∥∥∥ ≤ |s|√2/λa
∫ √

Sa(∂tFt) dt.

Thus the derivative is −Ja(∂tF ) in the indicated relative operator norm. These bounds are
uniform on a controlled refining branch for fixed tests. They are not bounds on the vacuum-
relative domain of La+1:

∥∥∥A1/2
a Ωa

∥∥∥2
= ea is extensive. Neither self-adjointness of every spacetime

composite nor an invariant domain for arbitrary unbounded words has been used.
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16.2 A sharp test of global energy damping

Proposition 16.3 (Norm collapse above the half-power). For s ≥ 0, α > 1/2 and t > 0,∥∥Ca(f)(Aa + s)−α∥∥ ≤ ka(f)m1/2−α
a , (265)∥∥∥Ca(f)e−tAa

∥∥∥ ≤ ka(f)(et)−1/2e−mat/2. (266)

On branches with λa bounded below and ka(f) bounded, both expressions tend to zero. The same
holds for adjoints and for every fixed word containing one such factor and otherwise uniformly
bounded physical factors.

Proof. Factor out Ca(f)A−1/2
a . For x ≥ ma,

√
x/(x + s)α ≤ m

1/2−α
a , while

√
xe−tx ≤

(et)−1/2e−mat/2 follows by maximizing
√
xe−tx/2. Functional calculus and the product norm

bound prove all statements.

For bounded measurable g on positive time the operator-norm integral Ta(g, f) =∫∞
0 g(t)Ca(f)e−tAa dt exists. Writing G(x) =

∫∞
0 g(t)e−tx dt gives |G(x)| ≤ ∥g∥∞ /x and

therefore
∥Ta(g, f)∥ ≤ ka(f) ∥g∥∞m−1/2

a . (267)

For time-dependent spatial tests the corresponding bound is
√

2/λa supt
√
Sa(Ft)

√
2π/(ema).

It follows by integrating (266); its t−1/2 singularity is integrable. Norm continuity away from
zero follows from the same bounded factorization. For k insertions separated by independently
integrated positive heat times, bounded time weight G, and bounded physical siblings D0, . . . , Dk,
the identical argument gives
∥∥∥∥∫ G(t)D0Ca(f1)e−t1Aa · · ·Dk−1Ca(fk)e−tkAaDk dt

∥∥∥∥ ≤ ∥G∥∞ k∏
j=0
∥Dj∥

k∏
i=1

ka(fi)
( 2π

ema

)k/2
.

(268)
All such insertion slots are zero in the norm-asymptotic algebra.

Proposition 16.4 (The half-power threshold and the ground state). For nonnegative f , the
bounded operator Ba = Ca(f)A−1/2

a satisfies√
Sa(f)/λa ≤ ∥Ba∥ ≤

√
2Sa(f)/λa. (269)

Nevertheless, writing va = a3na and ga = 3(2λa)1/3,

∥BaΩa∥2 , ∥B∗
aΩa∥2 ≤

M4,a
ga

Ia(f)2

va
. (270)

Proof. For the lower norm bound, use physical link-constant, Fock-vacuum test vectors that are
separately radial in the scalars. At sampled sites with f(ax) > 0 concentrate a fixed-width radial
annulus at radius R

√
f(ax). Keep fixed radial vectors elsewhere. As R→∞, the leading squared

insertion norm is a2R4(
∑
f(ax)2)2 and the leading Aa form is a−1λaR

4∑ f(ax)2. Kinetic annular
costs, quadratic and edge terms are lower order. The hopping and Yukawa expectations vanish
on these test vectors, without removing them as operators. The variational ratio proves the lower
bound.

The actual ground moments instead give ∥Ca(f)Ωa∥ ≤
√
M4,aa

−2Ia(f). Since AaΩa = eaΩa

and Aa ≥ eaI, both norms in (270) are at most e−1/2
a ∥Ca(f)Ωa∥. Use ea ≥ gana/a and

square.
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The preparations vanish as physical volume exhausts space on the controlled branch. This
is not a statement that BaDaΩa vanishes for every bounded sibling Da. Nor does the estimate
prove vanishing when physical volume is fixed. The distinction between source-vector and
operator-norm limits is essential here.

Finally e−tLa = eteae−tAa . Vacuum-normalized Euclidean transfer therefore removes precisely
the extensive damping used above. A real-time scalar energy shift cancels in conjugation, but
does not cancel in an unnormalized heat insertion. The source-owned local flow and mixing in
the Yang–Mills construction [32, 17] cannot be replaced by this global heat multiplier.

16.3 Dynamic susceptibility and the contact contribution

Let Ψa = QaCa(f)Ωa and νa(B) = ∥1B(La)Ψa∥2. The mass-insertion domain theorem gives a
finite measure with third moment. The full ground eigenspace is removed; the remaining finite
source gap need not be uniform. With Mj =

∫
Ej dνa(E), the established constants obey

M1 ≥
4
C
a−2Sa(f), M3 ≤ 8Ka−4Sa(f), M1 ≤ 4

√
M4a

−2Sa(f). (271)

We use positive susceptibility, the negative of the linear response to adding +j(t)Ca(f) to the
Hamiltonian. Define

ga(z) = 2
∫

E

E2 + z
dνa(E), z ∈ C \ (−∞, 0]. (272)

It is holomorphic by compact-uniform domination. For s > 0 it is the Laplace transform, at s,
of 21t>0

∫
sin(Et) dνa(E), evaluated as ga(s2). Also ga(0) = 2M−1 at a finite regulator, and, for

Im z ̸= 0,
− Im ga(z)

Im z
= 2

∫
E

|E2 + z|2
dνa(E) ≥ 0.

Theorem 16.5 (Positive imaginary-frequency response). For z ≥ 0 and Sa(f) > 0,

ga(z) ≥
2M2

1
M3 + zM1

≥ 4Sa(f)
C2K + (C/2)za2 . (273)

If all sampled weights vanish, ga(z) = 0 instead and the first fraction is not used. Consequently,
on a branch with C ≤ C and K ≤ K, every fixed z ≥ 0 satisfies lim infa ga(z) ≥ 4 ∥f∥22 /(C

2
K).

Proof. Cauchy–Schwarz applied to E =
√
E/(E2 + z)

√
E(E2 + z) gives the first inequality. For

fixed d > 0, z ≥ 0, the function x2/(d+ zx) increases for x > 0. Substitute the lower M1 and
upper M3 bounds in (271). Zero sampled weights give the trivial case. The Riemann sums give
the final assertion.

The Euclidean kernel ka(t) =
∫
e−E|t| dνa(E) has, for a Schwartz test h, the ordinary positive

quadratic pairing ∫
h(t)ka(t− u)h(u) dt du = 1

2π

∫
|ĥ(s)|2ga(s2) ds. (274)

The finite-source gap and finite measure justify this Fourier identity. Fatou’s lemma gives the
positive lower limit 4 ∥h∥22 ∥f∥

2
2 /(C

2
K). For positive-time tests the reflected pairing is different:∫ ∞

0

∫ ∞

0
h(t)ka(t+ u)h(u) dt du =

∥∥∥∥∫ ∞

0
h(t)e−tLaΨa dt

∥∥∥∥2
. (275)

It is the latter expression that is a reflected physical source norm. For example, νa = a−1δa−1

gives ga(z) = 2/(1 + a2z) and ka → 2δ0 in tempered distributions. The ordinary pairing tends
to 2 ∥h∥22, but the reflected norm vanishes when the time support stays a fixed distance from
zero. Every fixed Schwartz real-time preparation and every fixed finite positive-energy band also
vanishes. This example refutes that spectral inference; it is not an identification of the actual
interacting source limit.
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16.4 A response test that controls both spectral tails

Fix 0 < z1 < z2 < z3 independently of the regulator and put

Ba = 1
z3 − z1

{
z2ga(z2)− z1ga(z1)

z2 − z1
− z3ga(z3)− z2ga(z2)

z3 − z2

}
. (276)

Two divided differences of z/(E2 + z) give the exact positive representation

Ba = 2
∫

E3 dνa(E)
(E2 + z1)(E2 + z2)(E2 + z3) ≥ 0. (277)

It is also the squared norm of the actual bounded spectral filter
√

2L3/2
a
∏
j(L2

a + zj)−1/2Ψa.
Adding c+ b/z to ga leaves it unchanged, even for regulator-dependent b, c. Arbitrary higher
derivative-contact polynomials are not canceled by this test.

Theorem 16.6 (Quantitative finite physical band). If the actual source values on a refining tail
satisfy ga(z2) ≤M <∞ and Ba ≥ η > 0, choose fixed 0 < δ < R with

δ2 ≤ ηz1z3
4M , R2 ≥ 4M

η
, rmax = (

√
z1 +

√
z3)−2.

Then
νa([δ,R]) ≥

√
z2η

2rmax
> 0. (278)

Proof. Put dµa = 2E(E2 + z2)−1dνa and r(E) = E2/((E2 + z1)(E2 + z3)). Its maximum is rmax,
as differentiation with respect to E2 shows. The mass of µa is at most M , and Ba =

∫
r dµa.

Below δ, r ≤ δ2/(z1z3); above R, r ≤ R−2. Each tail contributes at most η/4. The middle
therefore has µa mass at least η/(2rmax). Since 2E/(E2+z2) ≤ 1/√z2, the conclusion follows.

A fixed smooth spectral cutoff equal to one on [δ,R] and supported in (δ/2, 2R) then gives
uniformly bounded, nonvanishing source vectors. The upper bound follows from the positive
minimum of 2E/(E2 + z2) on that larger compact band; its inverse Fourier test is Schwartz.
Mixed Gram entries with bounded sibling preparations are controlled by Cauchy–Schwarz and
can enter the common cluster kernel simultaneously. This does not bound an unbounded insertion
after every sibling word. The hypotheses ga(z2) ≤ M and Ba ≥ η are not supplied by (273):
the contact example has Ba = 2a2/

∏
j(1 + a2zj)→ 0. Thus the criterion identifies a stronger

spectral estimate for continuation and particle identification along this native refinement. It does
not condition the independently constructed physical channels of Theorem 11.5.

17 Bounded Higgs observations with exact mass-source recovery

The failure of global energy damping motivates a different construction: regularize the observation
locally while retaining the full quantum Hamiltonian, physical time and state. Fix two auxiliary
coefficients κF , λF > 0, independent of mesh, volume and the desired response. At each
configuration of the original source let

dΦx

dτ
= κF
a2

∑
y∼x

(ρH(Uxy)Φy − Φx)− λF |Φx|2Φx, Φx(0) = a−1qx. (279)

Here Uxy transports the Higgs fibre at y to that at x; the reverse link is its inverse. Links
are held fixed during the auxiliary flow, but remain quantum configuration variables of the
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resulting multiplication operators. The parameter τ is not physical time. In real four-component
coordinates this is the negative gradient of

VF (Φ;U) = κF
2a2

∑
{x,y}

|Φx − ρH(Uxy)Φy|2 + λF
4
∑
x

|Φx|4, (280)

where each unoriented edge is counted once. It is not the gradient of the full quantum Hamiltonian.
Its omission of the bare quadratic and Yukawa terms from this declared observation flow does
not remove them from the state or from physical evolution.

17.1 Uniform amplitude and the physical observation algebra

Theorem 17.1 (Covariant forward flow). Every finite initial configuration has a unique solution
for all τ ≥ 0. On finite-time local coordinate charts the solution depends smoothly on the initial
scalars and links. It is gauge covariant and obeys, for τ > 0,

max
x
|Φx(τ)|2 ≤ R0

1 + 2λF τR0
≤ 1

2λF τ
, R0 = max

x
|a−1qx|2. (281)

For two solutions with the same links, both the Euclidean site norm and the maximum site norm
of their difference are nonincreasing.

Proof. The finite polynomial vector field gives local existence and uniqueness. Unitarity of the
links implies, for rx = |Φx|2,

r′
x ≤

κF
a2

∑
y∼x

(ry − rx)− 2λF r2
x.

The upper right derivative of the finite maximum therefore satisfies D+R ≤ −2λFR2. Scalar
comparison gives (281), including the identically zero solution. There is no finite-time blowup,
so continuation is global. The right side of (279) transforms covariantly under every local
gauge transformation; uniqueness gives the asserted covariance. Variational ODEs on a bounded
neighborhood of any fixed trajectory give the stated smooth dependence.

For the difference of two solutions use Re(u− v)†(|u|2u− |v|2v) ≥ 0. Summing the covariant
edge Dirichlet identity proves Euclidean contraction. Applying the maximum argument to the
squared pointwise difference proves maximum-norm contraction. These comparisons keep the
links fixed.

Define the actual invariant multiplication operators

Ba,τ,x = |Φx(τ)|2, Za,τ,xy = Φx(τ)†ρH(Uxy)Φy(τ). (282)

Their norms are at most (2λF τ)−1. The scalar is nonnegative and self-adjoint, and the real
and imaginary parts of the edge observation are invariant. They preserve the original physical
space and parity. The elementary Φx is gauge covariant, not a physical charged operator on the
Gauss-invariant space. For real compact smooth f put

Ba,τ (f) = a3∑
x

f(ax)Ba,τ,x, ∥Ba,τ (f)∥ ≤ Ia(f)
2λF τ

. (283)

Fixed-orientation nondifferentiated edge sums have the analogous bound. The source evaluating
their words still includes every gauge, Higgs, CAR and Yukawa interaction.
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Theorem 17.2 (Exact physical norm). For f ≥ 0,

∥Ba,τ (f)∥phys = Ia(f)
2λF τ

. (284)

For nonzero f the sequence therefore has a nonzero class in the norm-asymptotic algebra at every
fixed positive flow time.

Proof. At trivial links and constant initial data Φx(0) = Rv, |v| = 1, the edge term vanishes
and Φx(τ) = Rv/

√
1 + 2λF τR2. Its observation tends to the upper bound in (283) as R→∞.

For any finite large R, smooth dependence gives an open set of configurations with values
arbitrarily close to this one. Thus a single measure-zero link configuration is not being used as
an essential-supremum witness.

The near-maximum level set is gauge invariant. A nonzero smooth function of the observation
supported in it, multiplied by a sufficiently large invariant compact radial scalar cutoff and the
invariant Fock vacuum, is a physical square-integrable test vector. Its normalized expectation
approaches the bound. This proves the physical norm equality. The Riemann sum for Ia(f) then
gives the nonzero asymptotic norm. These norm-testing vectors do not replace the actual ground
state.

Theorem 17.3 (Excitation of the full finite ground density). For real sampled f ̸≡ 0 and τ > 0,

QaBa,τ (f)Pa ̸= 0. (285)

This holds without a simple ground eigenvalue or a positive ground wavefunction.

Proof. At fixed links the map from initial scalar coordinates to finite-time flow coordinates is
a local smooth diffeomorphism. Its variational Jacobian solves a linear ODE with invertible
initial value, so its determinant is nonzero at every finite initial point and time. In the output
coordinates the observation is the nonconstant real quadratic polynomial a3∑ f(ax)|yx|2. Every
level set has Lebesgue measure zero: fix all but one real component with nonzero squared
coefficient; the level equation has at most two solutions in that component. Fubini applies.
Inverse local diffeomorphisms preserve null sets on smaller coordinate neighborhoods, and a
countable cover gives the result on the entire initial-coordinate space. Fubini over links now
shows that the multiplication operator has no ambient nonzero L2 eigenvector.

If QaBa,τ (f)Pa = 0, its bounded self-adjoint restriction to the nonzero finite-dimensional
ground space has an eigenvector. That contradicts the multiplication result. The complete
ground density consequently has a nonzero excited source vector.

The compact resolvent gives positive spectral weight at a positive energy at each finite regulator.
This neither fixes that energy nor gives a uniform lower bound as the regulator changes. No
kinetic sum rule was used: the flowed observation depends on quantum links, whose electric
derivatives cannot be discarded in such a calculation.

17.2 Common physical time and bounded mixed words

For h ∈ L1(R) define
Aa,τ (h, f) =

∫
R
h(t)eitLaBa,τ (f)e−itLa dt. (286)

This is a strong operator integral, defined by Bochner integration after application to a Hilbert
vector. It need not be an operator-norm Bochner integral. The bounded strongly continuous
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orbits give

∥Aa,τ (h, f)∥ ≤ ∥h∥1
Ia(f)
2λF τ

,

∥αas(Aa,τ )−Aa,τ∥ ≤ ∥h(· − s)− h∥1
Ia(f)
2λF τ

. (287)

The second inequality follows by a change of variable in the strong integral. Thus these sequences
belong to the existing uniformly physical-time-continuous algebra. On the stationary purification,

Aa,τ (h, f)Ωa = ĥ(La)Ba,τ (f)Ωa. (288)

Every fixed word of such labels, their adjoints and uniformly bounded physical siblings is bounded
by the product of these constants and the sibling norms. The common cluster-state construction
therefore retains their joint positivity, gauge and parity identities and positive-energy physical
dynamics. Charged CAR generators are not silently compressed into this physical algebra; only
its actual admitted invariant CAR words are used here.

A fixed test independent of the mesh preserves the finite excitation whenever the sampled
spatial test is not identically zero. For σ > 0 take

hσ(t) = (4πσ)−1/2e−t2/(4σ), ĥσ(E) = e−σE2
.

The spectral multiplier is injective, so

QaAa,τ (hσ, f)Ωa = e−σL2
aQaBa,τ (f)Ωa ̸= 0. (289)

Its inverse is unbounded on the full spectrum. A common fixed test with nonzero finite responses
is therefore not, by itself, a positive lower bound in a fixed physical band or a nonzero limiting
ground representation.

17.3 Recovery of the original mass insertion

Theorem 17.4 (Zero-flow source comparison at fixed regulator). For each fixed finite source,
real f , and u ∈ Va,

Ba,τ (f)u −→ Ca(f)u (τ ↓ 0). (290)

For h ∈ L1(R) the same vectors satisfy

Aa,τ (h, f)u −→ Ja(hf)u. (291)

Proof. Pointwise continuity at zero gives Φx(τ)→ a−1qx. The powers in the sampled observation
give exactly a3a−2∑ f(ax)rx = Ca(f). For all τ ≥ 0, the initial maximum bound implies

|Ba,τ (f)| ≤ a
(∑

x

|f(ax)|
)∑

y

ry.

The square of this dominating multiplier is integrable against |u|2: (
∑
ry)2 ≤ na

∑
r2
y and u ∈ Va.

Dominated convergence proves (290). The same inequality and the coercive form give a bound
from Va to the Hilbert space independent of τ at this fixed regulator. Apply the convergence to
e−itLau, use invariance of the Aa form norm, and dominate by that bound times |h(t)|. Bochner
dominated convergence proves (291).

These are strong limits on each form-domain vector, not relative operator-norm limits. They do
not interchange zero flow and refinement, or control every product of unbounded insertions. The
nearest-neighbor generator does not imply compact positive-flow support or relativistic locality.
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The quantitative spatial approximation is proved in Theorems 18.2 and 18.4 and Corollary 18.5.
The engineering current Φ†DiΦ has an additional inverse mesh factor, so its uniform norm does
not follow from the amplitude cap. The flow supplies bounded scalar and nondifferentiated link
observations; source-owned mixing and normalization must still compare them with the mass
and current operators in a common refining quantum source.

18 Spatial localization of the bounded Higgs source

Positive auxiliary flow produces bounded observations on the full interacting regulated source.
We prove that these observations admit regulator-uniform approximation by physical cylinder
operators in finite spatial boxes. The comparison holds in operator norm, and therefore inside
every fixed bounded mixed word. It concerns the spatial dependence of an observation, not the
propagation speed of the quantum dynamics.

Throughout this section write κ = κF and λ = λF for the fixed positive auxiliary coefficients
in (279). They are distinct from the quantum scalar-potential coefficients. Every quantum
interaction, the physical generator La, and the state evaluating these observations remain
unchanged. For brevity put Uxy = ρH(Uxy), with transport from y to x.

18.1 A local observation and nonlinear boundary control

Choose a rectangular vertex box Λ within a non-wrapping coordinate patch of the periodic cubic
graph. Write its vertices as x = (j1, j2, j3), 1 ≤ ji ≤ ni, with ni ≥ 3. Retain the actual initial
scalars and internal links, and define the Dirichlet observation flow

dΨx

dτ
= κ

a2

∑
y∼x
y∈Λ

UxyΨy − 6Ψx

− λ|Ψx|2Ψx, Ψx(0) = a−1qx. (292)

Every missing neighbor has value zero. This is the gradient flow of the positive internal edge
and quartic functional, with the additional term κ|Ψx|2/(2a2) for each edge leaving the box. It
uses only the scalar coordinates in Λ and its internal quantum links. It does not specify another
Hamiltonian or another state.

The zero boundary values are gauge covariant. Uniqueness and the maximum argument of
Theorem 17.1 give the same covariance and amplitude cap for this finite flow as for the full flow
Φ:

|Φx(τ)|, |Ψx(τ)| ≤ (2λτ)−1/2, τ > 0. (293)
Consequently |Ψx|2 and Ψ†

xUxyΨy on internal edges are bounded gauge-invariant cylinder multi-
plication operators on the original physical Hilbert space.

Lemma 18.1 (Cubic difference absorption). For real vectors, or complex vectors with their real
inner product,

Re
[
(u− v)†(|u|2u− |v|2v)

]
≥ 1

4 |u− v|
4. (294)

Proof. Set m = (u+v)/2 and d = u−v. Expansion of the left side gives |m|2|d|2 +2(Re(m†d))2 +
|d|4/4. The first two terms are nonnegative.

Write ∆vx =
∑
y∼x(vy − vx) for the scalar graph Laplacian. For x ∈ Λ put wx(τ) =

|Φx(τ)−Ψx(τ)|. At a missing neighbor use wy = |Φy| only as boundary data. Norm differentiation,
unitarity and (294) give

D+wx ≤
κ

a2

∑
y∼x

(wy − wx)− λ

4w
3
x, wx(0) = 0. (295)
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At zero difference this is the upper directional derivative of the norm; it also follows by regularizing
the norm and passing to the limit. No evolution equation for the exterior boundary notation is
needed.

Write
c0 =

√
2/λ, C0 =

√
24κ/λ.

The two amplitude caps give w ≤ c0/
√
τ , including the boundary data. Dropping the nonpositive

diagonal and cubic terms in (295), and integrating the six positive neighbor terms from zero,
gives

wx(τ) ≤ min
{
c0√
τ
,
12κc0

√
τ

a2

}
≤ C0

a
. (296)

The two expressions intersect at τ = a2/(12κ). Their minimum is nowhere larger than that
intersection value. The singular boundary majorant is integrable at zero; in particular, no upper
bound on the initial exterior scalar amplitude has been assumed.

Define the six integer face depths di,−(x) = ji and di,+(x) = ni + 1− ji. The notation
∑
F

below sums over these six faces.

Theorem 18.2 (Uniform nonlinear spatial comparison). For every actual configuration, every
enclosing finite regulator and every τ > 0,

|Φx(τ)−Ψx(τ)| ≤ bx := C0
a

∑
F

1
dF (x) , x ∈ Λ. (297)

If all six physical face depths satisfy adF (x) ≥ R > 0, then

|Φx(τ)−Ψx(τ)| ≤ 6C0
R

. (298)

Proof. On the first vertex layer at least one depth is one, so (296) gives wx ≤ C0/a ≤ bx. At
every remaining vertex all depths are at least two. The exact one-dimensional second difference
obeys

1
d− 1 + 1

d+ 1 −
2
d

= 2
d(d2 − 1) ≤

8
3d3 .

Each face term varies along only its own coordinate. Therefore

κ

a2 ∆bx ≤
8κC0
3a3

∑
F

dF (x)−3,
λ

4 b
3
x ≥

λC3
0

4a3

∑
F

dF (x)−3.

Since λC2
0/4 = 6κ ≥ 8κ/3, b is a stationary supersolution of (295). It dominates the zero initial

difference and the first-layer boundary values for all times. The finite cooperative comparison
principle proves (297); equivalently, apply the first-positive-maximum argument to w − b. If no
remaining interior vertices exist, the first-layer estimate already proves the result. Summing six
inverse physical depths gives (298).

The estimate is uniform in every scalar amplitude and every quantum link configuration. The
nonlinear first-layer estimate is essential: directly applying a heat kernel to arbitrary unbounded
exterior initial data would not give this conclusion.

18.2 Physical operator norms and simultaneous words

Let f be a real spatial test whose supported vertices have physical buffer R in Λ. With Ia(f)
from (259), define

BΛ
a,τ (f) = a3∑

x

f(ax)|Ψx(τ)|2.
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Both the full and local observations have norm at most Ia(f)/(2λτ). Their pointwise difference
is bounded by the field difference times the sum of the two amplitude caps. Thus∥∥∥Ba,τ (f)−BΛ

a,τ (f)
∥∥∥ ≤ ετ,R(f) := 24

√
3κ

λ
√
τ R

Ia(f). (299)

This bound holds already on the kinematical Hilbert space and hence after restriction to the
original Gauss space. For the scalar observation it may be replaced by its minimum with
Ia(f)/(2λτ), because both squared amplitudes lie pointwise in the interval [0, (2λτ)−1].

For an internal edge, ∣∣Φ†
xUxyΦy −Ψ†

xUxyΨy

∣∣ ≤ (2λτ)−1/2(wx + wy).

Consequently a nondifferentiated edge smearing satisfies (299) with its edge-test absolute-weight
sum, provided both endpoints of every tested edge have buffer R. These are uniform configuration
bounds on actual quantum operators. No ground-state factorization or classical probability
model has been inserted.

Proposition 18.3 (Replacement in every fixed bounded context). Let F1, . . . , Fm be fixed-flow
scalar or edge observations, and FΛ

i their local versions. Suppose both versions have norm at most
Mi and

∥∥∥Fi − FΛ
i

∥∥∥ ≤ εi. For retained bounded physical siblings D0, . . . , Dm, with ∥Dj∥ ≤ dj,∥∥∥D0F1D1 · · ·FmDm −D0F
Λ
1 D1 · · ·FΛ

mDm

∥∥∥
≤

 m∏
j=0

dj

 m∑
i=1

εi
∏
k ̸=i

Mk. (300)

Proof. Telescope one changed slot at a time. Each term contains one difference and otherwise
original or local factors with the same individual norm bounds. Submultiplicativity gives
(300).

The bound applies to matrix elements, preparations after any fixed bounded source word,
and expectations in the full actual ground or Gibbs density. Taking physical buffers Rj = 2jR0
at fixed positive flow time makes the spatial replacement errors summable. Successive local
approximants differ by at most the sum of their errors relative to the same full observation. On
exhausting physical boxes, these families therefore lie in the spatial quasilocal C∗-completion and
its norm-asymptotic image. No unidentified comparison of unbounded operators across meshes is
needed for this assertion.

If a bounded physical operator D has kinematical coordinate support disjoint from the local
box, including its internal links, then it commutes with the local multiplier. Hence

∥[Ba,τ (f), D]∥ ≤ 2 ∥D∥ ετ,R(f). (301)

The commuting coordinate actions are restricted to the physical space; a tensor factorization of
that space is not assumed.

For h ∈ L1(R), use the actual physical dynamics in (286) to define the corresponding full and
local time-smeared observations. Unitarity and their strong operator integrals give∥∥∥Aa,τ (h, f)−AΛ

a,τ (h, f)
∥∥∥ ≤ ∥h∥1 ετ,R(f). (302)

The difference has a time-translation bound with ∥h(· − s)− h∥1 in place of ∥h∥1. Proposition 18.3
applies with these additional L1 factors. A physically time-evolved cylinder need not remain a
cylinder: this transports a spatial observation replacement by the common dynamics, not by a
presumed finite-speed or spacelike-commutativity law.
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18.3 A sharper short-flow bound

The nonlinear barrier supplies uniformly bounded data on an inner spatial boundary. A scalar
heat comparison then gives an exponential improvement without reference to unbounded exterior
amplitudes.

Theorem 18.4 (Exit-probability localization). Suppose adF (x) ≥ R for all six faces and a ≤ R/4.
Set m = ⌊R/(2a)⌋ and r = ma, so R/4 ≤ r ≤ R/2. Let T be the first exit time from the inner
cube |yi − xi| < m of the scalar nearest-neighbor walk whose six oriented jump rates are each
κ/a2. Then

wx(τ) ≤ 12C0
R

Pr
x

(T ≤ τ)

≤ 12C0
R

min
{

1, 6 exp
(
− R2

64κτ + 8aR

)}
. (303)

Proof. Every boundary vertex of the inner cube has original physical face depths at least
R− r ≥ R/2. Theorem 18.2 therefore bounds w there by 12C0/R for all times. Inside, its initial
value is zero. Drop only the nonpositive cubic term in (295). The function (12C0/R) Pry(T ≤ τ)
solves the resulting finite heat equation with zero interior initial data and constant boundary
value 12C0/R. Parabolic comparison proves the first inequality. The random walk represents
this scalar comparison equation; it is not a change of quantum measure.

Until exit, the walk lifts to the ordinary unrestricted cubic walk. Each physical coordinate Xi

has exponential martingale

exp
{
θXi(t)−

2κ
a2
(
cosh(aθ)− 1

)
t

}
.

The nonnegative-martingale maximal inequality, or stopping at the positive level r or time τ ,
gives

Pr
(

sup
t≤τ

Xi(t) ≥ r
)
≤ exp

{
−θr + 2κτ

a2
(
cosh(aθ)− 1

)}
.

For 0 ≤ u < 1, the power series gives cosh u− 1 ≤ u2/[2(1− u)]. Choose θ = r/(2κτ + ar), for
which aθ < 1. The exponent is at most −r2/(4κτ + 2ar). The negative excursion has the same
bound; union over three coordinates and two signs yields

Pr
x

(T ≤ τ) ≤ min{1, 6e−r2/(4κτ+2ar)}.

The stopped exponential is integrable at this bounded stopping time; its level-crossing overshoot
is bounded by one lattice step. Finally r2/(4κτ + 2ar) increases with r. Substitution of r ≥ R/4
gives R2/(64κτ + 8aR) and proves the result.

Multiplying (303) by the two amplitude caps proves the sharper physical operator estimate∥∥∥Ba,τ (f)−BΛ
a,τ (f)

∥∥∥ ≤ εexp
a,τ,R(f),

εexp
a,τ,R(f) := 48

√
3κ

λ
√
τ R

Ia(f) min
{

1, 6e−R2/(64κτ+8aR)
}
. (304)

The same bound holds for the edge composites when both endpoints have buffer R. It may be
combined by taking the minimum with the earlier algebraic and appropriate amplitude bounds.
The bounded-word and physical-time estimates apply with this sharper error.
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Corollary 18.5 (Summable localization along a joint refinement). Fix R > 0, τ0 > 0 and c∗ > 0.
Let τj = τ0 4−j and choose refining meshes satisfying aj ≤ c∗

√
τj. For fixed compact tests and

eventually enclosing physical boxes, the spatial replacement errors in (304) are summable in j.
The same is true for every fixed finite word of such shrinking-flow observations with uniformly
bounded siblings, and for its fixed L1 physical-time smearings.

Proof. Eventually aj ≤ R/4, and

64κτj + 8ajR ≤ (64κ
√
τ0 + 8c∗R)√τj .

The compact-test Riemann sums are bounded. Thus the error is at most a constant times
τ

−1/2
j exp(−b/√τj), where

b = R2

64κ√τ0 + 8c∗R
> 0.

In terms of j this is a constant times 2j exp(−b′2j) and is summable. In a fixed word of length m,
one changed slot contributes this error; each of the remaining at most m− 1 shrinking-flow slots
contributes only a factor bounded by a constant times τ−1

j . Every resulting fixed polynomial in
τ−1
j times the same exponential is summable. Apply Proposition 18.3 and (302).

These are sums of norm differences between two observation prescriptions on each same
regulated Hilbert space. They do not assert a common operator space across different meshes, or
that either raw word has a bounded or Cauchy limit. The stated mesh–flow relation is retained;
no arbitrary-rate joint limit is claimed.

18.4 Sensitivity to initial scalars and quantum links

Let paτ (x, y) be the scalar heat kernel generated by (κ/a2)∆ on the full periodic graph. Same-link
norm comparison, using monotonicity of the reaction, gives

|Φx(τ ; q)− Φx(τ ; q′)| ≤ a−1∑
y

paτ (x, y)|qy − q′
y|,

|Dqy Φx(τ)[v]| ≤ a−1paτ (x, y)|v|. (305)

Indeed the norm difference is a subsolution of the scalar heat equation with initial data a−1|q−q′|;
the finite comparison principle proves the first inequality, and differentiation proves the second.
The engineering factor a−1 is essential. The nonlinear boundary argument above does not discard
it; it avoids requiring a bound on those initial data.

For an actual smooth link variation at fixed initial scalars, write σe = ∥δUe∥. The inverse-
oriented derivative has the same norm. In real four-component coordinates, differentiation of the
flow gives a linear equation with nonnegative reaction matrix λ(|Φx|2I + 2ΦxΦT

x ) and endpoint
forcing (κ/a2)δUxyΦy. Scalar norm comparison and Duhamel therefore give

|δΦx(τ)| ≤ κ

a2

∑
e=(u,v)

σe

∫ τ

0

paτ−s(x, u) + paτ−s(x, v)√
2λs

ds. (306)

The sum is over the varied unoriented links. Each endpoint forcing is bounded by its link
derivative times the amplitude cap; the positive reaction can be dropped in the scalar comparison.
The endpoint singularity s−1/2 is integrable. This proves (306) without omitting the quantum-link
dependence of the observation.
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If every link variation has norm at most σ, the degree-six bound and the same integral imply

∥δΦ(τ)∥max ≤
12κσ
a2

√
τ

2λ,

max
x

∣∣δ(|Φx(τ)|2
)∣∣ ≤ 12κσ

λa2 . (307)

These derivative bounds retain inverse-mesh powers. Regulator-uniform localization in the
bounded-observation norm is not a uniform electric-energy, derivative-current or insertion-activity
bound. The estimates do not exclude a stronger reaction or connection argument.

18.5 Spatial replacement and scale renormalization

Spatial localization at a given flow time must be distinguished from changing that flow time.
The latter difference already has a sharp obstruction in the raw operator norm.

Proposition 18.6 (Raw dyadic scale separation). For nonnegative f with Ia(f) > 0 at a fixed
finite source, ∥∥∥Ba,τ/4(f)−Ba,τ (f)

∥∥∥
phys
≥ 3Ia(f)

2λτ ,∥∥∥Ba,τ/4(f)−Ba,τ (f)− zI
∥∥∥

phys
≥ 3Ia(f)

4λτ , z ∈ C. (308)

Proof. At trivial links and constant initial field Φx(0) = Rv, |v| = 1, the exact solution is
Rv/
√

1 + 2λτR2. The smeared dyadic difference tends as R→∞ to

Ia(f)
( 2
λτ
− 1

2λτ

)
= 3Ia(f)

2λτ .

At zero initial scalars the difference is zero. Smooth dependence at every finite R gives open near-
level neighborhoods approaching both endpoints. As in Theorem 17.2, invariant radial cutoffs
and the invariant Fock vacuum produce nonzero physical square-integrable vectors supported
there. Thus these are physical essential-spectrum norm witnesses, not isolated null-measure
configurations. The first inequality follows. For any complex z, at least one of its distances from
the two endpoints is half their separation or larger, giving the second inequality.

This is a statement about the actual operator norm, not the ground-source spectral distribution.
In particular, Corollary 18.5 makes fixed-buffer spatial truncation errors summable while (308)
still separates successive raw flow scales. A source-owned renormalization can seek Hilbert and
graph norms instead; the norm lower bound does not exclude that construction.

The distinction matches the load-bearing Yang–Mills insertion method. Its finite engineering-
dimension blocks, reference Gram normalization, canonical one-shell transport and summable
renormalized remainder precede the common field-domain conclusion [32, Appendix F, Defini-
tion F.242, Theorem F.246 and Lemma F.247]. Its bounded-factor estimate further uses the
matching-scale insertion activity and the same finite-cap source, rather than boundedness alone
[32, Appendix F, Proposition F.245A]. The present result supplies actual local bounded-flow
observations and their bounded-context spatial replacement on the full mixed quantum source. It
does not supply that source’s graded scale-mixing matrices, electric-derivative activity estimates
or zero-flow graph bounds along refinement. The fixed-source graph and insertion calibrations of
Section 21 have a different domain and do not replace these cross-mesh estimates.

Nor is positive auxiliary flow itself a proof of reflection positivity or causal spacetime locality.
The primary Yang–Mills construction explicitly distinguishes its flowed probes from the sharp
OS-positive base [32, Appendix F, pp. 225–226]. Here the comparison walk governs auxiliary
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spatial flow, whereas physical time remains generated by the unchanged La. Renormalized
common mass/current insertions, nonzero continuum ground response and physical particle
identity remain distinct from the spatial comparison just proved.

19 Physical-frequency bounds and scale calibration

A positive imaginary-frequency response need not retain spectral weight in a fixed physical energy
interval. For the native family we obtain upper bounds for two actual response protocols and
identify the spectral scaling that a physical channel would require. The first bound is pointwise
in the retained source and applies to the positive-flow Higgs composite. The second applies to
the literal mass insertion after integration over a specified coefficient interval. Neither changes
the physical clock or selects a critical bare trajectory. We use the engineering spacing ℓ, equal to
the mesh an in Section 13, and distinct from the homogeneous gravitational scale factor.

19.1 A uniform response bound at positive flow time

Fix the auxiliary coefficients κF , λF > 0 and τ > 0 of Section 17. Write B = Bℓ,τ (f) for its
actual scalar observation, for a real spatial test f , and set

b+ = ℓ3

2λF τ
∑
x

max(f(ℓx), 0), b− = ℓ3

2λF τ
∑
x

max(−f(ℓx), 0),

Wℓ,τ = b+ + b− = I1,ℓ(f)
2λF τ

, I1,ℓ(f) = ℓ3
∑
x

|f(ℓx)|. (309)

The flow cap gives −b−I ≤ B ≤ b+I. Retain the full ground projection Pℓ, its complement Qℓ,
the physical generator Lℓ, and the purification ΩN of Pℓ/dN . All operators in purified expressions
act on the first factor. Define

ψℓ,τ = (Qℓ ⊗ I)BΩN ,

νℓ,τ (∆) = ∥1∆(Lℓ)ψℓ,τ∥2 ,

gℓ,τ (z) = 2
∫

(0,∞)

E

E2 + z
dνℓ,τ (E), z > 0. (310)

Theorem 19.1 (Upper response of the flowed mass observation). The actual full ground source
satisfies

νℓ,τ ((0,∞)) ≤ 1
4W

2
ℓ,τ ,

0 ≤ gℓ,τ (z) ≤
W 2
ℓ,τ

4
√
z

= I1,ℓ(f)2

16λ2
F τ

2√z
. (311)

These upper bounds are uniform along refinement for a fixed compact test, positive τ , and positive
z. If the sampled test is nonzero, both gℓ,τ (z) and its three-frequency detector (277) are strictly
positive at this finite source.

Proof. Put m = Tr((Pℓ/dN )B). Since (Qℓ ⊗ I)mΩN = 0,

∥ψℓ,τ∥2 ≤ ∥(B −mI)ΩN∥2 = VarPℓ/dN
(B).

For a self-adjoint operator with spectrum in [l, u], positivity of (B − lI)(uI −B) gives

Var(B) ≤ (u−m)(m− l) ≤ 1
4(u− l)2.
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This holds in any state. Apply it with l = −b− and u = b+. The spectral function 2E/(E2 + z)
is at most 1/

√
z, which proves the response bound. Theorem 17.3 gives QℓBPℓ ≠ 0. Thus the

positive spectral measure is nonzero, and both response filters are strictly positive on (0,∞).
Finally the sampled L1 norms are bounded Riemann sums. No simple ground eigenvalue is
required.

For this flowed observation, the upper-response hypothesis in Theorem 16.6 is therefore proved.
Its lower-response hypothesis for this refining flowed family is a positive detector bound uniform
in refinement. Finite-source strict positivity does not give that bound. The zero-flow comparison
of Theorem 17.4 also does not transfer (311) to the literal mass insertion: its right side grows as
τ−2, and the established recovery is on each fixed-regulator form-domain vector.

19.2 An integrated bound for the literal mass response

On a periodic graph with N sites, vary the actual quadratic coefficient profile while retaining
every other interaction:

HN (s) = HN (0) + sFw, Fw =
∑
x

wx|qx|2, µx(s) = µ0 + swx. (312)

The real weights are fixed for this variation. Let s ∈ I = (s−, s+), a bounded interval, and
choose µ∗ bounding every |µx(s)| on a slightly larger compact interval. Retain the complete local
constants y∗, h∗ and dσ from Section 14, and define

D∗ = µ2
∗
λ

+ 3
4y

4/3
∗ λ−1/3 + 3h∗,

U∗ = 4 + 3λ
2 + µ∗ + 6κ+ 3βdσ,

C∗ = U∗ +D∗, R∗ =

√
2C∗
λ
. (313)

The summed lower-form and Gaussian trial estimates from Section 14 require no translation
invariance. They give, in every normalized ground vector or density of (312),∑

x

⟨|qx|4⟩ ≤ R2
∗N,∑

x

⟨|qx|2⟩ ≤ NR∗,

|⟨Fw⟩| ≤ N ∥w∥∞R∗. (314)

Indeed the lower operator inequality and the variational upper energy hold in each ground vector;
Cauchy–Schwarz over sites and the state gives the second line. The profile may therefore be
inhomogeneous without replacing its state by a translated one.

Let eN (s) = inf specHN (s), and denote by χN (s;w) the positive reduced-resolvent suscep-
tibility of Fw in its full ground density, as in Theorem 15.4. It is finite at each fixed source,
including a parameter at which ground levels meet.

Theorem 19.2 (Source-parameter integral bound). For the complete interacting family (312),∫
I
χN (s;w) ds ≤ 2N ∥w∥∞R∗. (315)

If every wx ≥ 0, the factor two can be omitted. For Hℓ(s) = ℓ−1HN (s), take the physical
mass-coefficient insertion Cℓ = ℓFw at each base parameter, by varying s to s+ ℓ2t. Its actual
response obeys, for z ≥ 0,∫

I
gℓ(z; s, w) ds ≤ 2Vℓ ∥w∥∞R∗, Vℓ = ℓ3N. (316)
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Again the factor two is absent for nonnegative weights. The bounds divided by N and Vℓ,
respectively, are uniform in the number of sites and mesh when the displayed coefficient bounds
are uniform.

Proof. The variational infimum of affine functions is concave. The slope bound (314) makes
eN locally Lipschitz, with both one-sided slopes in [−N ∥w∥∞R∗, N ∥w∥∞R∗]. For nonnegative
weights the lower endpoint is zero. Its positive distributional curvature measure −D2eN therefore
has mass on I at most the corresponding slope range.

We compare this measure with the full-cluster response, without selecting a differentiable
lowest level through a crossing. At each fixed s, common-domain analytic perturbation gives
a continuation of the isolated full ground cluster. Its mean has the expansion proved in
Theorem 15.4:

ms(t) = eN (s) + t⟨Fw⟩s − 1
2 t

2χN (s;w) +Os(t3). (317)

The smallest eigenvalue is no greater than that mean, so eN (s+ t) ≤ ms(t) for sufficiently small
real t. At a differentiability point, the variational inequalities from both signs give e′

N (s) = ⟨Fw⟩s.
A concave function has a finite second-order expansion almost everywhere. At such a point
comparison with (317) yields

0 ≤ χN (s;w) ≤ −e′′
N (s).

The density −e′′
N is the absolutely continuous part of the positive curvature measure. Integrating

it is bounded by the total measure, which also retains any crossing atoms or singular part. This
proves (315).

The susceptibility in this integral is measurable. The family has an analytic common resolvent
and continuous lowest energy. Its ground projection is the strong limit of exp[−t(HN (s)−eN (s))]
as t→∞. Bounded spectral approximations to the reduced inverse, followed by bounded scalar
cutoffs of Fw, express the finite-rank response trace as limits of measurable expressions. The
proved ground-vector domains justify removal of those cutoffs. Thus no choice of measurable
individual ground eigenvectors is needed, and isolated parameter values do not invalidate the
integral estimate.

Finally spectral scaling gives

gℓ(z; s, w) = ℓ3gN (ℓ2z; s, w) ≤ ℓ3χN (s;w).

The inequality uses ϵ/(ϵ2 + ℓ2z) ≤ 1/ϵ on the positive dimensionless spectrum. Multiplication of
(315) by ℓ3 proves (316).

For wx = f(ℓx), Markov’s inequality gives the concrete exceptional-set estimate∣∣∣∣{s ∈ I : gℓ(z; s, w)
Vℓ

> M

}∣∣∣∣ ≤ 2 ∥f∥∞R∗
M

. (318)

Fatou also bounds the integral of lim infℓ gℓ(z; s, w)/Vℓ by 2 ∥f∥∞R∗. Hence almost every
parameter has a parameter-dependent refining subsequence with bounded normalized response.
This does not give a bound along the entire sequence at a previously fixed parameter, and it
does not prescribe a new parameter or average different theories into a physical state. On a
fixed physical torus the bound is mesh-uniform for the actual profile. For expanding boxes it
is extensive; a volume-independent bound for a fixed compact test requires an additional local
susceptibility estimate.
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19.3 The exact dimensionless spectral window

Return to the translation-invariant coefficient record, which may depend on ℓ. For a nonzero
sampled test put

Fℓ =
∑
x

f(ℓx)|qx|2, nf (ℓ) =
∑
x

|f(ℓx)|2, Sℓ = ℓ3nf (ℓ).

wℓ(∆) = 1
nf (ℓ)

∥∥∥1∆(LN )(Qℓ ⊗ I)FℓΩN

∥∥∥2
. (319)

Here wℓ is a positive spectral measure normalized by nf (ℓ), not necessarily a probability measure
or a site weight. The physical identities Cℓ = ℓFℓ and Lℓ = ℓ−1LN imply, for every positive Borel
set J ,

νℓ(J) = ℓ2nf (ℓ)wℓ(ℓJ) = ℓ−1Sℓwℓ(ℓJ). (320)

The actual susceptibility and detector consequently satisfy

gℓ(z)
Sℓ

= 2
∫

ϵ

ϵ2 + ℓ2z
dwℓ(ϵ), (321)

Bℓ
Sℓ

= 2ℓ2
∫

ϵ3∏3
j=1(ϵ2 + ℓ2zj)

dwℓ(ϵ). (322)

These are finite-source spectral changes of variable, with every interaction retained. For nonzero
fixed f , Sℓ tends to a positive limit. A preparation in a fixed physical band [δ,R] therefore has
norm bounded above and away from zero precisely when its dimensionless weight wℓ([ℓδ, ℓR]) is
of order ℓ. The condition concerns its actual matrix elements, not the mere presence of some
unrelated low eigenvalue.

The established moments become

4
C
≤
∫
ϵ dwℓ ≤ 4

√
M4,∫

ϵ3 dwℓ ≤ 8K,
∫
ϵ−1 dwℓ ≥

2
C2K

. (323)

They provide neither an upper inverse-moment estimate nor a lower weight in the shrinking
interval. A uniform dimensionless response gap would exclude that interval, but no such gap is
assumed or proved for the complete interacting family.

For example, an actual bound on the inverse third moment would give

Bℓ ≤ 2ℓ2Sℓ
∫
ϵ−3 dwℓ. (324)

Thus a uniform bound on that moment would force the detector to vanish, whereas a positive
detector limit requires it to grow at least as fast as ℓ−2. This follows directly from (322); the
required inverse-moment bound is not supplied by (323).

For the positive-flow observation, whose definition itself depends on ℓ, the corresponding
identity is simply νℓ,τ (J) = νℓ,τ (ℓJ). Its bounded total weight must retain positive weight at
dimensionless energies of order ℓ to survive in a fixed positive physical band. Theorem 19.1
supplies the upper response, not that infrared occupation estimate.

19.4 Bare coordinates and physical calibration

The exact source dictionary
µx(t) = µx + tℓ2f(ℓx) (325)
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shows that keeping a dimensionless µ fixed under refinement does not keep its bare physical
quadratic coordinate fixed; the latter is µ/ℓ2. A fixed dimensionless record can nevertheless
support a finite physical channel if its growing-volume interacting source already has the low-
energy response scaling in (320). A gapless phase or an appropriately critical record is not
excluded. If that scaling is absent, an actual calibrated trajectory and its source comparison are
needed; engineering dimensions alone do not construct them.

The source (215) already permits ϑℓ to vary. Fixing every bare coefficient is an additional
specialization, not an implication of carrier identity. For a trajectory along which C or K grows,
the coefficient dependence in the earlier estimates must be retained rather than applying their
uniformly bounded special case.

A brief classical check fixes the normalization. On the homogeneous scalar body with trivial
links,

V (q) = λ|q|4 + µ|q|2, TH = p2.

For µ > 0, the Hessian at the origin is 2µI, so Hamilton’s equations give the linearized physical
frequency 2√µ/ℓ. For µ < 0, a homogeneous minimum has |q0|2 = −µ/(2λ); its real radial
Hessian is −4µ, giving frequency

√
−8µ/ℓ. The factor follows from the unit coefficient of p2, not

a kinetic coefficient of one half. A prescribed finite classical amplitude v = |q0|/ℓ would therefore
require µ(ℓ) = −2λℓ2v2 in this polynomial comparison. This is not an interacting critical-mass
calculation or a quantum Higgs pole. Quantum matching can shift the critical bare coordinate
and couple it to the full interaction record.

The source-preserving scale-transport theorem gives the appropriate identity criterion: the
complete response, operator and matching data must persist, not the raw numerical values of
bare coordinates [33, Theorem 11.2]. The renormalized trace and universality constructions
retain relevant deformations, operator mixing, phase and source comparisons [34, Theorems 6.1
and 15.3]. Their critical examples do not determine the trajectory of this mixed family. The
bounds proved here therefore sharpen the actual source tests without assigning a critical surface,
selecting a pole, or changing the accepted Higgs and matter identities.

20 Invariant Higgs and matter-hypercharge currents

The scalar mass insertion and the Higgs current are different responses of the same regulated
source. We construct the latter by changing covariant-edge phases while keeping all other inputs
fixed. This realizes the fixed-sibling source comparison of BCRS, rather than introducing a
separate current kernel [31, 4].

Use periodic cubic graphs with at least three vertices in each direction, one positive orientation
per nearest-neighbor edge, and Higgs-edge coefficient κ > 0. For e = (x, y), Ue transports y to x.
In the engineering normalization of Section 14, put

ze = q†
xρH(Ue)qy, bR,e =

∑
generations

ψ†
R,x(ρR(Ue)⊗ Se)ψR,y. (326)

Spin and internal indices are contracted in the second expression. It contains the full inherited
representation and generation inventory. The Hamiltonian has the terms κa−1|qx − ρH(Ue)qy|2

and a−1(bR,e + b†
R,e), together with every original gauge, scalar-potential and Yukawa term.

20.1 Source derivatives and contact terms

For a real sampled edge profile Ae, define the Higgs probe

HH
a (tA) = Ha + κ

a

∑
e

{
|qx − eitaAeρH(Ue)qy|2 − |qx − ρH(Ue)qy|2

}
. (327)
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The external phase commutes with the gauge representation. No fermionic, gauge or Yukawa
term has been deleted, and no independent conserved Higgs phase symmetry is asserted. Its
derivatives are

JHa (A) = 2κ
∑
e

Ae Im ze,

KH
a (A) = 2κa

∑
e

A2
e Re ze. (328)

For the complete matter-hypercharge probe use the inherited integer characters qR = 6YR,
qH = 3. Replace the Higgs phase by ei3taAe and each hopping pair by

a−1
(
eiqRtaAebR,e + e−iqRtaAeb†

R,e

)
.

The gauge Hamiltonian and local potential and Yukawa coefficients remain fixed. This is a
background matter-current probe, not a replacement of the entire dynamical gauge connection.
Its derivatives are

JYa (A) =
∑
e

AeJYe , JYe = 3JHe − 2
∑
R

qR Im bR,e,

JHe = 2κ Im ze, KY
a (A) = a

∑
e

A2
e

(
18κRe ze − 2

∑
R

q2
R Re bR,e

)
. (329)

Proposition 20.1 (Common current-source domain and response). Each probe has the original
physical form and operator domains locally in its real source parameter, compact resolvent and
an analytic isolated continuation of the full ground cluster near zero. If Ra = Qa(La|Qa)−1Qa,
its cluster mean obeys

e′
J(0) = ωa(J), e′′

J(0) = ωa(K)− 2 ⟨JΩa, (Ra ⊗ I)JΩa⟩ . (330)

Proof. For real parameter every scalar edge square is nonnegative. Its changes and all derivatives
are quadratic multipliers with bounded smooth link coefficients; CAR changes are bounded at
the fixed graph. The quartic coercivity and operator-domain estimate of Section 15 absorb those
multipliers with arbitrarily small relative form and operator bound. Thus the physical common
domains and compact resolvent persist. The local complex Taylor expansion is analytic on that
common operator domain. The separated finite ground cluster has its usual contour projection;
differentiating its trace mean twice gives (330), with the actual second derivative K. The existing
fourth moments ensure JΩa is a Hilbert vector. No uniform-in-mesh cluster neighborhood is
asserted.

In particular, total curvature is not minus the paramagnetic susceptibility when the contact
expectation ωa(K) is nonzero. This distinction matters even before a continuum limit is taken.

Theorem 20.2 (Occupied finite physical current channels). For every nonzero sampled A on
the specified graph,

QaJ
H
a (A)Pa ̸= 0, QaJ

Y
a (A)Pa ̸= 0. (331)

Each current therefore has a finite-volume positive-energy spectral pole with nonzero residue in
the actual full ground density.

Proof. At fixed links JHa (A) is a nonconstant real scalar polynomial. Select an edge with nonzero
coefficient. No other positive edge has the same unordered endpoints; its qx, qy bilinear cannot
cancel against terms with different coordinate pairs. For every unitary transport Im(q†

xρH(Ue)qy)
is a nonzero real bilinear form, as a choice qx = iρH(Ue)qy shows.
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At those links JYa is three times that scalar polynomial times the Fock identity, plus a finite
Hermitian matrix independent of the scalar coordinates. At a fixed eigenvalue its scalar-coordinate
support lies in a finite union of null polynomial level sets. Fubini excludes a nonzero ambient L2

eigenvector, and hence a physical one. The same argument covers JHa . Ground vectors belong to
the current domain. If QaJPa = 0, the Hermitian restriction of J to the finite nonzero ground
space would have an eigenvector, a contradiction.

For ψJ = (Qa ⊗ I)JΩa ̸= 0, compact resolvent gives

GJ(z) =
〈
ψJ , (La − z)−1ψJ

〉
=
∑
j

∥∥∥1{Ej}(La)ψJ
∥∥∥2

Ej − z
. (332)

The series is locally normally convergent off the discrete spectrum. Some positive Ej has nonzero
weight, and the residue there is minus that weight. This proves the finite-source assertion.

A real finite-volume current pole is not an identified unstable Z or Higgs resonance. The
theorem neither supplies a uniform physical frequency band nor attaches the charged W boundary
channel.

20.2 Full-source charge exchange

At a vertex define the scalar phase generator

QH,x = q1p2 − q2p1 + q3p4 − q4p3. (333)

It satisfies [QH , Hcomplex] = Hcomplex in the forward convention (191). It is gauge invariant. Write
the three local annihilating Yukawa terms as Zu, Zd, Ze with the incidences of (193). Direct
differentiation on the common physical smooth/Schwartz core gives

Q̇H,x = a−1
( ∑
e outx

JHe −
∑
e inx

JHe

)
+ 2
a

Im(Zu − Zd − Ze)x. (334)

Indeed [QH,x, ze] = −ze at the initial vertex and +ze at the final vertex. The Yukawa commutators
have signs +,−,− for Zu, Zd, Ze, respectively; their adjoints have the opposite signs. The kinetic,
scalar potential, gauge and CAR hopping terms commute with this scalar charge. In this
orientation the outward Higgs flux is −JHe /a.

The complete forward matter-hypercharge generator is

QY,x = 3QH,x −
∑
R

qRNR,x. (335)

The sign follows from [NR, ψR] = −ψR and the forward gauge convention. The actual Yukawa
integer sums are 1− 4 + 3 = 0, 1 + 2− 3 = 0 and −3 + 6− 3 = 0; all torques cancel. The outgoing
number derivative is ṄR,x = 2a−1 Im bR,e, with the opposite incoming sign. Hence

Q̇Y,x = a−1
( ∑
e outx

JYe −
∑
e inx

JYe

)
. (336)

These identities have an actual domain interpretation. The weighted gradient estimate (246)
bounds each angular generator by the Hamiltonian graph norm:

∥QH,xu∥ ≤ cx(∥Hau∥+ ∥u∥).

The proved operator-core density extends that estimate to DomHa. Core vectors lie in DomH2
a ,

because the polynomial/smooth differential expression preserves the core. Their unitary orbits
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are therefore differentiable in the Ha graph norm. Composing with the graph-bounded charge
and differentiating its expectation at zero gives exactly the displayed commutator. The number
operators are bounded; the right sides are quadratic scalar multipliers, bounded CAR terms and
the linear Yukawa torque, all controlled in that graph norm. Thus (334)–(336) are justified initial
expectation derivatives as well as core identities. They do not assume a distributional all-time
Ward identity or a continuum anomaly theorem. Electric flux and the local Gauss constraint
remain part of the same physical source; no independent global charge sector has been added.

20.3 Invariant-current normalization and joint reconstruction

Let ϕx = a−1qx and use the actual forward difference Da
i ϕx = (ρH(Ue)qy − qx)/a2. Its invariant

current is
Oai = i

(
ϕ†
xD

a
i ϕx − (Da

i ϕx)†ϕx
)
, a3Oai = −2 Im ze. (337)

Consequently JHa (A) = −κ
∑
e a

3AeOai . This is an exact finite-mesh normalization and signed
comparison with the invariant channel iH†←→D iH in SYM–8 [20]. On matched smooth classical
profiles its forward difference converges to that current. No convergence on rough quantum
configurations or of current kernels is inferred.

At a fixed regulator the current is self-adjoint matrix multiplication on its maximal physical
domain. Its nonreal resolvents are bounded. For Ha + c ≥ 1 the graph estimate also makes
BJ = J(Ha+c)−1 bounded, and JΩa = (Ea+c)BJΩa. Enlarge the actual unital adjoint/product-
closed algebra by these labels, the current and Hamiltonian resolvents, both signs of the dynamics,
and the pre-existing bounded invariant observations. Its full joint ground-state kernel is positive
on this native ground-state source. It includes the sibling cross entries, rather than only the
current’s diagonal correlation.

The joint-kernel and closed-operator reconstruction theorems of BCRS–IIEW/H [4] therefore
identify the actual cyclic realization. For the possibly degenerate density its exact space is

Hcyc = {(D ⊗ I)Ωa : D ∈ Ajoint} ⊂ Hphys ⊗ RanPa. (338)

Adjoint resolvent labels make this closure reducing for the amplifications of both self-adjoint
operators. Their full restricted closed domains are reconstructed there. The finite second factor
realizes the density, not a new physical sector. There is no claim of cyclicity for all of the
unamplified ambient physical space, or that a ground vector lies in every unbounded current-
word domain. Uniform bounds for these current labels, their physical normalization and mixed
spacetime kernels along refinement remain separate comparisons.

20.4 Static curvature and excitation energy

The distinction persists even for simultaneous source parameters. Let K be a strictly positive
real m×m matrix and, on Cm+1, take

Ha(0) = a−1 diag(0, Im), Ci,a = a−1/2∑
j

(K1/2)ji(|j⟩⟨0|+ |0⟩⟨j|).

The affine family Ha(s) = Ha(0) +
∑
i siCi,a has the simple lowest eigenvalue

ea(s) = 1−
√

1 + 4a sTKs
2a , D2ea(0) = −2K. (339)

The remaining coupled eigenvalue has the plus sign; m − 1 levels stay at a−1. Expanding
the square root gives ea(s) = −sTKs + a(sTKs)2 − 2a2(sTKs)3 + · · · . There is a common
complex neighborhood of every fixed bounded real parameter set for small a, with uniformly
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bounded derivatives of every fixed order and uniformly strictly negative Hessian. Nevertheless
the source measure in direction v is (vTKv/a)δa−1 . Every fixed physical band becomes empty,
simultaneously in all directions. The susceptibility and the three-frequency test are

ga(z) = 2K
1 + a2z

, Ba = 2a2K∏
j(1 + a2zj)

.

This finite matrix family is a counterexample to a response implication, not a replacement
Standard Model source. It shows why even uniform analytic multichannel curvature cannot
substitute for the physical-frequency estimate of Theorem 16.6. The actual interacting source
is also matrix-valued in its fermions; scalar ground-wavefunction log-concavity is not justified
merely by a convex scalar potential. Source-preserving scale transport must retain the physical
current and its mixed matrix elements, not only a normalization convention.

21 Dressed physical fields and interaction-retaining reconstruc-
tion

The regulated realization admits more than a list of separately occupied sectors. Its physical
fields, relative preparations, eliminated degrees of freedom and original source derivatives can be
compared on one Hilbert space. This section constructs that comparison without removing the
Yukawa interaction. All statements are at a fixed finite physical mesh, or a stated finite chain
of meshes. They supplement the directly occupied physical-source construction; they do not
identify that source with an unspecified regulator limit.

The construction has three parts. First, neutral physical letters and the ordered fermionic
history are defined on the common source. Second, dressed spatial inclusions retain the comple-
mentary dynamics and its exact feedback. Finally, graph and source calibrations recover the
original insertions and their broken-current spectral response. The resulting comparisons retain
both the interaction and the physical clock.

We use the complete quotient-group, four-real-component Higgs and three-generation CAR
source of Section 12. Inner products are antilinear in the first variable. The physical generator is
always H = a−1H. A scalar c in A = H + cI ≥ I is an analytic norm reference, not a changed
physical clock or cosmological term. Unless a comparison explicitly moves its preparation, c and
all input ports are fixed. Scalar radii are denoted sx = |qx|, with R2 =

∑
x s

2
x and R4 =

∑
x s

4
x.

21.1 A common domain and the original source alphabet

Theorem 21.1 (Complete native source domain). Let a finite geometric and coupling neighbor-
hood have the strict positive electric, lapse, spatial-metric and quartic margins used in Sections 12
and 25.4. Include the ordered gauge and scalar shifts and both spatial and temporal spin terms.
On its physical space put

K = I + T0 +R4, V = D(K1/2), D = D(T0) ∩D(R4),

where T0 is the sum of the complete unweighted link Casimirs and scalar Laplacians. Every
member has operator domain D, with locally equivalent graph norms. For every separately finite
collection I of source or metric directions, its actual coefficient derivative HI is a smooth bounded
map D −→ Hphys. Consequently, with one common positive shift,

Rs = (Hs + c)−1 : Hphys −→ D, χs = RsΩ
∥RsΩ∥

, Ω ̸= 0, fi(s) = Hi(s)χs (340)

are smooth in L(Hphys, D), D and Hphys, respectively. This is not the assertion HI : V → Hphys
for every metric insertion.
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Proof. The closed-domain statement is the operator-core theorem 15.1, with the literal geometric
ordering retained. Here is the additional alphabet check. A scalar second derivative is controlled
by its complete Laplacian. For link generators Pα, the complete Casimir commutes with them
and dominates P 2

α; applying this bound twice gives ∥PαPβu∥ ≤ ∥T0u∥, including a noncommuting
pair on one link. Multiplication by a quartic coordinate is controlled by R4; every quadratic or
linear matrix multiplier is controlled by I + R4. Wilson, hopping, Clifford and temporal-spin
coefficients are bounded on the compact link and finite Fock factors.

For a gauge momentum the actual ordered expression is (FP + PF )/2 = FP − (i/2)XF ,
where P = −iX. Both F and XF have bounded compact-link coefficients. Scalar momenta also
retain their ordering term: on the core, integration by parts gives

∥|qy|∇qxu∥2 ≤ ∥|qy|2u∥ ∥∆qxu∥+ C1x=y∥u∥2.

Interpolation against R4 and Young’s inequality give the requisite graph bound. Differentiating
the finite external inverse metrics, determinants, endpoint averages, Clifford factors, path
transports, lowered shifts and temporal coframe connection leaves this same alphabet, with its
exact coefficient contacts. Taylor remainders obey these graph estimates too. Completion from
the invariant core proves smoothness in L(D,H). The Banach-space inverse theorem applied to
Hs + c : D → H gives the first claim in (340). Injectivity of Rs makes the normalization nonzero.
Product differentiation, for example

(fi)ab = Hiabχ+Hiaχb +Hibχa +Hiχab,

then proves all the claimed finite jets.

At fixed mesh the engineering mass direction is a
∑
xNxvxf(ax)|qx|2, whereas a Yukawa

direction is a−1∑
xNxYx(z). These two insertions do map V to H. The static metric derivative

of the latter coefficient vanishes at fixed lapse in half-density coordinates; a lapse variation
nx contributes a−1∑

x nxYx(z). Neither statement sets its propagated metric response to zero.
The full time-dependent domain and weak mixed amplitude calculus is developed in the metric-
continuation section.

21.2 Canonical neutral fermions on the physical space

Theorem 21.2 (Physical neutral CAR and the Higgs frame). For each lepton generation and
spin, define, almost everywhere in the Higgs coordinate,

nx = ϵLxqx
|qx|

, nx,δ = ϵLxqx√
|qx|2 + δ2 .

The nx are bounded odd Gauss-invariant operators with the exact canonical anticommutators. If
Na(f) = a3/2∑

x f(ax)nx, then

∥Na(f)∥2 = I2,a(f) := a3∑
x

|f(ax)|2, ∥Na(f)u∥2 + ∥Na(f)∗u∥2 = I2,a(f)∥u∥2. (341)

Both nx and n∗
x preserve the energy form domain V ; their smoothed versions converge on every

fixed vector in that form norm. Preservation of the operator domain D is not asserted and
generally fails.

There is also an exact a.e. Higgs-frame unitary. With Ω(q) = (q̃, q)/|q| ∈ SU(2), use
its vacuum-fixing Fock lift W on each weak doublet. The transformed generator is precisely
Ĥ = W−1HW, with domain W−1D. Its scalar momentum is p +A, where A = −iW−1∂qW;
this angular connection is retained, not set to zero. The Yukawa multiplier becomes its radial
expression with the original complex matrices unchanged.
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Proof. The coefficient of each lepton annihilator is a unit vector at q ≠ 0. The CAR and the
smeared norm therefore follow pointwise, including cross-site and cross-generation anticommu-
tators. The zero set has Lebesgue measure zero; no neighborhood has been excised. Under
q 7→ z3Sq and L 7→ z−3SL the numerator is invariant, so these are physical operators rather
than charged kinematic letters.

In four real scalar dimensions Hardy’s inequality is ∥s−1
x u∥2 ≤ ∥∇qxu∥2. The coefficient deriva-

tive obeys
∑
µ |∂µ(q/s)|2 = 3/s2; product differentiation gives the safe estimate ∥∇qx(nxu)∥2 ≤

8∥∇qxu∥2. The other scalar derivatives, all link derivatives and the quartic multiplier commute
with this local coefficient. The same Hardy bound dominates the smoothed derivatives; dom-
inated convergence proves convergence in V on a fixed input. It does not control a second
scalar derivative: ∆(q/s) has size s−2, whose square has the divergent radial integral

∫
0 ds/s. A

Gaussian vacuum input already detects this operator-domain failure.
The identity

Ω(z3Sq) = SΩ(q) diag(z−3, z3)

proves the frame transformation. Its second quantization is pointwise unitary and hence gives the
displayed exact domain and momentum conjugation. In the residual group write A = z−2C ∈
U(3). The neutral lepton, charged lepton and dressed left quarks transform respectively as
1, detA, (detA)−1A,A for n, ℓ, uL, dL; the conjugate species retain their corresponding all-left
representations. Thus the frame is a residual-group description of the same source, not removal
of its charged matter or gauge incidence. Substitution of q = Ω(q)(0, s)T in the original Yukawa
contractions proves the final claim.

The uniform ground-state kinetic estimates of Theorem 14.1 also give, for the same prepara-
tions,

∥(Na,δ(f)−Na(f))ua∥2 + ∥(Na,δ(f)∗ −Na(f)∗)ua∥2 ≤ Cδ2I2,a(f).

Indeed the square of the coefficient difference is at most δ2/s2, and the CAR remove cross-site
terms in the sum of the two norms. This retains physical neutral equal-time letters in the
common bounded-kernel construction. A right-hand word still needs the form or graph domain
required by its next insertion; boundedness alone is not that permission.

21.3 Fermionic histories retain their sign and temporal memory

Proposition 21.3 (Ordered conditional trace). Write the actual finite source as H = T + VbI +
F (X), where F (X) is its centered quadratic Majorana matrix and X is the full gauge–Higgs
configuration. In a form-Trotter history, keep the ordered Fock factor

T = e−δF (Xn)/2e−δF (Xn−1) · · · e−δF (X1)e−δF (X0)/2.

The full Gauss factor is included inside its final trace: in the following formula replace T by that
complete ordered lift when a gauge factor is present. If T −1cT = Rc for the Majorana column c,
then

(TrF T )2 = det(I +R).

The sign is fixed by the actual ordered Spin lift, not by a positive square root. On det(I +R) ̸= 0,
with CR = (I −R)(I +R)−1, distinct Majorana insertions satisfy

τF (T ci1 · · · ci2r ) = τF (T ) Pf[(CR)iαiβ ],

and odd traces vanish. At the singular chart boundary the unnormalized finite trace, not its
normalized Pfaffian factors separately, is continued.
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Proof. For F = (i/4)
∑
Arscrcs, with real antisymmetric A and {cr, cs} = 2δrs, one has [F, c] =

−iAc and the Euclidean factor induces e−itA. Multiplication preserves the original order.
Conjugation on the Clifford algebra has trace

∑
k Tr(∧kR) = det(I+R). In its matrix realization

this trace is Tr T Tr T −1; reversion on the even Spin lift preserves the scalar coefficient and
identifies the two traces. The identity holds along the actual analytic product from the identity,
thereby fixing its sign through zeros. The actual all-left gauge representation has zero total
abelian charge and traceless semisimple generators, so its vacuum-fixing Fock action is the
canonical lift; an extra arbitrary gauge phase is not allowed.

Trace cyclicity and cjT = T (Rc)j , followed by the Clifford relation, give the contraction
2(I +R)−1 = I + CR. Induction is the displayed Pfaffian recurrence. Parity gives the odd result.
Analyticity of the original finite trace supplies the singular-chart interpretation. Finally the
form-Trotter product is that of the actual lower-semibounded source; the scalar heat kernel and
the entire ordered matrix factor are integrated together.

Independent tracing of time slices changes this source. For a constant nonzero quadratic
matrix with positive durations

∑
j tj = β,

τF
∏
j

e−tjF = τF e
−βF =

∏
ℓ

cosh(βϵℓ/2) > 1, log
∏
j

τF e
−tjF ≤ 1

2τF (F 2)βmax
j
tj −→ 0.

This is a finite-duration memory calculation, not an assertion that a constant path has positive
path measure.

Proposition 21.4 (Actual Euclidean insertion expansion). At the fixed source choose A ≥ I
with A ≥ (λ/2a)R4 as forms. If Y = a−1∑

x Yx(qx) and ∥Yx(qx)∥ ≤ y∗|qx|, then

∥Y A−1/4∥ ≤ BY := y∗(2/λ)1/4N3/4a−3/4.

The ordered Dyson coefficients Dn(β) for e−β(A+zY ) satisfy

∥Dn(β)∥ ≤ [BY (4e)−1/4Γ(3/4)β3/4]n

Γ(1 + 3n/4) .

The series
∑
n(−z)nDn converges in operator norm uniformly on compact complex z sets. For

the mass insertion Ca(f) = a
∑
x f(ax)|qx|2 one similarly has ∥Ca(f)A−1/2∥ ≤

√
2I2,a(f)/λ and

the analogous Dirichlet-integral expansion with exponent 1/2.

Proof. Pointwise Cauchy–Schwarz gives Y 2 ≤ y2
∗a

−2N3/2R
1/2
4 . The Loewner–Heinz inequality

applied to the coercive form bound proves the first estimate. Functional calculus then gives
∥Y e−tA∥ ≤ BY (4et)−1/4. Integrate the product of these bounds over the ordered n-simplex:∫

tj≥0,
∑

tj≤β

n∏
j=1

t
−1/4
j dt = Γ(3/4)nβ3n/4

Γ(1 + 3n/4) .

It is integrable at every face and gives an entire majorant. Duhamel iteration first on the core
and then by the form semigroup construction identifies this series with the actual perturbed
semigroup. The mass estimate follows from Ca(f)2 ≤ I2,a(f)R4/a and the identical argument.
The physical answer includes eβc; the shift has not been discarded. The estimate is fixed-source
and does not claim a mesh-uniform Yukawa coefficient.
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21.4 An actual dressed quantum inclusion

Take a periodic coarse lattice with even side n ≥ 4, N = n3 sites and spacing a, and its refinement
with spacing a/2. In each eight-site block rooted at 2x, choose the tree whose parent removes the
first nonzero offset coordinate. Let hv transport a fine vertex to its root and set zv = ρH(hv)qv.
Complete Haar coordinates consist of 7N tree paths, 3N selected cross edges y (from 2x+ ei to
2x+ 2ei), and 14N other edges η. Their measures are independent normalized Haar measures
by successive left and right translations; the coordinate change is invertible. An orthogonal
eight-site scalar transform gives

Zx = 8−1/2 ∑
v∈x

zv =
√

2 qcx, zv = qcx/2 + rv,

and seven relative four-real-component coordinates ζ per block. The coarse CAR mode is the
transported sum with coefficient 8−1/2; all relative CAR modes are prepared empty. In the
forward convention its Fock embedding is F (h) = Γ(h)−1F (1).

Let σ > 0, τ ≥ 0, and all βp > 0. Set χσ(ζ) = (πσ2)−7Ne−|ζ|2/(2σ2). The genuine fine Wilson
multiplier is

W (y, η) =
∑
p

βp[17−ℜχΣ(Up)], 0 ≤W ≤M = 34
∑
p

βp,

where Σ is the faithful original quotient representation. Define one joint denominator, with every
overlapping plaquette retained,

Zτ (y) =
∫
e−τW (y,η)dη, rτ (y, η) = Zτ (y)−1/2e−τW (y,η)/2, Jτ = 2−NrτχσF (h).

The final expression means multiplication followed by the pullback of the coarse wavefunction in
these coordinates; it is a map of full Hilbert spaces, not a tensor product of postulated physical
blocks.

Theorem 21.5 (Normalized physical inclusion and retained interaction). The map Jτ is a
number-preserving, Gauss-equivariant isometry, and preserves the smooth-link/Schwartz-scalar
physical core. Its exact physical Yukawa compression, including all real parameter directions and
block averages of fine profiles, is

J∗
τBfJτ = Bc, Bf = 2Yf/a, Bc = Yc/a. (342)

For a normalized link-independent radial scalar and empty-CAR coarse core vector ϕ, put
S = ⟨ϕ,R2,cϕ⟩, P = JτJ

∗
τ , Q = I − P , and

κY = 6∥Yu∥2F + 6∥Yd∥2F + 2∥Ye∥2F .

Then
∥QBfJτϕ∥2 = κY

a2 (7S + 56Nσ2). (343)

It is strictly positive when κY > 0 and is a lower bound for the squared complementary full-
generator response on this seed.

Proof. The scalar dilation has Jacobian 4N , canceled by |2−N |2. The relative Gaussian and
Fock embedding are normalized, while e−τM ≤ Zτ ≤ 1 and

∫
r2
τdη = 1 at every y. This proves

isometry. Telescoping tree paths makes W independent of the tree coordinates; simultaneous
root gauge changes in y, η preserve its integral. This and the forward Fock convention prove full
Gauss covariance. All fixed-graph link derivatives of rτ are bounded, and it is scalar coordinate
independent, proving core preservation.

Each retained Yukawa pair has two factors 8−1/2; its mean scalar is qc/2 and there are eight
sites. The factor is therefore 1/2, exactly canceled by the physical fine clock 2/a. The calculation
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is independent of η, so the dressing changes neither it nor its parameter directions. The relative
scalar second moment is 14Nσ2. The original empty-CAR pair identity is ∥Yx(q)|0⟩∥2 = κY |q|2;
different sites and wedges are orthogonal. It follows that

∥BfJτϕ∥2 = κY
a2 (8S + 56Nσ2), ∥PBfJτϕ∥2 = κY

a2 S.

Subtracting proves (343). Every other Hamiltonian term preserves number and hence cannot
cancel this number-two component.

Proposition 21.6 (Magnetic response and its normalization contacts). The compressed Wilson
multiplier is mτ (y) = ⟨W ⟩τ,y and ∂τmτ = −Varτ,y(W ) < 0. At a sufficiently large finite τ it
is a nonconstant physical coarse multiplier. For a general preparation action S(y, η), its exact
derivatives at fixed fiber coordinates are

X logZ = −⟨XS⟩, Xr = −1
2(XS − ⟨XS⟩)r, X⟨F ⟩ = ⟨XF ⟩ − Cov(F,XS).

An original fine link derivative D instead obeys the chain rule

D log r = −1
2DS + 1

2⟨dyS⟩(Dy). (344)

In particular its denominator term and all induced fiber derivatives belong to the original electric
energy.

Proof. Differentiate the single compact conditional integral. To prove strict variance, choose a
fine plaquette whose lower vertex is odd in its two directions. Its two outgoing perpendicular edges
are extra coordinates e, f and occur together in no other elementary plaquette. Haar integration
projections Pe, Pf give (I−Pe)(I−Pf )W = −βpℜχΣ(Up). Character orthogonality for the six orig-
inal summands gives

∫
(ℜχΣ)2 = 4. Since this is an orthogonal projection annihilating constants,

Var0,y(W ) ≥ 4β2
p . The conditional density is at least e−τM , so Varτ,y(W ) ≥ 4β2

pe
−τM > 0.

For coarse dependence, use an actual two-by-two sheet spanning a coarse plaquette. Give one
boundary selected edge a nonidentity quotient element g0, the others identity. Peeling the four
faces and applying the Hilbert–Schmidt triangle inequality gives, for every η,

W (ybad, η) ≥ b := βmin,sheet
8 ∥Σ(g0)− I∥2HS > 0.

At ygood = 1, the all-identity fiber has zero action. Thus δ = Haar{η : W (ygood, η) ≤ b/4} > 0.
The normalized sublevel estimate is

mτ (ygood) ≤ b/2 + (M/δ)e−τb/4, mτ (ybad) ≥ b.

Choosing τ > (4/b) log[2M/(bδ)] separates the two values. Smooth functions of the invariant
mτ , multiplied by the scalar/vacuum seed, supply physical test vectors supported at these
separated values. This proves nonscalarity on the physical space, not merely on a gauge-variant
configuration chart. The chain rule proves the last displayed identity.

The full-Wilson estimate is finite-volume. A complete fixed plaquette collar can instead
define a volume-independent local preparation denominator; that is another allowed J , not the
same full-Wilson preparation. Its response to the full W is −Cov(W,Wcollar), not automatically
−Var(Wcollar). None of these formulas sets J∗WfJ = Wc/2 or removes the actual electric
derivative cost.
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21.5 Physical form stability and positive complementary feedback

Lemma 21.7 (The projection is stable in energy). Let Ei(u) = ∥u∥2 +EG,i(u)+EH,i(u)+E4,i(u)
be the complete kinetic-plus-quartic reference form. At each fixed dressed pair there are finite
explicit constants CJ , C∗ such that

Ef (Ju) ≤ CJEc(u), Ec(J∗v) ≤ C∗Ef (v).

If λ−Ef ≤ qA ≤ λ+Ef , then

qA(Pv) ≤ CP qA(v), qA(Qv) ≤ CQqA(v), CP = (λ+/λ−)CJC∗, CQ = (1 +
√
CP )2.

The pullback form domain of J is exactly Vc. No bounded QAJ or operator-domain preservation
by P is needed.

Proof. The only delicate derivative is that of a tree link, which rotates scalar coordinates as well
as the finite Fock frame. Write m = 12, cH = sup|t|=1 ∥ρH∗(t)∥, and let cF bound the local Fock
charge. On the physical core Gauss’ identity gives∑

x,α

∥Lx,αu∥2 ≤ 14EG,c(u) + 7mNc2
F ∥u∥2,

since each vertex has six incident electric generators and one Fock charge. For a tree derivative,
the orthogonal scalar transform has a coarse angular block, off-diagonal blocks of norms at most
cH/
√

2,
√

2cH , and a skew relative block. The latter annihilates the radial Gaussian. Its two
off-diagonal terms have Gaussian squared bounds (σ2c2

H/4)|∇cu|2 and (c2
H/σ

2)|qcu|2. Include
also the derivatives of r, F (h) and the two-edge coarse path. Summing the six contributions
gives

EG,f (Ju) ≤ 600EG,c(u) + 21
2 mc

2
Hσ

2EH,c(u) + 42mc2
Hσ

−2E2,c(u)
+ (6K0 + 2352mNc2

F )∥u∥2,
EH,f (Ju) = 1

2EH,c(u) + 14Nσ−2∥u∥2,
E4,f (Ju) ≤ 4E4,c(u) + 294Nσ4∥u∥2.

Here one may takeK0 =
∑
D supy,h

∫
|Dr|2dη over the original fine unit link directions, interpreted

through the exact coordinate chain rule; it is finite by (344) and compactness. Since E2,c ≤
N∥u∥2 + E4,c these give, for example,

CJ = max
{
600, 1

2 + 21
2 mc

2
Hσ

2, 4 + 42mc2
Hσ

−2,

1 + 14Nσ−2 + 294Nσ4 + 6K0

+ 2352mNc2
F + 42mNc2

Hσ
−2}.

For the adjoint, differentiate the normalized relative integral in a coarse link direction and
apply conditional Cauchy–Schwarz. With K1 =

∑
Xy

supy
∫
|Xyr|2dη, this gives EG,c(J∗v) ≤

2EG,f (v) + 2K1∥v∥2. The scalar transform and conditional Jensen inequality give respectively
EH,c(J∗v) ≤ 2EH,f (v) and E4,c(J∗v) ≤ 2E4,f (v); thus C∗ = max(2, 1 + 2K1) suffices.

These are physical estimates: the coarse angular bound used Gauss’ law, not an unrestricted
kinematic inequality. Complete the invariant cores in their form norms to obtain the stated
bounds on the original Hilbert maps. Their composition gives the P bound, and the form triangle
inequality gives the Q bound. Finally J∗J = I and the two map bounds prove both inclusions of
the pullback-domain equality.
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The same coordinates give the exact scalar compression identities

J∗TH,fJ = 1
2TH,c + 14N/σ2, J∗R2,fJ = 2R2,c + 14Nσ2,

J∗R4,fJ = 1
2R4,c + 21

2 σ
2R2,c + 147

4 Nσ4.

They follow from the relative covariance E(rvrTw) = (σ2/2)(δvw − 1/8)I4. In particular, a same-
block pair has covariance −σ2I4/16; discarding it changes the induced scalar edge contact. If
Me = ⟨ρ(Te)⟩τ,y for an extra edge in a nontrivial original irreducible matter representation, its
Haar mean is zero. Writing the conditional density as its uniform lower bound δ = e−τM plus a
positive remainder gives

∥Me∥ ≤ 1− δ, I −M∗
eMe ≥ δ(2− δ)I.

Thus an averaged edge is not a unitary replacement link. Its quadratic form retains |qx−Meqz|2 +
q∗
z(I −M∗

eMe)qz, together with the actual relative covariance. Normal-ordered CAR bilinears
compress with the two factors 8−1/2 and no artificial relative-vacuum occupation. These induced
matter formulas do not exhaust the fine electric pullback.

Theorem 21.8 (Energy-space inverse and a nonzero feedback witness). Let AJ and AQ be
the closed restricted forms on the two physical summands, and fix λ ≥ 0. Put L = AJ + λ,
DQ = AQ + λ, η = (CP + CQ)−1 and k = 1 − η < 1. There is a bounded form coupling
K : Hc → QHf , ∥K∥ ≤ k, such that, with

S(x, y) = JL−1/2x+D
−1/2
Q y, M =

(
I K∗

K I

)
,

(A+ λ)−1 = SM−1S∗, J∗(A+ λ)−1J = L−1/2(I −K∗K)−1L−1/2. (345)
The geometric approximants through (K∗K)n are positive, increase to the compressed inverse,
and have error at most k2n+2/[(1 + λ)(1− k2)].

For the core seed in (343) with κY > 0, let v = QAJϕ and u = Lϕ. Then the positive
difference from L−1 is nonzero; quantitatively,

⟨u, [J∗(A+ λ)−1J − L−1]u⟩ ≥ ℓ4

CQ∥A3/2Jϕ∥2 + λ∥AJϕ∥2
> 0, ℓ2 = κY

a2 (7S + 56Nσ2).

Proof. Represent the off-diagonal form by qA+λ(q, Jf) = ⟨D1/2
Q q,KL1/2f⟩. The form-splitting

estimate is qA+λ(Pz) + qA+λ(Qz) ≤ (CP + CQ)qA+λ(z), hence M ≥ ηI. Testing its two
components with the opposite phase gives ∥K∥ ≤ 1 − η. The map S is a bounded bijection
of the direct energy coordinates onto Vf , and qA+λ(Sξ, Sζ) = ⟨ξ,Mζ⟩. Solving this variational
equation proves the first inverse; bounded Schur elimination proves the second. It has not formed
an unbounded block QAJ . The geometric tail gives the displayed norm bound.

On this particular core seed v is a Hilbert vector and, by form stability, lies in D(D1/2
Q ). The

first feedback term evaluated at u is ⟨v,D−1
Q v⟩. Cauchy–Schwarz in the spectral measure of DQ

gives ⟨v,D−1
Q v⟩ ≥ ∥v∥4/qDQ

(v). Number orthogonality gives ∥v∥ ≥ ℓ, while the form bound on
Q gives the denominator stated above. Core preservation justifies the displayed powers of A on
Jϕ.

For a fixed-baseline form perturbation qε = qA + εb, represent b(Sξ, Sζ) = ⟨ξ,Nζ⟩. All four
blocks of N are retained. The derivative of the compressed inverse is

−L−1/2[M−1NM−1]ccL−1/2.

The remainder is at most ε2∥N∥2/[(1 +λ)η2(η− |ε|∥N∥)] when |ε|∥N∥ < η. This follows directly
from the inverse identity for M + εN . Moving J adds both differentiated ports; it is not this
fixed-baseline formula.
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21.6 Polar normalization and ordered, nested elimination

Proposition 21.9 (Full polar chart and exact finite-chain memory). For s > 0 define Xs =
e−sA/2J and Cs = X∗

sXs. The positive compact operator Cs is injective, and VsC
1/2
s u = Xsu

defines an isometry on the full coarse space by density. Its inverse square root need not be
bounded. Compression O 7→ V ∗

s OVs is a unital completely positive physical map.
Let J01, J12 be two actual dressed inclusions and define J02 = J12J01. On the complete finest

source let T = e−sA, K0 = I− zT , with z ≥ 0 and h = 1− ze−s > 0. For any of these splits write

D0 = QK0Q|QH, Γ = J −QD−1
0 QK0J, S0 = J∗K0J − J∗K0QD

−1
0 QK0J, G = QD−1

0 Q.

Then hI ≤ S0 ≤ I and
K−1

0 = ΓS−1
0 Γ∗ +G.

Successive elimination uses the entire first Schur operator, not I − zJ∗
12TJ12. With stage labels

on the resulting maps,

S02 = S01, Γ02 = Γ12Γ01, G02 = G12 + Γ12G01Γ∗
12. (346)

These identities retain every ordered bounded insertion and compose for any finite flag of the
actual maps.

Proof. Injectivity of e−sA/2 and J proves that of Cs. The identity ∥Xsu∥ = ∥C1/2
s u∥ constructs

the isometry on the dense range; compactness follows from the fine heat operator. This is a polar
construction, not a bounded inverse-Gram assumption. Positivity of matrix compressions proves
complete positivity. In particular their multiplicative defect is V ∗

s O
∗(I − VsV ∗

s )OVs ≥ 0 for O∗O.
For the second statement, hI ≤ K0 ≤ I. The vector Γu is the unique minimizer of ⟨Ju +

q,K0(Ju + q)⟩ over q ∈ QH; its minimum is ⟨u, S0u⟩. Solving the bounded block equation
proves the inverse decomposition. The three orthogonal spaces are J02H0, J12Q01H1 and Q12H2.
Minimizing first in the last space and then in the middle space is exactly minimizing in their sum.
Uniqueness proves the first two identities in (346); substitution of the two inverse decompositions
proves the third.

At an intermediate resolvent in an ordered word substitute the full ΓS−1Γ∗ +G. For instance,

J∗R0O1R1O2R2J = F0Γ∗
0O1[Γ1F1Γ∗

1 +G1]O2Γ2F2, Fi = S−1
i .

The same substitution at each frequency proves the general word statement, with norm bound∏
i ∥Oi∥

∏
j h

−1
j . It preserves G at each intermediate observation. Differentiating these bounded

identities retains all source blocks and port contacts. No identification with the separately printed
intermediate Hamiltonian enters.

Thus finite-step normalization and elimination are coherent, but not Markovian compression
by fiat: in general J∗e−2sAJ ≠ (J∗e−sAJ)2. The strict leakage witness and Theorem 21.8 identify
an actual interaction which such a replacement would omit.

21.7 Graph calibration and recovery of original insertions

Proposition 21.10 (Closed graphs and source contacts). For any actually specified closed
densely defined response operator B, the bounded pair

b = (I +B∗B)−1/2, d = Bb

records its complete graph. In particular,

u ∈ D(B) ⇐⇒ sup
ε>0
∥d(b+ εI)−1u∥ <∞, Bu = lim

ε↓0
d(b+ εI)−1u.
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The bounded encodings of any jointly admitted collection, their adjoints and actual ordered
bounded operations define one positive kernel on the original Hilbert space. They are not identified
with physical unbounded source derivatives without calibration.

For the common forms qs of Theorem 21.1, their full resolvent derivatives are calibrated to
the actual forms. With one fixed R = (H + c)−1,

Ri = −RqiR, Rij = RqiRqjR+RqjRqiR−RqijR. (347)

Every product uses the continuous form maps V → V ′ and extended resolvents V ′ → V . For
u, v ∈ D and fixed x = (H + c)u, y = (H + c)v,

qi(u, v) = −⟨x,Riy⟩, qij(u, v) = −⟨x,Rijy⟩+ qi(u,Rqjv) + qj(u,Rqiv).

Hence dense anchored preparation data for RqiR determine the continuous source form, not only
its value on one chosen state.

Proof. The map w 7→ (bw, dw) is an isometry onto the graph of B. If the displayed approximants
are bounded, their first components b(b+ ε)−1u converge strongly to u. A weakly convergent
subsequence of their second components and weak closedness of the graph prove u ∈ D(B).
Spectral calculus for b on such a graph vector then proves strong convergence to Bu. The converse
is the same calculus. Every Gram matrix of actual bounded words is positive; retaining the
anchors and the joint words fixes their common cyclic representation, not an unseen orthogonal
summand.

For the second part write E = K−1/2 and represent the form by a bounded coercive matrix
Ls on the fixed reference energy space. Then Rs(z) = E(Ls − zE2)−1E. Differentiating this
ordinary bounded inverse proves (347), including its contact term. Pairing with x, y proves the
reverse formulas. Since D is form dense, the pairings determine the whole continuous form.
One selected preparation alone does not determine it: a bounded operator annihilating that
preparation already illustrates the missing information.

Theorem 21.11 (Matrix unfiltering with all finite source jets). Let A = H + c ≥ I. Initially
allow an original insertion vector fi ∈ V ′ and set vi = A−1fi ∈ V . The complete matrix spectral
measure µij(B) = ⟨vi, EA(B)vj⟩ determines the original local matrix measure dνij(t) = t2dµij(t)
and the form-resolvent channel

Ff (z) = z2Fv(z) + zG+M1, Gij = ⟨vi, vj⟩, (M1)ij = ⟨A1/2vi, A
1/2vj⟩. (348)

Here Fv(z) =
∫

(t− z)−1dµ(t) and Ff (z) =
∫
t2(t− z)−1dµ(t). The exact Hilbert-vector criterion

is
fi ∈ H ⇐⇒ vi ∈ D(A) ⇐⇒

∫
t2dµii(t) <∞.

It holds for every original native derivative port in (340).
More generally, suppose As is a Ck common-form family with αK ≤ As ≤ βK and fs is Ck

as an H vector. Then the rational cutoff satisfies

QΛ(s)fs −→ fs in Ck on compact source sets, QΛ(s) = Λ(As + Λ)−1.

All preparation and mixed coefficient contacts are differentiated. This does not assert operator-
norm convergence QΛ → I.

Proof. The energy norm gives
∫
t dµii <∞. Polarization and spectral Cauchy–Schwarz justify

every matrix entry and the form-resolvent integral. Polynomial division t2/(t−z) = t+z+z2/(t−z)
proves (348); the two polynomial terms cannot be dropped. The spectral characterization of
D(A) proves the criterion. Theorem 21.1 supplies it for the stated native ports.
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For the finite-jet claim put RΛ = (As + Λ)−1. For every nonempty labelled index set I,
bounded form-inverse differentiation gives

(QΛ)I = Λ
∑

(B1,...,Bm)∈OP(I)
(−1)mRΛqB1RΛ · · · qBmRΛ,

where OP(I) consists of ordered partitions into nonempty blocks. Write CB = ∥qB∥V→V ′ .
Spectral calculus gives

∥RΛ∥H→V , ∥RΛ∥V ′→H ≤ (2
√
αΛ)−1, ∥RΛ∥V ′→V ≤ α−1.

Each displayed word has H → H bound
∏
r CBr/(4αm), uniformly in Λ. On V → H it has the

stronger bound
√
β
∏
r CBr/(2αm

√
Λ), since the innermost resolvent on V is at most

√
β/αΛ−1.

Similarly (QΛ− I) : V → H is at most
√
β/(2
√

Λ). Density proves strong convergence to zero for
every nonempty derivative, uniformly on compact sets of input vectors. Each continuous fJ has
compact image on a compact parameter set. The labelled product rule (QΛf)I =

∑
J⊂I(QΛ)JfI\J

therefore proves the assertion. It supplies no rate for arbitrary H-valued jets; uniformly V -
bounded jets have the displayed O(Λ−1/2) rate.

For a fixed admitted boundary isometry aD, Hilbert recovery also gives a∗
De

−itHfi =
limΛ a

∗
De

−itHfi,Λ, uniformly in t. A form-dual insertion instead needs an energy-regular
boundary for that pairing. If the filtered germ already has an actual meromorphic continuation,
(348) transports its complete germ. At a nonzero simple pole p its residue is multiplied by p2; at
p = 0 the zero of this multiplier is an explicit exception. This is an energy resolvent coordinate,
not automatically invariant mass squared. A spectral filter with zeros, a removed ground-state
component, or unretained local renormalization contacts cannot be recovered by this formula.
Likewise none of these static finite-jet results substitutes for the actual propagator-domain
hypotheses of a time-dependent unbounded insertion.

21.8 A broken quark current with a nonzero interacting channel

The same full source gives a concrete nonconserved-current boundary, complementary to its
scalar channels. Assume at least one quark Yukawa matrix is nonzero. Choose a real diagonal
traceless generation matrix T and define a finite-CAR charge

QT = dΓ(AT ), AT |Q = −T, AT |uc = AT |dc = −T T , AT |L = AT |ec = 0.

Identity factors on spin, color, weak and site labels are implicit. These are the all-left conjugate-
Weyl signs, not the signs of an untransformed right-handed field.

Theorem 21.12 (Broken-current boundary above any finite energy). There is such a T with
zr = −i{T, Yr} nonzero for r = u or d. The bounded physical charge preserves D, and its literal
source derivative is the unbounded physical multiplier

DT = i[H,QT ] = a−1∑
x

NxYx(zu, zd, 0) : D → H. (349)

For every finite L the same Hamiltonian has physical eigenvectors ψm, ψn with

L < Em < En, ⟨ψn, DTψm⟩ = i(En − Em)⟨ψn, QTψm⟩ ̸= 0.

For the selected lower preparation put Km = H − Em, E+ = 1(0,∞)(Km), q = E+QTψm and
d = E+DTψm = iKmq. The independently charge-generated space

HD = span{f(Km)q : f bounded Borel}

157



Common physical sources Constraint-derived Standard Model

reduces the actual dynamics and contains the nonzero breaking vector d. Its full current/breaking
spectral matrix is

dM(ω) =
(

1 iω
−iω ω2

)
dµ(ω), dµ = ⟨q, EKm(dω)q⟩.

For G11(z) =
∫

(ω − z)−1dµ, the other resolvent entries are

G12 = i(µ0 +zG11), G21 = −i(µ0 +zG11), G22 = µ1 +zµ0 +z2G11, µj =
∫
ωjdµ. (350)

These are actual native excitation channels, not identified hadron masses or a massless conserved-
QCD boundary.

Proof. The forward CAR convention gives, for Uα = eiαQT , U∗
αH(Y )Uα = H(Y (α)) with

Yr(α) = e−iαTYre
−iαT . Every non-Yukawa term is generation blind and commutes with QT ,

including the full shift and spin terms. The charge commutes with Gauss, T0 and R4, and a
safe bound is ∥QT ∥ ≤ 24N tr |T |. Differentiation in L(D,H) proves (349). For a nonzero matrix
entry choose a permutation of diag(1,−1, 0)/2 with ti + tj ̸= 0; its anticommutator entry is
nonzero. Thus κz = 6∥zu∥2F + 6∥zd∥2F > 0.

Take the normalized physical core vector ψR = 1links ⊗ (πR2)−Ne−|q|2/(2R2) ⊗ |0⟩. The pair
identity gives

∥DTψR∥2 = 2κzR2

a2

∑
x

N2
x .

This proves unboundedness on the physical space, not by using colored nonphysical states. Since
H has compact resolvent, the projection PL = 1(−∞,L](H) has finite rank and its eigenvectors
span a graph core. If all DT matrix elements above L vanished, then on that core DT =
PLDT +DTPL − PLDTPL. Symmetry identifies the first term with (DTPL)∗; the right side has
a bounded finite-rank extension. Graph density extends this equality to D, contradicting the
displayed norm. The commutator excludes equal energies; Hermiticity allows the pair to be
ordered. This proves the high-energy transition statement.

The charge preserves D, so q ∈ D(Km) and d = iKmq ≠ 0. The truncated functions iω1[0,R](ω)
show that d ∈ HD. Bounded spectral multipliers make this space reducing. The vector identity
fixes every entry of its positive matrix measure; polynomial division gives (350) with its finite
moments. Compact resolvent supplies at least one nonzero native residue, but the whole regular
spectral integral remains part of the channel. The relative frequency Km has not replaced H as
the physical generator.

This also gives an actual constituent-to-current attachment of the type used in the color
source construction [5]. Let Oℓ be the finite list of literal real and imaginary quark Yukawa
insertions, with their original Higgs, weak, spin and color contractions. Put VC =

⊕
ℓ End(C3),

with its Hilbert–Schmidt inner product, and let PC be the componentwise conjugation-invariant
trace projection, X 7→ (TrX/3)I3. The vectors τℓ = I3/

√
3 in their respective slots form an

orthonormal basis of PCVC . On that invariant subspace define jC(
∑
cℓτℓ) =

∑
cℓOℓψm. It is

bounded by (
∑
∥Oℓψm∥2)1/2 and the actual source direction fixes xT with jCxT = DTψm. If aD

is the inclusion of the charge-generated boundary, then

∥a∗
De

−itHjCPCxT ∥ = ∥d∥ > 0.

The preparation is the declared stationary excited state, not a vacuum renamed for this purpose.
No individual colored constituent has been embedded as a physical state.
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Corollary 21.13 (Same-history endpoints and local nonzero persistence). Use this fixed initial
preparation in any admitted graph-continuous full source history through its initial static mem-
ber, with no additional generation-dependent non-Yukawa term. Then ψ(t) = U(t, t0)ψm and
DT (t)ψ(t) are graph and Hilbert continuous, respectively, and∫ t

s
U(t, r)DT (r)ψ(r) dr = QTψ(t)− U(t, s)QTψ(s).

The integral belongs to the independently specified current-history span span{U(t, r)QTψ(r) : r ∈
I}. For t = t0 + h, s = t0, it divided by h converges in H to DT (t0)ψm ̸= 0.

Proof. The common-domain propagator permits differentiating U(t, r)QTψ(r) on D. Its deriva-
tive is U(t, r)i[H(r), QT ]ψ(r); graph continuity makes it a Bochner-integrable Hilbert vector.
Integration proves the endpoints and continuity proves the last limit. Therefore its norm is at
least h∥DT (t0)ψm∥/2 for sufficiently small positive h. For a moving charge one must add Q̇;
source differentiation likewise retains i[Hi, Q] + i[H,Qi] and both mixed cross terms. None is
inferred from a derivative of an arbitrarily chosen eigenvector.

Because the initial transition can lie above any finite energy threshold, the same preparation can
meet the finite lower-energy requirement of the constraint-matched native Einstein construction
when its other admitted geometric and reference hypotheses hold. Its history then has the
nonzero current endpoint just proved. This is genuine overlap of a source and preparation, not
equality of that native family with the directly occupied continuum packet. The geometric
construction still supplies its own all-test stress and constraint comparison.

The results of this section retain interactions in a finite-source reconstruction: canonical
physical neutral letters, a signed common fermionic history, normalized dressed inclusions with
nonzero leakage, positive complementary feedback, exact nested observations, and calibrated
original insertion vectors. They neither require suppressing the Yukawa coupling nor supply an
unstated all-scale spatial state limit. A separate coefficient path that softens interactions can
illustrate a spectral mechanism, but is not substituted for this retained full-source chain.

22 Canonical comparison of invariant physical composites

The ground-state estimates identify actual response vectors on the regulated physical source.
Their comparison with a physical interface should use observations that preserve that source. We
now construct the joint kernel of bounded invariant Higgs, gauge and matter composites, identify
its canonical cyclic realization, and retain the actual time generator through its source labels
and resolvents. This implements the invariant-correlation reconstruction of BCRS–2EW/H on
the selected native cluster source [4, Sec. 12].

22.1 Bounded composites on the joint gauge quotient

Fix the coefficient sequence, spatial prescriptions and one common ground cluster state from
Sections 13 and 14. At each regulator the following are actual bounded invariant observations:

bx = |qx|2

1 + |qx|2
, nx = NF,x

90 ,

wγ = 1
dσ

Trσ(Uγ),

cxy = q†
xρH(Uxy)qy√

1 + |qx|2
√

1 + |qy|2
.

(351)
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The four real coordinates qx are here recombined as the same complex Higgs doublet. There
are 90 local one-particle fermion modes, so 0 ≤ nx ≤ 1. Wilson paths, their representation and
any spatial averaging prescription are retained as part of their comparison. Real and imaginary
parts, adjoints, finite products and actual neutral CAR contractions may be included with their
specified input incidences.

Lemma 22.1 (Bounded mixed physical generators). The operators in (351) are parity even and
gauge invariant, and their norms are at most one. The mixed edge observation uses the full joint
source, with no independent color bundle or gauge-fixed Higgs field.

Proof. The radial multiplier is invariant under the unitary Higgs action, and local fermion
number commutes with the internal representation. Unitarity gives |Trσ(Uγ)| ≤ dσ; endpoint
conjugation leaves a loop trace unchanged. For the mixed edge, Cauchy–Schwarz gives

|q†
xρH(Uxy)qy| ≤ |qx||qy|,

which proves the stated bound. Under a local gauge transformation,

qx 7→ ρH(kx)qx, Uxy 7→ kxUxyk
−1
y , qy 7→ ρH(ky)qy.

All endpoint factors in the numerator cancel, and the denominators are invariant. The represen-
tation σ and the Higgs representation descend to the same G0/Z6 by Lemma 12.1. A bare color
fundamental is not substituted for a representation of this quotient.

The use of complete joint representations agrees with the color contraction and joint-descent
results of BCRS–2C [5, Sec. 13]. Those results distinguish an actual invariant operation with
its spectator inputs from a merely formal color contraction. Here the displayed operations are
already represented on the common physical Hilbert space.

For a dynamical interface first apply the common time-smearing operation of Proposition 13.4
to the selected bounded sequences. Let A be the unital norm-closed algebra generated by their
quotient classes and all real-time translates. It is a subalgebra of the uniformly time-continuous
physical quotient. Retain one family of source-word labels {Aλ}λ∈Λ, containing the identity,
products, adjoints and these time translates, whose linear span is norm dense in A. The word
labels include the prescribed spatial comparisons and repeated uses of the same input. No
countability or fixed maximum word length is assumed.

22.2 The joint physical kernel

Let (π,Has,Ω) be the physical GNS representation of the selected common cluster state ω. Define

K(λ, µ) = ω(A∗
λAµ),

HA = span{π(Aλ)Ω : λ ∈ Λ}.
(352)

The compared correlation family consists of these actual invariant word observations. In particular,
a Higgs–gauge–matter cross entry is evaluated in the same state as every marginal entry.

Theorem 22.2 (Canonical invariant-composite reconstruction). The kernel (352) constructs a
Hilbert space and bounded source-word generators canonically unitarily equivalent to their cyclic
realization on HA. Any second cyclic realization with the same full labelled kernel and source
operation incidences has a unique intertwining unitary. This unitary preserves all admitted mixed
word correlations.
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Proof. For every finite coefficient family and F =
∑
λ cλAλ,∑

λ,µ

cλcµK(λ, µ) = ω(F ∗F ) ≥ 0.

Thus K is positive because ω is the already constructed common state. Form the finite formal
word space with this sesquilinear form, divide by its null space and complete it to HK . Every
actual linear source relation has zero norm. For a retained generator a with ∥a∥ ≤ Ma, the
C∗-order inequality gives

ω(F ∗a∗aF ) ≤M2
aω(F ∗F ). (353)

Left concatenation therefore preserves the null space and extends to a bounded operator on HK .
This verifies the source generator bound without supplying a second state or an independent
positivity assumption.

The map on formal words
eλ 7−→ π(Aλ)Ω

has exactly the inner products K(λ, µ). It descends to an isometry with dense range in HA,
hence to a unitary. Concatenation proves intertwining. The same construction for a second
realization gives its unique labelled unitary; uniqueness follows on the dense word span. All
mixed inner products are entries of this one kernel, proving the final assertion.

This is precisely the positive-kernel and invariant-correlation reconstruction mechanism of
BCRS–2EW/H [4, Sec. 12, positive-kernel realization and invariant-correlation descent]. Bounded
invariant words have the whole Hilbert space as their operator domain. An undressed gauge-
variant Higgs field need not act on that space. Additional current, charged or asymptotic ports
enter a larger interface only with their actual cross-kernels, domains and boundary data; they
are not recovered from an omitted label by setting its value to zero.

22.3 Time evolution and full generator domains

Theorem 22.3 (Dynamical and resolvent attachment). The space HA reduces the positive-energy
implementing group of Theorem 13.5. Its restriction has a self-adjoint nonnegative generator LA.
A comparison preserving the full kernel and the real-time source labels intertwines this generator
and its complete domain.

Alternatively, for two self-adjoint physical source generators, a labelled unitary intertwining
one actual nonreal resolvent intertwines their full domains and generators. Such a resolvent may
be retained as a bounded label with its actual joint source kernel; a formal Hamiltonian expression
is not a substitute.

Proof. Since the vacuum is fixed,

U(t)π(A)Ω = π(αt(A))Ω.

The algebra contains all real-time translates. Thus HA is invariant under both U(t) and U(−t), so
it is reducing. Strong continuity and nonnegativity restrict to this space. On the dense word span
a label-preserving kernel unitary V obeys V U1(t) = U2(t)V for every real t. The characterization
of the generator by strong differentiation then gives V D(L1) = D(L2) and V L1 = L2V there.

For the alternative, let z /∈ R and suppose

V (L1 − z)−1 = (L2 − z)−1V.

The range of a nonreal resolvent is exactly the full operator domain. Hence V D(L1) = D(L2);
inversion on that range gives the generator equality. The joint-kernel theorem constructs such
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a unitary when the actual resolvent and its word incidences belong to the compared bounded
interface. These are the closed-domain data used in the source reconstruction theorem [4, Sec. 12,
closed-operator reconstruction].

An implementing unitary or resolvent need not be an element of the original observable algebra.
When required as a comparison label, it is an actual bounded operator in the represented source
with its joint matrix elements retained. This enlarges the compared interface, not the physical
state or its Hilbert representation. Static word values with the time labels and their action
forgotten do not by themselves identify an external Hamiltonian.

22.4 The analytic channel of the native cluster source

For A ∈ A, put

ψA = (π(A)− ω(A)I)Ω, GA(z) =
〈
ψA, (LA − z)−1ψA

〉
. (354)

Proposition 22.4 (Positive physical-sheet response). The channel (354) is the Stieltjes transform
of the actual positive measure µA(∆) = ∥1∆(LA)ψA∥2 on [0,∞). It is holomorphic on C \ [0,∞)
and satisfies

|GA(z)| ≤ ∥ψA∥2

dist(z, [0,∞)) . (355)

It is identically zero exactly when ψA = 0. The comparisons in Theorem 22.3 preserve this
measure and channel for every matched preparation.

Proof. The spectral theorem gives GA(z) =
∫

(E − z)−1 dµA(E) and the bound, with local
dominated differentiation proving holomorphy. If ψA ̸= 0, then for every s > 0

GA(−s) =
∫
dµA(E)
E + s

> 0.

The converse is immediate. A unitary intertwining the generator intertwines all its spectral
projections, and hence the measures and channels of matched vectors.

Centering removes the component along the chosen vacuum, not necessarily every zero-
energy vector. The proposition therefore asserts support in [0,∞), not automatically in (0,∞).
At every finite regulator the full positive-energy projection and pole are instead supplied by
Proposition 14.4.

A time filter with Fourier transform nonzero on the finite positive spectral support, such as
a Gaussian, preserves a nonzero response at each regulator. Equations (229) and (230) show
why it need not preserve a nonzero finite-energy response after refinement. Once a continuum
channel is identified, a nonphysical-sheet continuation and its current residue are further data;
reconstruction preserves them when acquired, but does not create their poles [4, Secs. 6 and 12].

22.5 A source-relative criterion for causal comparison

The same joint kernel gives a precise physical locality test. Let πcyc be the representation on the
cyclic Hilbert space of the entire compared bounded physical algebra. In the criterion below,
the admitted words range over a norm-dense word span of that entire algebra. Thus, if the
comparison is restricted to A, both its operators and the assertion of vanishing are restricted
to HA; no conclusion on a larger ambient Hilbert space is inferred from those words alone. Let
An, Bn be actual uniformly bounded even physical comparison sequences, with the time-evolved
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sequence admitted by the source, and write Kn = [αnt (An), Bn]. Let D range over a dense cyclic
word family for the same represented physical algebra containing [Kn]. For a fixed cluster state,

πcyc([Kn]) = 0 ⇐⇒ lim
U
ωn(D∗

nK
∗
nKnDn) = 0

for every such word D.
(356)

Indeed each quantity on the right is ∥πcyc([Kn])πcyc(D)Ω∥2. The word vectors are dense in this
cyclic Hilbert space, and [Kn] is bounded, which proves both implications. A vacuum-only test
does not suffice. When the source comparisons identify the two supports as spacelike, (356) is
exactly the commutation assertion on that physical source. It requires neither an operator-norm
propagation estimate on every unrelated state nor a raw charged-field representation. The ground
moment bounds alone do not control its arbitrary cyclic sibling words.

The resulting interface contains actual bounded invariant composites, one joint state, their
mixed correlations, and the acquired positive-energy dynamics. It is canonically reconstructed
on that source. Identifying this native cluster realization with the original physical target
requires the corresponding current and charged-sector attachments, confined or asymptotic color
comparisons, and the nonzero physical-frequency estimates. These comparisons must retain the
same source and domains, as in the simultaneous projection theorem of BCRS–3 [3, Sec. 8];
separate sector realizations do not provide their common intersection. The original-source
realization in Theorem 11.5 is independently established; the present criterion concerns its
comparison with this native cluster.

Part III

Metric response and coupled continuation
The same native quantum source supplies all-component metric response and a source-attached
Einstein evolution. The final homogeneous example exhibits the coupling in a simpler smoothed
model; its approximation is not substituted for the literal-Hamiltonian construction.

23 Metric response from the common quantum source

Metric response is obtained by varying the same Hamiltonian that generates the quantum evolu-
tion. The all-ray construction below identifies the differentiability and domain structure needed
to extend bounded source reconstruction to arbitrary metric tests. Its object is a differentiable
family of response forms, including its comparison maps, rather than an independently assigned
stress tensor.

The operational metric-source construction [25, Definitions 3.7 and 4.4, Proposition 4.5]
identifies a derivative with a source only when its graph is the source’s actual metric-incidence
relation. The normalized-ray reconstruction [26, Definitions 4.1–4.5 and Theorems 4.6 and 4.11]
then polarizes the common response into a form-valued distribution. We first establish the
required quadratic structure directly in the occupied regulator.

23.1 All-ray response of the full regulated Hamiltonian

At a fixed finite graph, denote the complete physical Hamiltonian by Hθ. Its independent real
coefficient entries include the electric, scalar quadratic and quartic, plaquette, scalar hopping,
fermion hopping and Yukawa coefficients. Complex coefficients are resolved into their real and
imaginary entries before differentiating. The representations, contractions and physical gauge
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action are fixed. Restrict to an open coefficient neighborhood on which the quartic coefficient
is at least λ0 > 0, the electric coefficients are bounded away from zero, and all coefficients are
locally bounded. Let V be the physical form domain with reference norm

∥u∥2V =
〈
u,
(
TG,ref + TH + λ0

∑
x

|qx|4 + 1
)
u

〉
, (357)

where the right side is understood as a closed quadratic form. The coordinate qx ∈ R4 is the
scalar coordinate at that fixed regulator; this statement involves no change of the physical clock.

Proposition 23.1 (Common coefficient-response form). The forms qθ of Hθ have the common
domain V, with locally equivalent shifted form norms. As continuous sesquilinear forms on V,
they depend affinely and continuously on the independent coefficient entries. For every nonzero
ψ ∈ V, the readout

R[ψ](θ) = qθ(ψ,ψ)
∥ψ∥2

has response
W[ψ](v) = Dqθ[v](ψ,ψ)

∥ψ∥2
.

Its norm-squared homogeneous extension satisfies the parallelogram identity. Its unique polariza-
tion is the differentiated form Dqθ[v].

Proof. The quartic coefficient derivative is bounded by λ−1
0 ∥u∥

2
V . With n sites,∑

x

|qx|2 ≤ 1
2
∑
x

|qx|4 + n
2 ,

∑
⟨xy⟩
|qx − ρH(Uxy)qy|2 ≤ 12

∑
x

|qx|2

on the cubic graph. The latter estimate follows from unitarity and the six incidences at each
site. Plaquette and fermion hopping terms are bounded at the fixed graph. Each real Yukawa-
coefficient derivative is matrix-valued multiplication bounded by a constant times

∑
x |qx|, which

is controlled by the same form norm. The electric forms are controlled by their positive reference
coefficients. Polarization, or Cauchy–Schwarz for the corresponding positive majorants, gives
the mixed form bounds. The lower-order terms are infinitesimally controlled by the positive
quartic form; the strictly positive kinetic coefficients give the asserted local equivalence of shifted
norms. Consequently the finite sum defining qθ is an affine continuous map into the forms on V.
Differentiation at fixed ψ gives the stated response. Sesquilinearity gives phase independence,
degree-two homogeneity, the parallelogram identity and polarization. No derivative of a chosen
ground vector is used.

For the fixed local gauge action, qθ(Uu,Uv) = qθ(u, v) at every coefficient point. Differentiating
proves gauge covariance of the response forms. They are available on every admitted ray of any
physical word interface preserving V; arbitrary bounded operators are not presumed to preserve
this domain. These conclusions concern actual coefficient deformations. A general metric tangent
cannot be substituted for a coefficient tangent without constructing its action on the same scalar,
gauge, spin and current data.

23.2 Differentiable metric families and operator sources

Write TK for the real smooth symmetric metric tests supported in a fixed compact set K. Their
usual smooth topologies, compatible as K increases, give the compact-support test topology. A
metric family is compared on one dense locally convex domain D; its continuous anti-dual is
denoted by D′. Inner products and forms are conjugate linear in the first entry.
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Theorem 23.2 (All-ray construction from an actual metric form). Suppose a source owns finite
metric-deformation readouts

R[ψ](g) = qg(ψ,ψ)
∥ψ∥2

, 0 ̸= ψ ∈ D,

where qg is Hermitian and differentiable on each compact test step, compatibly across supports.
Let its derivative ag(h)(φ,ψ) be jointly continuous in the declared domain and test topologies.
These hypotheses construct one continuous quadratic response on all normalized rays.

For its attachment as a metric source, retain the exact coverage of the source’s metric-response
protocols by these deformations, one boundary, normalization, improvement and state-transport
convention, and the already established upstream response role. Retain also the lawful transport of
metrics, readouts and incidences and the invariance of D under the symmetry and field operations
admitted by this target. Then the operational response and its unique polarized distribution are

W[ψ](h) = ag(h)(ψ,ψ)
∥ψ∥2

, ⟨φ, T̂g(h)ψ⟩ = 2ag(h)(φ,ψ), T̂g(h) : D −→ D′. (358)

The support, covariance and Ward or exchange identities of the actual diagonal response lift to
all matrix elements. The mass-bearing subtype uses the same upstream mass role; differentiability
alone does not assign that role.

Proof. Differentiation gives a real-linear continuous response to every admitted metric test. All
rays use the same prequotient form and the same representative conventions. Exact protocol
coverage identifies the derivative graph with the source’s actual metric incidence graph; thus
the operational attachment theorem of [25] applies, rather than merely identifying two formulas.
Its convention is W (h) = 1

2⟨T, h⟩. The homogeneous diagonal tensor response is therefore
2ag(h)(ψ,ψ). Sesquilinearity proves its parallelogram identity and identifies its polarization
uniquely with 2ag(h). For fixed ψ, this form is a continuous anti-linear functional of φ, and
hence defines T̂g(h)ψ ∈ D′, linearly in ψ. Joint continuity gives the form-valued distribution in
(358). Polarizing each actual diagonal identity proves its matrix-element version, as in [26]. This
constructs no Hilbert-bounded stress operator: continuity on a graph domain is the asserted
regularity.

The distinction between the theorem’s two conclusions is important. A differentiable form
constructs the all-ray algebra automatically. Its full source attachment additionally uses the
actual protocol, role and transport records. None of these records may be replaced by a name
assigned to a derivative.

The homogeneous family (415) supplies a concrete application on V = D(H1/2
0 ):

∂aqa,ϕ(u, v) = h′(a)qH0(u, v) + g∂af(a, ϕ) ⟨u,Bv⟩ ,
∂ϕqa,ϕ(u, v) = g∂ϕf(a, ϕ) ⟨u,Bv⟩ . (359)

The lapse and scale-factor source forms are consequently Hq/(VΣa
3) and −∂aHq/(3VΣa

2). Their
all-ray lift requires no independently postulated stress tensor. Their exchange is already proved in
(422)–(423). This metric family is homogeneous; it does not cover all inhomogeneous spacetime
tests.

23.3 The derivative information carried by source comparison

Proposition 23.3 (Recovery from a resolvent first jet). For a differentiable common closed
semibounded form family, let Rg(z) = (Hg − z)−1, with z /∈ R. On its form-domain/anti-dual
scale,

DRg(z)[h] = −Rg(z)ag(h)Rg(z). (360)
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For u, v ∈ D(Hg),
ag(h)(u, v) = −⟨(Hg − z)u,DRg(z)[h](Hg − z)v⟩ . (361)

Thus the source resolvent family and its metric first jet, with the common form-domain comparison,
determine the response form.

Proof. The form of Hg − z is an invertible map from its form domain to the anti-dual. Differen-
tiating its inverse gives (360). Multiplying on the dense operator-domain images gives (361); the
conjugate on z comes from the first inner-product slot. The operator domain is a form core, so
form continuity extends this identity to the common form domain.

The domain comparison in this proposition is not inferred from norm differentiability of one
bounded resolvent. Nor do fixed-metric data determine the derivative. Indeed, the constant
family H and H + sB, with any existing nonzero bounded invariant self-adjoint B, have identical
kernels and resolvents at s = 0, but derivatives zero and B. This is an insufficiency test for
fixed-metric information, not an assertion that both families are lawful metric sources.

Even a unitary comparison at every metric requires its derivative. For bounded representatives
with F ′

g = UgFgU
∗
g , put Ah = (DhUg)U∗

g . Direct differentiation yields

DhF
′
g = Ug(DhFg)U∗

g + [Ah, F ′
g]. (362)

The covariant derivative subtracts this comparison commutator. For unbounded forms the
corresponding graph or form transport must also be retained. The joint-kernel comparison
of [4] therefore transports response derivatives when its labels and ports include the actual
deformation family. Unrelated identifications of its individual fibers do not suffice. This is also
the fixed-sibling metric-variation requirement of the color response construction [5].

23.4 Uniform first jets in the asymptotic source

Proposition 23.4 (Derivative through the bounded source quotient). Let Fn(g) be actual
bounded self-adjoint representatives of one metric-deformation protocol family, defining bounded
sequences throughout the compared neighborhood. On each compact test step, suppose real-linear
derivatives Dn(h) satisfy

sup
n
∥Dn(h)∥ ≤ CKpK(h),

sup
n
∥Fn(g + v)− Fn(g)−Dn(v)∥ = o(pK(v)), (363)

in the stated differentiability topology, for a fixed continuous seminorm pK . Retain the same
comparisons and source relations for the representatives, derivatives and their words. Then the
bounded asymptotic source family is differentiable with derivative [Dn(h)]. In every representation
its polarized all-ray response is 2π([Dn(h)]).

Proof. The quotient norm is at most the supremum norm. Thus the uniform remainder in (363)
proves differentiability directly in the bounded sequence quotient. Its derivative bound passes
to the quotient and to every representation. Evaluation on a normalized ray is continuous and
quadratic; polarization gives the asserted operator. An additional source identity passes when it
holds as a relation of this same quotient family.

For the positive-energy, uniformly time-continuous source algebra, the family must belong to
that same closed sequence subalgebra throughout the neighborhood. Its uniform norm derivative
then belongs to the subalgebra by closure. Without this hypothesis the proposition concerns the
full bounded quotient only. For unbounded response forms, the analogous passage requires a
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common source-word graph domain and estimates in its all-word graph seminorms; a bound on
ground-state expectations alone does not give that passage.

The complete classical gauge–Higgs–Weyl–Yukawa action in [27, Theorems W4B.2 and W4B.4]
provides the torsion-free spin lift, derived-connection variation, symmetric source and internal-
exchange cancellation that a full metric family must retain. The constructions above give its
quantum all-ray and comparison mechanisms. Sections 24 and 25 construct the finite source’s
spatial and temporal metric families; Section 26 establishes the stronger native response and
coupled evolution. Any limiting comparison retains its corresponding uniform estimates. These
constructions do not identify an arbitrary coefficient variation, or a copied classical tensor, with
the full quantum metric response.

24 Spatial geometry and momentum response of the interacting
source

A metric response must vary the geometry seen by the same scalar, gauge and spin variables. We
construct such a family on the physical space of Section 12. It includes arbitrary spatial shear,
not only a scale factor, and retains all Yukawa contractions. The canonical matter action of [27,
Theorems W4B.2 and W4B.4] fixes the coframe, half-density and derived-connection ancestry of
these terms. Its spacetime Ward identities are distinguished below from the identities of this
finite spatial representation.

24.1 Anisotropic electric, scalar and magnetic contractions

Fix a geometrically matched cubical member of the original family, with reference spatial metric
h0 = δ on its coordinate patch, and fix its graph placement, edge paths, plaquette anchors, spin
structure and quadrature. Local metric variations extend as the identity outside the patch. The
same formulas apply on complete interior stars or the corresponding periodic member. An absent
edge at a boundary is not replaced by a new variable. All reference couplings and the faithful
representation σ of the joint quotient group remain fixed.

Let h be positive definite and N > 0, and put v =
√

deth. For a positive matrix define

Corr(M)ij = Mij√
MiiMjj

.

This positive matrix has unit diagonal. For two-form indices I = (i < j), J = (k < l), put

B(h)IJ = hikhjl − hilhjk.

It is the positive Gram matrix of h−1 on two-forms. An overline denotes the fixed endpoint
average on an edge or the average over the four distinct vertices of an elementary plaquette.
Each averaged object includes its star anchor x. Define

mE
i = hii/vei

, ΓE = Corr(h(x)),

mH
i = vhiiei , ΓH = Corr(h−1(x)),

mB
I = vB(h)IIpI

, ΓB = Corr(B(h(x))).

For X = E,H,B, put MX = diag(
√
mX), θE = θH = 1/2, and θB = 1/4. Write N̄X

i for the
corresponding edge or plaquette lapse average. On the open geometric branch

λmin(ΓX) > 1− θX (X = E,H,B), (364)
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define the lapse-affine matrices

CX = MX
[
Nx
(
ΓX − (1− θX)I

)
+ diag(N̄X

i − θXNx)
]
MX . (365)

The first matrix in brackets is positive definite, while N̄X
i − θXNx is the positive sum of the other

averaged lapse samples. Thus CX is positive definite. Its diagonal is exactly mX
i N̄

X
i ; its off-

diagonal entries are Nx

√
mX
i m

X
j ΓXij . Every conformal point has ΓX = I, so (364) contains an open

neighborhood of that point and admits every spatial tangent for sufficiently small deformation.
These are explicit geometric sampling rules, not a uniqueness theorem for discretization. Exact
lapse affinity does not by itself establish the spacetime constraint algebra.

Write Eax,i for the outgoing self-adjoint electric derivatives, including the square roots of their
original positive coefficients. For each internal factor their Lie indices transform in the adjoint at
the common initial vertex. Define

Dx,i = √κei(qx − ρH(Uei)qy), Zx,I =
√
βpI/2

(
σ(UpI )− I

)
.

The plaquettes are based at that same vertex. The three geometric terms are the form and
multipliers

qE(u, u) =
∑
x,a,i,j

CEij (x)
〈
Eax,iu,E

a
x,ju

〉
,

WH =
∑
x,i,j

CHij (x)D†
x,iDx,j ,

WB =
∑
x,I,J

CBIJ(x) Tr(Z†
x,IZx,J). (366)

Positive Gram matrices make all three nonnegative. The electric operator is the symmetric
operator of the displayed form; invariant derivatives on a single non-Abelian link are not presumed
to commute. At N = 1, h = δ the matrices are identity. Since

∥σ(U)− I∥2HS = 2
(
dim σ − Re Trσ(U)

)
,

the magnetic term is exactly the original Wilson potential, not a logarithmic replacement. On a
conformal metric h = e2sδ, the same prescription gives precisely the diagonal weights

N̄ee−s
e, N̄eese, N̄pe−s

p (367)

for electric, Higgs-edge and Wilson terms respectively. For smooth classical geometries and
matched refining quadrature, the matrices approach Nh/v, Nvh−1 and Nv∧2h−1. This coefficient
consistency is not an estimate on rough quantum link configurations.

24.2 The derived spin connection

Choose a smooth spatial coframe section e(h) in the fixed reference frame. Every symmetric
tangent k has a lift b satisfying

kij = bai e
a
j + eai b

a
j ; bai = 1

2e
ajkji

is one such lift. The derivative of the selected coframe section differs, if necessary, by its
determined infinitesimal frame rotation. In particular all six spatial tensor directions are covered.
The intrinsic connection and its spin lift are derived, not varied independently:

ωi
a
b = eaj

(
∂ie

j
b + Γj iℓ(h)eℓb

)
, Ωi = 1

4ωiabγ
ab,

δΓj iℓ = 1
2h

jm(∇ikℓm +∇ℓkim −∇mkiℓ). (368)
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Here δe−1 = −e−1(δe)e−1, ci = eiaσ
a, and δv = 1

2vh
ijkij . For the fixed path from y to x, spin

transport satisfies

δVxy = −
∫ 1

0
V (1, t) δΩi(γ(t))γ̇i(t)V (t, 0) dt. (369)

Our orientation gives Vxy = I + aiΩi(x) +O(a2
i ) when y = x+ aiei. The normal spin hopping

coefficient is
Sxy(h) = −iκR4ai

(√
vx/vy c

i
xVxy +

√
vy/vx Vxyc

i
y

)
. (370)

It is paired with the reverse adjoint and the original internal link in the finite CAR hopping.
Multiplication by N̄e is the discrete lapse anticommutator. Thus the scalar density, endpoint
Clifford matrices and spin path all participate in the metric derivative. A simultaneous frame
change transports these objects by second quantization and preserves the spin epsilon in every
Yukawa contraction.

The complete normal source is now

H[N,h] =
∑
x

Nx
(
v−1
x |px|2 + vxVx + Yx

)
+ TE [CE ] +WH [CH ] +WB[CB] + Fhop[N,h], (371)

where Vx = λ|qx|4 + µ|qx|2. The scalar coordinates and fermion half-density identification are
fixed in this static family. Its Yukawa density consequently has lapse weight Nx and no extra
spatial volume factor. Zero explicit shear derivative of that term does not remove its interaction
from the source or state.

Theorem 24.1 (Occupied full-spatial response). On a fixed finite graph, in a bounded nonde-
generate geometric neighborhood with a uniform positive margin in (364), (371) has the same
nonzero physical Hilbert space and the common form domain

V = D(T 1/2
ref ) ∩ L2((1 +

∑
x |qx|4)dU dq;F

)
.

Its shifted form norms are locally uniformly equivalent. The forms are affine in the lapse,
continuously differentiable in the spatial geometry and, on each compact test support,

|DqN,h[n, k](u,w)| ≤ CG,K(∥n∥C0 + ∥k∥C1) ∥u∥V ∥w∥V . (372)

They define self-adjoint, semibounded physical sources with compact resolvent and finite heat trace
at every positive inverse temperature. Every compactly supported spatial symmetric-metric test is
incident to an actual sufficiently small deformation within this open branch.

Proof. The geometric neighborhood gives positive lower and finite upper bounds for the three
Gram matrices, Nx/vx, and all quartic coefficients. The electric and scalar kinetic forms and
positive quartic multiplication therefore control exactly the reference domain. The Higgs term
is a nonnegative quadratic multiplier, the magnetic and CAR terms are bounded, and the
Yukawa multiplier is linear. Young’s inequality gives a locally uniform coercive lower bound and
infinitesimal control of the lower-order terms. These prove closedness and equivalence of shifted
form norms. All contractions in (366) are at one gauge vertex; the original CAR and Yukawa
incidences are unchanged. The same physical projection consequently reduces the source.

Positive-matrix operations and their finite samples are smooth. The derived connection uses the
first spatial metric jet, and (369) bounds its transport variation by the corresponding path integral.
Taylor remainders in a compact geometric neighborhood prove form-norm differentiation and (372).
Reference-form equivalence preserves compact embedding and the harmonic-oscillator/compact-
link heat comparison of the original source. Its nonzero physical Gaussian and Fock-vacuum
vector still exists. Finally h+ ϵk is positive for sufficiently small ϵ, and its coframe lift above
supplies the claimed deformation for every test; the uniform correlation margin also persists for
sufficiently small ϵ. All estimates here are at a fixed graph.
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For fixed spatial geometry, the lapse coefficients give actual local forms εz[h] = ∂NzH[N,h]
with H[N,h] =

∑
z Nzεz[h]. They include all terms of the source rather than a separately supplied

stress expression. On the common smooth/Schwartz physical core let Jzw = i[εz, εw] = −Jwz.
The exact initial form derivative under the static normal dynamics is

d

dt

∣∣∣∣
t=0

〈
e−itHu, εze

−itHu
〉

= −
∑
w

Nw ⟨u, Jzwu⟩ .

The displayed differential expressions preserve that core, which lies in every operator-power
domain. Thus the derivative is legitimate in the common form envelope. Weighting by Nz and
summing cancels every antisymmetric transfer exactly.

Proposition 24.2 (Nonzero physical shear response). At the flat reference and on a complete
star with two nonzero Higgs edge coefficients, a compactly supported pure off-diagonal tangent
has a nonscalar physical response form.

Proof. Choose k12 = k21 = s, with zero diagonal and a nonzero sample at one star anchor, and
zero samples at other anchors. A smooth compact test with these values exists. Its volume and
diagonal coefficient derivatives vanish, whereas δCorr(h)12 = s and δCorr(h−1)12 = −s. The
Higgs response contains −2sRe(D†

x,1Dx,2). Use physical product vectors constant in the links,
radial in each Higgs variable and in the Fock vacuum. Radial symmetry gives

⟨Re(D†
x,1Dx,2)⟩ = √κe1κe2 ⟨|qx|2⟩.

Normalized smooth radial annular vectors make the last moment arbitrarily large while retaining
bounded other-site moments. The electric term vanishes on link constants, the magnetic response
is bounded, and hopping has zero vacuum expectation. Thus the response has unbounded
nonconstant diagonal values on physical vectors. It is neither zero nor a scalar form.

The protocol readouts are qN,h(u, u)/ ∥u∥2. Their linearization is the derivative just con-
structed, including the fixed state identification and repeated protocol uses. Theorem 23.2
therefore polarizes their spatial response. Coordinate or frame comparison transports the graph,
paths, quadrature and coframe section together with the metric. This is full spatial tensor-type
coverage, not injectivity of a finite measurement. A test whose relevant jets vanish along every
sampled path can have zero response. The resulting form-valued distribution may be supported
on vertices and paths; a continuum smooth stress tensor is not inferred.

24.3 Canonical momentum probes on the same form domain

The common action distinguishes raw covariant momentum from its gauge- and Lorentz-improved
spatial generator [27, equations (83)–(92)]. Both this distinction and the fixed real/complex
canonical normalization are retained here. Let P ax,j be the original unrescaled outgoing electric
generators. Define a bounded adjoint curvature observation by

Fx,ij = σ−1
∗ prσ∗(g)

(
σ(Upij )− σ(Upij )†

2aiaj

)
. (373)

The projection uses the fixed invariant inner product; the inverse is only on the faithful Lie-algebra
image. Opposite two-form orientation is defined by antisymmetry. This observation is adjoint-
covariant and does not replace the Wilson Hamiltonian. Put Diqx = (ρH(Ux,x+aiei)qx+aiei−qx)/ai.
For a real spatial descriptor ξ, symmetric ordering gives

PG[ξ] = 1
2
∑
x,i,j,a

ξix(Fax,ijP ax,j + P ax,jFax,ij),

PH [ξ] = 1
2
∑
x,i,A

ξix(px,A(Diqx)A + (Diqx)Apx,A). (374)
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Explicitly, with H = (q1 + iq2, q3 + iq4)⊤, use the canonical complex momentum row Π =
(p1 − ip2, p3 − ip4)/2. Its classical one-form is Π dH + (dH)†Π† =

∑
A pA dqA. For the displayed

forward link difference the same-site real Jacobian is −I/ai; the cross-imaginary ordering
commutators therefore vanish. Thus ΠDiH + (DiH)†Π† is precisely the real symmetrized scalar
expression above. The CAR momentum uses the original internal link, the reverse adjoint, and
spin coefficient

Smom
xy [ξ, h] = −iξ̄

i
e

4ai

(√
vx/vy +

√
vy/vx

)
Vxy(h).

Summing over the original species and generations defines the bounded operator PF [ξ, h]. Its
smooth-profile leading expression is −i(ξi(∂i + Ωi +ρR(Ai)) + 1

2∂iξ
i) in the fixed spin half-density

coordinates. The full family is

H[N,h, ξ] = H[N,h] + PG[ξ] + PH [ξ] + PF [ξ, h]. (375)

Every normal Yukawa term is retained. Its local scalar density has no separate raw derivative-
momentum contribution.

Theorem 24.3 (Occupied normal and momentum family). For bounded finite descriptor families,
(375) defines semibounded closed physical forms on the same V, with compact resolvent, finite heat
trace, nonzero physical ground space and self-adjoint unitary dynamics. Its descriptor derivative
is exactly PG + PH + PF ; its joint geometric derivative is a continuous form on that domain.

Proof. At a fixed graph the curvature multipliers and their group derivatives are bounded. The
real-part interpretation of the symmetric gauge form gives

|PG[ξ](u, u)| ≤ ϵqE(u, u) + Cϵ,ξ ∥u∥2 .

Scalar differences are linear in the finite Higgs coordinates, with unitary bounded link coefficients.
Consequently

|PH [ξ](u, u)| ≤ Cξ ∥∇qu∥ (∥|q|u∥+ ∥u∥)

≤ ϵ ∥∇qu∥2 + ϵ
∥∥∥|q|2u∥∥∥2

+ Cϵ,ξ ∥u∥2 .

The last step uses Young’s inequality and |q|2 ≤ δ|q|4 + Cδ. The finite CAR term is bounded.
Thus the shift form is infinitesimally controlled by the normal coercive form, even for a fixed
large finite descriptor. Closedness, compactness and heat comparison follow as above. All terms
are parity even and invariant under the same joint gauge action. Differentiation uses the same
estimates and derived spin transport, proving the remaining assertions.

24.4 The exact spatial-deformation discrepancy

Proposition 24.4 (Two-edge discrepancy of the finite momentum). On a coordinate cycle with
at least four distinct vertices, the momentum prescription (374) does not obey the continuum
spatial-descriptor bracket as an identity on its common core. Its commutator contains a two-edge
scalar principal term absent from every one-edge descriptor of the same prescription.

Proof. At trivial links, the underlying vector field on one real Higgs component is (vξq)x =
ξx(qx+1 − qx)/a. The coefficient of qx+2 in its bracket is

[vξ, vη]qx
∣∣
qx+2

= ηxξx+1 − ξxηx+1
a2 qx+2.

Smooth descriptors can realize samples with nonzero coefficient. Symmetric ordering changes
only the zero-order divergence term. The plaquette curvature vanishes at trivial links, so the
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gauge momentum’s link vector field is zero there. CAR momentum has no scalar-coordinate
vector component.

For an invariant physical-core witness, use only the first coordinate direction and choose
ξx = 1, ξx+1 = 0, ηx = 0, ηx+1 = 1. Set every outgoing nearest neighbor of x equal to qx ̸= 0, but
choose qx+2e1 so that qx · (qx+2e1 − qx) ̸= 0. For rx = |qx|2,

[vξ, vη]rx = − 2
a2 qx · (qx+2e1 − qx) ̸= 0, vζrx = 0

for every full three-component one-edge descriptor ζ. Local gauge action annihilates rx. Take a
link-constant core vector F (rx), times compact radial cutoffs at all vertices and the Fock vacuum,
with F (r0) = 0, F ′(r0) ̸= 0, and the cutoffs constant near the tested configuration. This vector
is gauge invariant. Its vanishing value eliminates zero-order ordering terms at that configuration;
the other cutoffs contribute no derivative there. Number-preserving CAR momentum annihilates
the vacuum. The operator discrepancy on this physical vector consequently has the displayed
nonzero value. Its output is smooth and hence nonzero on an open neighborhood, so it is a
nonzero physical Hilbert vector, not a measure-zero point test. This disproves the proposed
descriptor identity on the physical common core.

This discrepancy concerns the displayed finite prescription. It does not exclude its controlled
refinement, a different action, or a transported graph construction. It gives an explicit term
that a continuum comparison must estimate on the actual quantum source, beyond a Taylor
expansion on smooth classical profiles.

The distinction matters for spacetime attachment. The common tetrad action in [27, equations
(65), (67) and (91)] derives its temporal spin connection and shifts the coframe momentum
under the fermion half-density transformation. It also distinguishes raw V [ξ] from D[ξ] =
V [ξ] − G[ιξA] − J [ιξω]. An external metric history must retain the corresponding temporal
spin/frame comparison. Spatial transport alone is not that comparison. The three momentum
responses above therefore are not renamed a completed T 0i source.

Finite ordered products of these self-adjoint unitary groups do give actual piecewise constant
operational histories on the common physical space. Each factor preserves its form domain, the
same set V . This does not identify metric jumps with the covariant action of an arbitrary smooth
spacetime history. For a transported finite graph, geometric naturality also retains the graph
variation:

δgI[LXg] + δfieldsI[LXfields] + δgraphI[LXgraph] = 0.

Dropping its third term while holding the graph fixed requires a proof. Polarization transports
an established Ward identity; it cannot remove this actual exchange. This spatial construction
supplies lapse response, every spatial tensor test and all raw momentum probes. The action-
derived temporal comparison is developed in Section 25; the coupled native Einstein realization
is proved in Section 26. Neither construction equates the finite one-edge momentum algebra with
its continuum counterpart.

25 Temporal frames and occupied metric histories

The spatial metric family of Section 24 extends to an actual quantum history when its temporal
frame comparison is retained. We derive that comparison from the symmetric Weyl action, then
construct evolution for the full interacting source. The result covers all components of an external
spacetime metric on the declared patch. It is distinct from imposing gravitational field equations
on that history.

We use inner products antilinear in the first variable and the Schrödinger convention i∂tu =
H(t)u. The spatial target is closed, or carries the inherited boundary domain on which the
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integrations by parts below are licensed. The tetrad and spin connection have the common-action
ancestry of [27, Theorems W4B.2 and W4B.4, equations (65), (67), (70)–(79)]. In particular
the connection is the Levi–Civita lift of the same tetrad, not an independently varied Palatini
variable.

25.1 The canonical half-density identity

For one chiral representation, write the current part of the local action as

LW = i

2
{
ψ†Jµ∂µψ − (∂µψ†)Jµψ

+ ψ†(JµΩµ − Ω†
µJ

µ)ψ
}
.

(376)

The current-density matrices Jµ are Hermitian. Choose the time orientation and chiral identifica-
tion so that B = J0 > 0. The connection includes the derived spin connection and any retained
anti-Hermitian internal connection. Yukawa contractions remain separate algebraic terms of the
same action. Put

K = B−1/2, ψ = Kχ, aµ = KJµK, Γµ = K−1(∂µK + ΩµK). (377)

Lemma 25.1 (Exact canonical pullback). One has a0 = I, and the action density becomes

LW = i

2χ
†←→∂t χ+ i

2χ
†ai
←→
∂i χ+ i

2χ
†

3∑
µ=0

(aµΓµ − Γ†
µa

µ)χ. (378)

Here χ†←→Dχ = χ†Dχ− (Dχ)†χ, with the intervening matrix retained in each term when present.
The corresponding canonical one-particle differential expression is

hW = −i
(
ai∂i + 1

2∂ia
i
)
− i

2

3∑
µ=0

(aµΓµ − Γ†
µa

µ). (379)

Proof. Substitution of ψ = Kχ, with K = K†, gives KJµK as the coefficient of each differentiated
χ. The remaining coefficient is

KJµ∂µK − (∂µK)JµK +KJµΩµK −KΩ†
µJ

µK

= aµΓµ − Γ†
µa

µ.

This proves (378), including the derivatives of the field identification. Integration by parts on the
specified spatial domain gives (379). The last coefficient is anti-Hermitian, so its contribution to
the Hamiltonian expression is Hermitian.

This is an exact action identity, not an essential-self-adjointness claim for an arbitrary
continuum differential expression. The quantum realization constructed below is the full finite
source already defined in Section 12. Its physical comparisons retain K, the temporal connection
and the state ports, rather than differentiating only the spatial current matrices.

25.2 The derived temporal spin term

Use time gauge on the inherited local slab:

θ0 = N dt, θa = eai (dxi + βidt), hij = eai e
a
j ,

g = −N2dt2 + hij(dxi + βidt)(dxj + βjdt), v =
√

deth, N > 0. (380)
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The selected coframe section e = e(h) and its residual frame comparisons are retained. The dual
normal is N−1(∂t − βi∂i). For the actual chiral normal symbol ci, equal to eiaσa for one selected
Weyl sign, (377) reads

J0 = vI, K = v−1/2I, ai = Nci − βiI, Γµ = Ωµ − 1
2∂µ(log v)I. (381)

Thus χ = v1/2ψ = h1/4ψ. Every real scalar density term in Γµ cancels in the antisymmetrized
connection coefficient. This does not remove the divergence term ∂ia

i/2 in the canonical
expression.

Let skewM = (M −M⊤)/2, and lower the shift by βi = hijβ
j . Denote the intrinsic rotational

spin connection by Ωintr
i .

Lemma 25.2 (Temporal Levi–Civita rotation). The rotational temporal connection of (380) is

ωrot
0ab = − skew(ėe−1)ab + 1

2e
ℓ
ae
k
b (∂kβℓ − ∂ℓβk), Ωrot

0 = 1
4ω

rot
0abγ

ab
∣∣
chiral. (382)

In temporal internal gauge the complete canonical expression is

hgeom
F = 1

2{N,D
cov
h } −Kcov

β − iΩrot
0 , (383)

Dcov
h = −i

(
ci∂i + 1

2∂ic
i + 1

2{c
i,Ωintr

i }+ ciAi
)
,

Kcov
β = −i

(
βi(∂i + Ωintr

i +Ai) + 1
2∂iβ

i
)
,

where Ai acts in the retained internal representation. There is no additional volume-dilation or
trace-extrinsic-curvature potential in these symmetrized canonical half-density coordinates.

Proof. For the inverse metric in (380), gj0 + βjg00 = 0 and gjℓ + βjg0ℓ = hjℓ. Hence

Γj0k + βjΓ0
0k = 1

2h
jℓ(ḣℓk + ∂kβℓ − ∂ℓβk). (384)

Substitute this identity into the tetrad-postulate formula of [27, equation (65)]. The inverse-frame
derivative contributes −M , where M = ėe−1, and the ḣ term contributes (M + M⊤)/2. The
remaining antisymmetric shift term is exactly (382). The analogous spatial Christoffel identity
gives the intrinsic rotational connection already used in Section 24.

In the positive chiral time-current inner product, the rotational spin part is anti-Hermitian
and the boost part is Hermitian. The spatial boost coefficients contract the symmetric second
fundamental form

Kij = 1
2N (ḣij − Lβhij).

In frame indices their contraction with
∑
i[ci,Ωboost

i ] is therefore zero, because the Pauli commu-
tator is antisymmetric. The scalar shift part −βiI adds no boost commutator. The temporal
boost cancels in Ω0 −Ω†

0, while the real density terms cancel by (381). Expanding the remaining
rotational and internal terms in (379) gives (383).

For zero shift the temporal coefficient is − skew(ėe−1), and need not vanish even in the
symmetric coframe section. For example, let e(t) = R(θ(t)) diag(a, b, c)R(θ(t))⊤, where a, b, c > 0,
a ̸= b, and R is the standard rotation in the first two coordinates. At θ = 0,

ωrot
012 = − θ̇(a− b)

2

2ab . (385)

Indeed ė12 = θ̇(a − b), so M12 −M21 = θ̇(a − b)2/(ab). A smooth spatially varying angular
history supported in the patch supplies an inhomogeneous example. Taking its parameters and
deformation in the declared neighborhood preserves the positive correlation margins.
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As a separate local sign check, at h = I,N = 1, e = I take β = ϖ(−y, x, 0) in a coordinate
patch. Then ωrot

012 = −ϖ, the spin term is −ϖSz, and the principal shift term is +iβ · ∂ = −ϖLz.
Their sum is the rotating-coordinate generator −ϖ(Lz + Sz). A cutoff may be placed outside
the tested patch; no global rotating-boundary claim is used.

The coframe-momentum shift in the full primary gravitational phase space is the cotangent
counterpart of this field identification [27, equation (67)]. For an external metric history
its time-dependent state connection must still be retained. It is not a second independent
connection variable. In a different temporal internal gauge, the full canonical Gauss multiplier
and simultaneous gauge-unitary comparison must be transported together.

25.3 Geometric shift and the explicit CAR convention

The previously defined PH , PG, PF remain the operators of (374)–(375). In particular PF [ξ, h]
has the explicit smooth-profile coefficient −i(ξiDi + ∂iξ

i/2). Its relation to a geometric shift
must be determined from the action, not from its name. Write Dξ = ξi∂i + ∂iξ

i/2.

Lemma 25.3 (Relative shift sign). With the positive time-current action and the annihilation-
column convention of the full regulator, the geometric shift contributes +PH [β]+PG[β]−PF [β, h],
together with the temporal spin term. A change of CAR polarization or charge-conjugate field
coordinates alone does not reverse this relative sign.

Proof. The reduced odd bracket in [27, equation (79)] is {Ψ,Ψ†}D = −iδ. The even graded
Leibniz rule gives, for Q(h) =

∫
Ψ†hΨ,

{Ψ, Q(h)}D = −ihΨ.

Thus the conventional-arrow expression − i
2
∫
ξiΨ†←→∂i Ψ = Q(−iDξ) acts by −DξΨ. In contrast

the scalar canonical momentum
∫
pξi∂iq acts by +ξi∂iq. Right differentiation is already accounted

for in the reduced bracket and does not supply a second sign.
The direct Legendre calculation fixes the geometric sign. At flat spatial metric, the Weyl

Lagrangian has spatial coefficient ci − βiI, by the dual normal in (380). Subtracting the
Lagrangian from the right-odd kinetic one-form therefore gives

Haction
F,β = + i

2

∫
βiΨ†←→∂i Ψ = Q(+iDβ).

Its field transport is +DβΨ. The scalar and gauge Legendre maps contain respectively D0H −
βiDiH and F0j − βiFij , and give the plus scalar and gauge raw terms [27, equations (83)–(92)].
The potential and Yukawa contractions have no separate derivative-shift momentum.

For finite CAR generators ai,

[a, a†ha] = ha, a⊤ha† col = Trh− a†h⊤a.

The first identity reproduces ȧ = −iha. The second shows that exchanging exterior multiplication
and contraction changes both the field identification and the coefficient to −h⊤. For the flat
centered shift matrix, Dξ is real antisymmetric; thus h = −iDξ has h⊤ = −h and zero trace,
and the coefficient is unchanged. For charge conjugation b = Sa† col, the coefficient becomes
−Sh⊤S†, with its separately recorded scalar trace. The shift has spin symbol I, so either shift
sign is again preserved. In contrast the normal Pauli symbol uses Sσa⊤S† = −σa and transforms
with the chiral representation. Transporting that representation also transports its internal and
Yukawa incidences; it cannot change only the shift sign. No infinite-dimensional equivalence of
Fock polarizations is used.
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The primary holomorphic seed uses exterior multiplication for Ψ and contraction for Ψ†, and
records the opposite polarization separately [11, canonical seed and Dirac–Yukawa operator
construction]. The finite calculation above makes the comparison independent of that naming
convention. For comparison with the compact notation of the source, equations (87)–(88) of [27]
do not separately define their arrow or αi relative to the expanded positive-current action. The
possible dictionary ←→

DWDW = −←→D here, αiWDW = −ci

reconciles both the normal and raw shorthand displays with that action. It is a possible convention
completion, not a convention verified from those displays. We use the expanded action to fix
the convention. The present PF , in contrast, is defined by explicit finite matrices; its geometric
comparison in Lemma 25.3 is unambiguous.

25.4 The full physical history on one form domain

Keep the graph, paths, quadrature, spin structure, internal quotient, three generation copies,
boundary and all original couplings fixed. Let H[N,h] be precisely the lapse-affine normal family
(371). Define a new family through its same reference source by

Hg(t) = H[N(t), h(t)] + PH [β(t)] + PG[β(t)]− PF [β(t), h(t)] +B0[e(t), β(t)], (386)
B0[e, β] =

∑
x,R,r

dΓx,R,r(−iΩrot
0 (e, β;x)).

The last coefficient is (382) in each actual species representation. Every electric, scalar, magnetic,
Higgs-edge, hopping and Yukawa term remains in the source. At N = 1, h = δ, β = 0, ė = 0 the
original full regulator is recovered exactly. For β = 0 this is the temporal-frame extension of the
normal family. It does not replace the distinct raw family (375).

The normal discretization retains its matched-smooth-profile and coefficient scope from
Section 24. The new canonical signs and temporal coefficients assert neither equality with
a continuum action on rough quantum configurations nor a calibration of arbitrary reference
propagation coefficients.

Theorem 25.4 (Occupied external-metric history). On a fixed finite graph and compact time
interval I, let g(t) be a smooth history (380) in a bounded nondegenerate geometric neighborhood
with uniform positive margins in (364). Keep the coframe section and the source records just
specified. Assume the required history jets are bounded so that the coefficients of (386) are
continuously differentiable in time; smooth histories bounded through the relevant second jets
suffice. The forms qt of (386) have the common physical domain

V = D(T 1/2
ref ) ∩ L2((1 +

∑
x |qx|4)dU dq;F

)
∩Hphys. (387)

Their shifted form norms are uniformly equivalent on the specified history neighborhood, and qt is
C1 into L(V,V ′).

There is a strongly continuous unitary propagator Ug(t, s) on Hphys, preserving V with a locally
uniform form-norm bound. Initial vectors in V solve iu̇ = qtu in V ′. Every nonzero physical
initial vector remains nonzero.

Proof. Theorem 24.1 supplies the common normal coercive form. The scalar momentum is
infinitesimally bounded by the scalar kinetic and quartic form, and the gauge momentum is a
bounded smooth curvature multiplier times a first link derivative; the estimates in Theorem 24.3
apply unchanged. The finite CAR momentum is bounded. On a finite exterior algebra over a
d-dimensional one-particle space, ∥dΓ(b)∥ ≤ d ∥b∥; hence B0 and its time derivative are bounded
on the stated history neighborhood. Every term commutes with the same internal local gauge
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action and is parity even. In particular the temporal spin term acts on the existing spin factors
and preserves every Yukawa epsilon tensor. The same Haar projection reduces the forms, and
the nonzero physical Gaussian–Fock-vacuum preparation remains an admitted initial vector, not
an asserted stationary interacting solution.

Young’s inequality and the uniform normal coercivity give a constant c for which qt(u, u)+c ∥u∥2
is positive and uniformly equivalent to ∥u∥2V . Smooth geometric coefficients, the derived spatial
transport and (382) give

|q̇t(u,w)| ≤ C ∥u∥V ∥w∥V . (388)

The compact embedding V ↪→ Hphys is the unchanged finite-graph kinetic/quartic compactness.
To construct evolution, choose the eigenbasis of a positive reference compact-resolvent form

operator on the physical space. Its spectral projections Pm are uniformly bounded on V and
converge there to the identity. Solve the finite-dimensional Hermitian Schrödinger equation on
PmHphys with initial data Pmus, us ∈ V. Its norm is conserved. Hermiticity also cancels the
dynamical contributions to the form energy, giving

d

dt

(
qt(um, um) + c ∥um∥2

)
= q̇t(um, um). (389)

Gronwall and (388) give a uniform L∞(I;V) bound. The projected equation gives a uniform
L∞(I;V ′) bound on u̇m. The Gelfand-triple inequality then yields

∥um(t)− um(r)∥2H ≤ ∥um(t)− um(r)∥V ∥um(t)− um(r)∥V ′ ≤ C|t− r|. (390)

Compact embedding and this equicontinuity give a subsequence converging strongly in C(I;Hphys)
and weakly-* in L∞(I;V). Testing the integral equation against Pmw → w in V identifies the
limit as iu̇ = qtu in V ′, with the required initial value.

The Hilbert-triple norm chain rule gives d ∥u∥2 /dt = 2 Re⟨u̇, u⟩ = 0 in its dual-pairing notation.
It follows also by time convolution and passage to the limit, and applies to the difference of
two solutions. Thus the solution is unique and the entire Galerkin sequence converges. At each
time weak lower semicontinuity gives the representative in V and its form bound. Repeating the
construction backward in time gives the inverse evolution. Norm conservation extends it from the
dense domain V to a unitary propagator on the physical Hilbert space, with strong time continuity
and the composition law by uniqueness. No common operator domain, propagator-invariant
Schwartz core or occupied quantum constraint kernel was assumed.

25.5 All metric tangents and the fixed-port response

The coordinate components of an external metric are actual geometric directions, not separately
named coefficient parameters.

Proposition 25.5 (Complete local metric-test coverage). Every smooth compactly supported
symmetric spacetime-metric tangent kµν at a history in Theorem 25.4 is realized by a sufficiently
small actual history in the same branch. The corresponding form derivative includes the derivative
of (382), including its temporal coframe and lowered-shift derivatives.

Proof. Differentiation of g0i = hijβ
j and g00 = −N2 +hijβ

iβj gives the inverse ADM differential

δhij = kij ,

δβi = hij(k0j − kjℓβℓ),

δN = 2βjk0j − βiβjkij − k00
2N . (391)
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It realizes all ten tensor components. Small deformations preserve lapse positivity, the coframe
branch and the strict correlation margins. The selected coframe section and the derived connection
give their actual lifts. Smooth finite coefficient operations and the common-form estimates imply,
on each compact test step,

qϵr = qr + ϵar[k] + o(ϵ) in C(I;L(V,V ′)). (392)

The derivative is bounded by a fixed finite metric-jet seminorm, for example a C2 seminorm on
the declared smooth-history neighborhood. Differentiating only the static spatial coefficients
would omit the k̇ and shift terms and would not give this derivative.

Here ten counts external tensor components, not ten propagating or structural gravitational
degrees of freedom. Finite sampling need not be injective on the test space, and coverage is not
a Ward identity.

Theorem 25.6 (Actual transition-readout derivative). Fix a base history, its initial and final
times, and source ports ϕ, ψ ∈ V. For the actual metric deformation in (392),

D ⟨ϕ,Ug(t, s)ψ⟩ [k] = −i
∫ t

s
ar[k]

(
Ug(r, t)ϕ,Ug(r, s)ψ

)
dr. (393)

At the fixed base and ports this is a Hadamard derivative of the scalar readout, continuous jointly
in the two V vectors and the compact-step metric tangent. It is not an assertion of operator-norm
differentiation of the propagator on H, of such differentiation into L(V,V ′), or of continuity of
the derivative as the base history varies.

Proof. The weak cross-pairing identity in the Gelfand triple gives

⟨ϕ, (Uϵ(t, s)− U0(t, s))ψ⟩

= −i
∫ t

s
(qϵr − qr)

(
U0(r, t)ϕ,Uϵ(r, s)ψ

)
dr.

(394)

Both trajectories have the regularity proved in Theorem 25.4. The deformed solutions are
uniformly bounded in L∞(I;V). Compactness and uniqueness, by the same Galerkin-limit
argument, give strong C(I;H) and weak-* L∞(I;V) convergence to the undeformed trajectory.
Divide (394) by ϵ. The uniform form remainder tends to zero. The fixed factor ar[k](U0(r, t)ϕ, ·)
is an L1(I;V ′) test, so weak-* convergence suffices for the remaining integral. This proves
(393). The form derivative and the two propagation bounds give its joint continuity estimate.
Convergent tangent sequences have the same uniform remainder and test convergence, proving
the stated fixed-base Hadamard assertion. Strong convergence in V has not been substituted for
the proved weak convergence.

For a Hermitian ray readout take

R[ψ](g) = Re ⟨ψ,Ug(t, s)ψ⟩
∥ψ∥2

, 0 ̸= ψ ∈ V. (395)

At each history it is the diagonal readout of (Ug + U †
g )/2. The Hermitian part of (393) is a

continuous Hermitian form on V ; phase invariance, norm-squared extension and the parallelogram
identity follow. This supplies an actual differentiable-carrier and all-ray response for the registered
history protocol of [25, 26]. It does not assign a mass role merely from quadratic dependence, and
does not construct a complete spacetime stress tensor or inherit a Ward identity that the source
has not established. Nor does the proof differentiate arbitrary bounded inserted observables
without checking preservation of the required form domains.
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25.6 Frame covariance and the limit of geometric relabeling

Let a smooth residual time-gauge Spin(3) rotation have one-particle unitary S(t) and its ordinary
finite second quantization S(t). Spatial coframes, Clifford symbols, internal/spin path attachments
and Yukawa tensors are transported together. The derived temporal connection transforms as
Ω′

0 = SΩ0S
−1 − ṠS−1. Consequently

H ′
g = SHgS−1 + iṠS−1,

U ′
g(t, s) = S(t)Ug(t, s)S(s)−1. (396)

The first identity follows from the complete transformed connection, and differentiation of the
second in V ′ and uniqueness prove the propagator law. The finite Fock implementation fixes the
vacuum phase; no arbitrary scalar phase connection is appended. This preserves the physical
space and form domain. It does not assert a finite-dimensional unitary representation of arbitrary
Lorentz boosts.

A spatial diffeomorphism may also transport graph placements, edge paths, quadrature and
coframes while preserving finite quantum labels. The geometric lift on placements is

Tξ =
∑
v

ξi(Xv)
∂

∂Xi
v

, [Tξ, Tη] = T[ξ,η],

with the corresponding path pushforward. This geometric relabeling does not identify its
horizontal action with the one-edge scalar momentum inside a fixed quantum fibre.

Proposition 25.7 (Fixed-incidence connection retains the discrepancy). Freeze graph incidence
and identify quantum variables by vertex and edge labels. Suppose the geometric connection
differentiates placements, paths, coefficients and spin/internal frames, but introduces neither new
scalar jets nor an additional scalar horizontal action beyond the one-edge prescription. Adding
that connection to the raw momentum comparison does not restore the continuum descriptor
bracket on the physical source. The temporal spin connection in (382) cannot cancel its two-edge
scalar discrepancy.

Proof. At trivial links on a coordinate cycle, vξqx = ξx(qx+1 − qx)/a. Its bracket contains

[vξ, vη]qx
∣∣
qx+2

= ηxξx+1 − ξxηx+1
a2 qx+2. (397)

Horizontal differentiation of one-edge coefficients changes descriptors, lengths, frames and trans-
ports, but not their scalar support (qx, qx+1). Thus the terms Tξvη − Tηvξ − v[ξ,η] do not cancel
the independent second-neighbor coefficient. Spin matrices act on the finite fermion factors, and
internal gauge action is local and annihilates rx = |qx|2. A coefficient-dependent link derivative
acting on a one-edge scalar coefficient likewise does not introduce the second-neighbor scalar
variable.

Use the physical witness of Proposition 24.4: choose only the first direction, with ξx =
1, ξx+1 = 0, ηx = 0, ηx+1 = 1, and set all outgoing nearest neighbors equal to qx ̸= 0. Vary qx+2e1 .
Then

[vξ, vη]rx = −2qx · (qx+2e1 − qx)/a2, vζrx = 0

for every full one-edge descriptor ζ. Any extra one-edge term from geometric coefficient differenti-
ation is independent of the varied second neighbor, so cannot cancel this identity for every choice.
Take a smooth invariant core function F (rx), with F (r0) = 0, F ′(r0) ̸= 0, times radial cutoffs
constant near the tested coordinates, link constants and the Fock vacuum. Its zero value removes
ordering multipliers. A choice of the second neighbor gives nonzero output, and smoothness
makes that output nonzero on an open neighborhood. This is a nonzero physical Hilbert vector,
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not a gauge-variant coordinate or measure-zero test. The unchanged scalar term gives the same
obstruction for the new geometric family; its changed fermionic sign and temporal spin matrix
do not change scalar principal support.

For an actual differentiable unitary source trivialization, connection curvature transforms
by conjugation on the transported common core: F ′

ξ,η = UFξ,ηU−1. It cannot turn a nonzero
physical discrepancy into zero. The result does not exclude a genuinely new horizontal scalar
action, nonlocal interpolation, changed admitted incidence or a controlled refinement limit.

The construction supplies an occupied full mixed quantum history, its action-derived temporal
and shift coefficients, and a fixed-port response for every external metric component. The
distinct raw momentum retains the definition and bracket property established in Section 24.
External test coverage alone does not establish a complete spacetime Ward identity, a finite
hypersurface-deformation algebra or self-consistent Einstein dynamics. Section 26 constructs the
same-source tensor and initial-data comparison needed for an occupied native Einstein realization
[10, 2]. A passage beyond the finite graph retains the corresponding history and first-jet estimates
on actual source domains. Complete quantum-WDW occupation is a separate gravitational
realization method, not an additional premise of the common physical result in Part I.

26 Metric response and coupled continuation of the full native
source

The external geometry of Section 25 and a self-consistent Einstein development are different
objects. The former defines how the complete interacting Hamiltonian responds to a prescribed
metric; the latter must evolve that metric with the source evaluated on the same quantum history.
We construct both, retaining their common physical clock, source coefficients and comparison
maps. The construction uses the native finite source, not an identification of its spectral levels
with the physical Higgs or confined-particle channels.

The nonlinear Einstein law and its metric-source interpretation are downstream realizations
of the common premetric architecture [9, 40, 10, 2]. They are not new foundations joined to the
quantum source. Here we establish the actual source attachment and coupled evolution. The
smoothed interaction of Section 27 remains a valid explicit realization; the family below instead
retains the literal unsmoothed native Hamiltonian and its full metric response.

26.1 The common graph domain and its propagation

Fix the physical lattice length ℓ, the graph, all original couplings, the faithful internal quotient,
three generation copies, spin structure, paths, anchors and boundary data. Every Hamiltonian is
the same physical generator, including its original factor ℓ−1; no sector receives an independent
clock. Let H be the physical Gauss space and set

D = D(T0) ∩D(R4), R4 =
∑
x

|qx|4, ∥u∥D = ∥u∥+ ∥T0u∥+ ∥R4u∥ .

Here T0 is the reference scalar and compact-link kinetic operator. The full history operator is
H[N,h] + PH + PG − PF +B0, with precisely the action-derived coefficients of (386).

On a compact strict geometric and quartic envelope this family has common operator domain
D. Its graph norms are uniformly equivalent there. In particular the complete electric, scalar-
kinetic, quartic, ordered momentum, Wilson, CAR and Yukawa derivative alphabet is bounded
from D to H. These statements are stronger than boundedness as forms on V , but do not assert
that every metric insertion maps V to H. The scalar estimate controlling q∇q, the compact-link
Casimir estimate controlling products of invariant derivatives, and the quartic graph bound are
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all needed. The ordered gauge momentum retains the multiplier derivative in FP − (i/2)(XF );
it is not replaced by FP .

Lemma 26.1 (The full metric operator domain). On the stated finite source envelope, the
self-adjoint realization of the complete history has domain D, with uniform two-sided graph
comparison there and the invariant smooth/Schwartz physical operator core.

Proof. Let Tg be the positive normal kinetic term. Its scalar coefficients are external, and the total
compact-link Casimir commutes with each invariant generator and its positive Gram contraction.
The scalar and link kinetic terms commute. The strict positive coefficients therefore give graph
comparison of Tg with T0. After a finite analytical shift, its Hermitian normal multiplier satisfies

c1(1 +R4)I ≤Wg, ∥Wg(q, U)∥ ≤ c2(1 +R4).

The second scalar and link derivatives of this multiplier are bounded by a constant times
1 +

∑
x |qx|2. Integration by parts in ∥(Tg +Wg)u∥2 has a positive leading mixed term: the

electric Gram and positive matrix Wg act in separate indices. The differentiated remainder is
absorbed into ϵ ∥Wgu∥2 + Cϵ ∥u∥2. Consequently

∥Tgu∥+ ∥Wgu∥ ≤ C(∥(Tg +Wg)u∥+ ∥u∥).

The scalar cutoff, smoothing and weak-equation argument of the original quartic operator-core
construction identifies the normal domain as D(T0) ∩D(R4), rather than using this inequality
alone as a domain proof. Haar averaging preserves that core.

For the scalar momentum, integration by parts gives

∥|qy|∇qxu∥
2 ≤

∥∥∥|qy|2u∥∥∥ ∥∆qxu∥+ C1x=y ∥u∥2 .

Quartic absorption and Young’s inequality make every such term infinitesimally operator bounded
relative to the normal graph norm. For the gauge momentum, F and XF are bounded at the fixed
mesh; spectral interpolation makes FP infinitesimally kinetic-operator bounded, and its ordering
term is bounded. All actual mesh and electric-weight costs remain. The CAR momentum and
temporal spin term are finite-dimensional bounded coefficients. Choosing the total relative bound
below one and applying the resolvent Neumann argument gives self-adjointness on the normal
domain, the same core, and the received closed form. This identifies the full operator with the
already specified physical realization.

Let s range over a finite-dimensional real neighborhood of original source parameters and let
I be a compact physical-time interval. For the following two-response theorem use the actual
regularity

Hs ∈ C2(s;C1(I;L(D,H))
)
. (398)

Smooth native metric and coupling protocols satisfy this condition. Indeed the positive Gram
matrices, inverse metric, lapse, lowered shift, determinant and selected coframe are smooth
coefficient functions on the strict envelope. Spatial spin transport is differentiated along its
actual path, including its endpoint Clifford matrices and ordered connection insertions. Its time
derivative uses mixed spacetime metric jets. The temporal spin term differentiates ėe−1 and the
curl of the lowered shift, hence uses the retained second history jets. The scalar and gauge shift
ordering, real and imaginary Yukawa coordinates, mass and quartic terms remain in the same
finite graph-bounded alphabet. Taylor estimates after the full anchor and coordinate pullback
prove (398); they do not require a new quantum domain for a differentiated coefficient.

Choose one analytical constant c on this neighborhood such that As(t) = Hs(t) + c ≥ I. Then

As(t) : D −→ H, As(t)−1 : H −→ D
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are uniformly bounded inverse maps and are norm continuous in their displayed spaces. The
constant c is used for estimates only; it is absent from physical propagation and gravitational
energy.

Theorem 26.2 (Strong graph continuity). The actual propagator Us(t, r) is jointly strongly
continuous on D in source parameters and both time endpoints. It has a uniform graph bound on
compact envelopes. Neither operator-norm continuity on H or D, nor graph convergence from a
Hilbert limit alone, is asserted.

Proof. Freeze H on a time partition. The estimate
∥∥A(tj+1)A(tj)−1∥∥ ≤ 1+C∆j and commutation

on each frozen interval give a uniform graph bound for the products. Their Hilbert limit is the
form propagator of Section 25; weak graph compactness and its closed graph give preservation
and the same bound at each time. Reverse products give the inverse bound. This supplies graph
boundedness, not yet graph continuity. Its exact cross identity on u ∈ D is

(Us(t, r)− Uv(t, r))u = −i
∫ t

r
Us(t, τ)(Hs(τ)−Hv(τ))Uv(τ, r)u dτ.

Thus Hilbert parameter continuity follows from the coefficient norm and the existing graph
bound, then extends by density to every Hilbert vector. Before graph continuity is known, frozen
approximants and their uniform graph bound give weak graph measurability; separability of an
equivalent Hilbert graph norm gives the strong measurability needed for this integral. No graph
convergence is assumed in this step.

Suppress s, partition [r, t] by tj , and put

Ej = e−i(tj+1−tj)H(tj), Jj = A(tj+1)A(tj)−1.

Commutation of Ej with A(tj) gives the exact bounded factorization

A(t)Uπ(t, r)A(r)−1 = (Jn−1En−1) · · · (J0E0), Jj = I + ∆jȦ(tj)A(tj)−1 + ∆jo(1), (399)

where the remainder is uniform in operator norm. Define B(t) = Ȧ(t)A(t)−1. Expanding the
product by its number of bounded B insertions bounds its m-insertion sum by (∥B∥∞ |t−r|)m/m!.
For each fixed m, strong convergence of the intervening frozen propagators and a compact-vector
argument give the corresponding ordered integral. The factorial majorant permits summation.
Its limit is the bounded Volterra evolution

W (t, r) = U(t, r) +
∫ t

r
U(t, τ)B(τ)W (τ, r) dτ, ∥W (t, r)∥ ≤ e∥B∥∞|t−r|.

Consequently the left side of (399) converges strongly and

Uπ(t, r)u −→ A(t)−1W (t, r)A(r)u in D.

Its known Hilbert limit identifies this vector with U(t, r)u. This proves graph convergence rather
than inferring it from graph boundedness. Reverse time gives the inverse bound. Finally the
same ordered integrals are strongly continuous in s, since Us is Hilbert-strong continuous and
Bs is norm continuous. The uniform factorial majorant and the norm-continuous inverse maps
give joint graph continuity. A varying graph-continuous input is handled by the uniform graph
bound.

26.2 Original metric amplitudes and their two responses

Write Ha = ∂aH, Hab = ∂a∂bH. They are symmetric on D. A useful domain-safe product rule is

∂b ⟨x, Ty⟩ = ⟨xb, T y⟩+ ⟨x, Tby⟩+ ⟨Tx, yb⟩ , (400)
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when x, y are graph continuous and Hilbert C1, and T is symmetric and C1 from D to H. To
prove it, subtract the two pairings as

⟨xh − x, Thyh⟩+ ⟨x, (Th − T )yh⟩+ ⟨Tx, yh − y⟩

and take the quotient. Graph continuity makes Thyh → Ty strongly in H. In particular Tyb is
never required.

Theorem 26.3 (Strong first and weak mixed second response). For u ∈ D, the original propagator
has the Hilbert-strong derivative

Ua(t, r)u = −i
∫ t

r
U(t, τ)Ha(τ)U(τ, r)u dτ. (401)

For ϕ, ψ ∈ D, the actual amplitude ⟨ϕ,Us(t, r)ψ⟩ is C2. With Φ(τ) = U(τ, t)ϕ and Ψ(τ) =
U(τ, r)ψ, its mixed derivative is

Bab[ϕ, ψ] = − i
∫ t

r
⟨Φ(τ), Hab(τ)Ψ(τ)⟩ dτ

−
∫
r<σ<τ<t

{⟨Ha(τ)Φ(τ), U(τ, σ)Hb(σ)Ψ(σ)⟩+ (a↔ b)} dσ dτ. (402)

If G bounds propagation on D, and La, Lab bound the indicated derivative maps, then

∥Uau∥ ≤ TGLa ∥u∥D , |Bab[ϕ, ψ]| ≤ (TGLab + T 2G2LaLb) ∥ϕ∥D ∥ψ∥D .

The second assertion is a weak amplitude Hessian. It does not assert that Uabψ is a Hilbert vector
or that Ubψ ∈ D.

Proof. Divide the cross identity in the previous proof by a source increment. The coefficient
quotient converges in L(D,H); unitarity, graph bounds and dominated convergence prove (401).
Its continuity as the base source changes uses the strong graph continuity of the right trajectory.

The first scalar derivative is −i
∫
⟨Φ, HaΨ⟩. Apply (400) to this expression. The contact is

Hab. The forward ket derivative contributes one ordered triangle; the reverse-time bra derivative
contributes the other. Antilinearity in the bra gives the minus sign in both double terms. Each
unbounded insertion acts on a different graph-prepared endpoint, and the middle propagator acts
only on H. The two triangles have total area (t− r)2, giving the bound and all interchange of
integrals. Graph continuity and the same majorant prove continuity of the second derivatives.

For C2 graph-prepared endpoints, all normalization and preparation terms remain:

Mab = ⟨ϕab, Uψ⟩+ ⟨ϕa, Ubψ⟩+ ⟨ϕb, Uaψ⟩+ Bab[ϕ, ψ]
+ ⟨ϕa, Uψb⟩+ ⟨ϕb, Uψa⟩+ ⟨ϕ,Uaψb⟩+ ⟨ϕ,Ubψa⟩+ ⟨ϕ,Uψab⟩ .

For example (Hs(t∗) + c)−1Ωs, normalized by its actual nonzero norm, is such a preparation
when Ωs is a nonzero C2 Hilbert seed. Inverse differentiation takes values in D; it does not
replace this preparation by a source-independent state.

The coefficient Hab includes all nonlinear ADM, inverse metric, density, coframe, spatial-path
and temporal-spin contacts, as well as mixed coupling derivatives. A nonlinear metric protocol
adds DH[kab] to D2H[ka, kb]. The two ordered first insertions in (402) are not counted again
inside that coefficient. Original anchor, test and observer maps are differentiated before the
formula is applied. Time endpoints in these formulas are fixed physical times.

These conclusions extend to every fixed finite word of the admitted adjoint-closed bounded
ports that preserve D, with two source derivatives bounded on both H and D. Differentiate a
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first-insertion term after splitting the word into its two graph-prepared remainders, then use
(400). No product UaUb on an unproved domain is needed. Actual smooth Wilson, finite-CAR
and regularized physical ports satisfy their recorded bounds; arbitrary bounded operators need
not. For a domain-preserving frame change,

HS = SHS−1 + iṠS−1, US(t, r) = S(t)U(t, r)S(r)−1,

transporting endpoints and ports gives equality before differentiation. The complete jets conse-
quently retain both endpoint derivatives and the temporal connection. No higher unbounded
dynamical jet follows merely from additional coefficient derivatives.

26.3 A reference-resolved source without operator averaging

Choose an admitted periodic cubic member on Σ = T3
L with periodic spin structure and a nonzero

original Yukawa tensor, and put V0 = L3. Nonzero Yukawa is needed for the strict interaction
witness below, not for the domain or response identities. Let C̃ be the 48-element spin lift of the
proper cubic rotation group and

Γ = T3
L ⋊ C̃, γy,r(x) = R(r)x+ y,

with normalized Haar measure µ. Another spin structure uses only its preserving subgroup; full
cubic isotropization is not assumed for it. In fixed material coordinates retain each complete
fiber Hg,γ = Hγ∗g, and set

Ĥ = L2(Γ;H), V̂ = L2(Γ;V), q̂g(Φ,Ψ) =
∫

Γ
qγ∗g(Φγ ,Ψγ) dµ. (403)

This is a decomposable source, not the single operator
∫
Hγ∗g dµ on H. Uniform coercivity makes

its form closed. Uniform graph comparisons identify its operator domain with D̂ = L2(Γ;D) on
the source envelopes above. No compact-resolvent assertion is made for the reference lift, whose
reference coordinate has no kinetic cost.

Proposition 26.4 (Faithful reference family and normal preparations). Let Â be the algebra
of retained uniformly bounded strong-star continuous sections, generated by native ports, actual
propagated words, source resolvents and central continuous reference functions. Multiplication on
Ĥ is faithful. Evaluation at each reference recovers its native algebra, state and encoded operator
graphs. Normal reference preparations have the form

ω(A) =
∫

Γ
Tr(ρ(γ)A(γ)) dµ, ρ(γ) ≥ 0,

∫
Γ

Tr ρ(γ) dµ = 1.

Conversely every measurable trace-class density field with this normalization defines such a normal
preparation. Point-evaluation states are positive states of Â, but in general are not normal in its
Haar representation and are not bounded point extractions from L2(Γ;H).

Proof. A nonzero continuous section acts nontrivially on a fixed vector throughout an open set of
positive Haar measure. A localized reference vector detects it, proving faithfulness. Evaluation
preserves products and adjoints; the evaluated resolvents are the native resolvents, hence retain
their exact graphs and domains.

A normal state in the concrete representation is a restriction of a positive trace-class spatial
vector sum

∑
j λj |Ψj⟩⟨Ψj |. Its density field is ρ(γ) =

∑
j λj |Ψj(γ)⟩⟨Ψj(γ)|; monotone convergence

gives the trace normalization and the displayed formula. Conversely the vectors ρ(γ)1/2ej , for a
fixed Hilbert basis, give a spatial vector sum of total norm one. This proves the assertion for the
normal folium, not for every abstract state. A point measure is singular relative to Haar, already
on the central continuous functions, proving the distinction.
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Normal densities concentrated near one reference recover every fixed continuous bounded word
and tested form. A norm-Lipschitz section has error at most Cϵ; a form-Lipschitz section has the
corresponding Cϵ ∥ϕ∥V ∥ψ∥V bound. Unbounded expectations require their actual graph or form
moments. Thus reference completion preserves native evaluations and failures without curing a
domain failure or the two-edge discrepancy of Proposition 24.4.

This completion adds classical-reference preparations and central reference observations, not a
new Standard Model species. It is a faithful completion of a source family, not equivalence of a
uniform preparation with a previously fixed point preparation. At a homogeneous metric the
constant lift ιψ(γ) = ψ preserves every original material word exactly. Co-transported material
tests kγ = (γ−1)∗k0 also give identical native responses. A single ambient test applied to every
reference is a different protocol. Central reference readouts, and in general its metric responses,
distinguish uniform and point preparations.

The common material embedding F is retained through Ŝ(F ∗g,Ψ). Simultaneous transport
of g and F leaves this full source unchanged. Independent embeddings for every reference would
define additional equations and are not introduced. Time-dependent frame comparisons retain
iṠS−1; they cannot be replaced by reference reindexing.

26.4 Literal interacting Einstein evolution on the same state

For gb = −dt2 + b(t)2δijdx
idxj , b > 0, the literal native Hamiltonian is

Hb = b−3TH + b3(V4 + V2) + b−1(TG +WG + Fhop) + bWH + Y. (404)

Every summand has its original physical normalization. In particular Y is not heat-smoothed or
removed because its explicit scale coefficient is constant. At this metric γ∗gb = gb, so an initially
constant-reference state stays constant and evolves by this same Hb.

The reference-resolved action is

Ŝ(g,Ψ) =
∫
I

[
i

2(
〈
Ψ, Ψ̇

〉
−
〈
Ψ̇,Ψ

〉
)− q̂g(Ψ,Ψ)

]
dt.

On an actual prescribed history, holding its evolved state fixed during the metric variation gives
the all-test source

W[η](k) = − 1
∥η∥2

∫
I

∫
Γ
Dqgb

[γ∗k](Ub(t, 0)ηγ , Ub(t, 0)ηγ) dµ dt. (405)

It is continuous in the actual finite metric-jet topology. Its degree-two extension polarizes uniquely
to 〈

u, T̂ (k)v
〉

= −2
∫
I
âg[k](Ûbu, Ûbv) dt, T̂ (k) : V̂ → V̂ ′.

The source graph is the derivative graph of this complete action, so the source-side attachment
and polarization mechanisms of [25, 26] apply with their actual domain and normalization.
The common embedding derivative gives W (LXg) = −J(X), and polarization gives T̂ (LXg) =
−2Ĵ(X). It does not supply the separate mass/Poincare hypotheses of a stronger Module-B
subtype.

For η = ιψ0, reference averaging is performed only after this full derivative. Translation
averaging removes nonconstant spatial modes from the expectation; the proper cubic average
removes the vector and traceless-tensor mean. All spin, shift and density terms have already
been varied. The remaining isotropic tangent has no intrinsic or skew temporal-spin variation.
Thus, on every compact spacetime metric test, the actual tensor is

Tµν = (ρ+ P )uµuν + Pgµνb , ρ = ⟨ψ,Hbψ⟩
V0b3 , P = −⟨ψ,H

′
bψ⟩

3V0b2 , u = ∂t. (406)
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This is not the operator identity Dq̂[k] = Dq[Πk]. Source insertions can carry a constant reference
state out of its constant subspace.

Theorem 26.5 (Source-attached expanding Einstein family). Fix κ > 0, Λ, the native coefficients
and the reference prescription. There is a unique local homogeneous coupled solution for each
normalized ψ0 ∈ D, b0 > 0 and finite canonical momentum, of

ḃ = − κp

6V0b
, ṗ = − κp2

12V0b2 −
3ΛV0b

2

κ
−
〈
ψ,H ′

bψ
〉
, iψ̇ = Hbψ. (407)

The constraint
C = − κp2

12V0b
+ ΛV0

κ
b3 + ⟨ψ,Hbψ⟩

is conserved. On C = 0, the C2 metric and the continuous tensor (406) satisfy all Einstein
components and the compact-test Ward identity. The common material embedding force vanishes.
There are expanding data with nonzero unsmoothed Yukawa expectation and nonzero reference-
resolved metric responses.

Proof. For a candidate Lipschitz scale history in a compact positive interval, the native propagator
has a uniform graph bound. Its Duhamel estimate compares two histories in Hilbert norm by
CT ∥b− d∥∞. For a symmetric B : D → H,

| ⟨u,Bu⟩ − ⟨v,Bv⟩ | ≤ ∥u− v∥ (∥Bu∥+ ∥Bv∥).

With the graph bounds for H ′
b and H ′′

b , this makes the force a Lipschitz functional of the scale
history. The classical integral map is a contraction on a sufficiently short interval. It constructs
the coupled solution, not just propagation on an assigned metric.

Writing E(t) =
〈
ψ(t), Hb(t)ψ(t)

〉
, the frozen-step energy identity passes to the actual history

as
E(t)− E(0) =

∫ t

0
ḃ(s)

〈
ψ(s), H ′

b(s)ψ(s)
〉
ds.

No product H ′
bHbψ is needed. It gives Ċ = 0 and ρ̇+ 3(ḃ/b)(ρ+P ) = 0. The canonical equations

on the constraint become

3(ḃ/b)2 = Λ + κρ, 2b̈/b+ (ḃ/b)2 = Λ− κP.

Because (406) was established on all tests, these, the zero mixed components and isotropy prove
the full tensor equation, not merely its homogeneous projection. Conservation gives the common
embedding force W (LXg) = 0.

For explicit data, a sufficiently wide physical radial Gaussian times link constants and the
invariant Fock vacuum has arbitrarily large positive quartic energy. For nonzero Yukawa tensor,
aY = ∥Y ψG∥2 > 0. Pair-number selection gives

ψϵ = ψG + ϵY ψG√
1 + ϵ2aY

, ⟨ψϵ, Y ψϵ⟩ = 2ϵaY
1 + ϵ2aY

̸= 0.

This holds for complex Yukawa matrices. Choose the width and a small nonzero ϵ so that
M0 = E0 + ΛV0b

3
0/κ > 0, then set

p0 = −
√

(12V0/κ)b0M0. (408)

This solves the constraint and gives expansion without changing a coupling or subtracting source
energy.
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For a precise nonconstant-response witness choose a zero-mean lapse profile with value one
at a vertex whose energy expectation is nonzero and zero at the other sampled vertices. Its
reference-averaged mean source is zero. Yet, with the original response section ak(γ) and
Rb = (Hb + c)−1 : V ′ → V, ∫

Γ
∥Rbak(γ)ψ∥2 dµ > 0. (409)

At the reference sampling that vertex the insertion has nonzero expectation, so injectivity of
Rb and reference continuity give a nonzero vector on an open positive-measure set. Continuity
in time also gives a nonzero compact-time integral: localize a nonnegative unit-integral time
test where the vector differs from its value at one time by less than half that value’s norm. The
integral has at least half that norm. This uses the time-dependent filter and actual evolved state,
not a filter frozen outside an integral.

Any finite list of nonzero first-response forms can be retained on one expanding branch. Their
filtered maps have proper closed kernels in V . The strict energy and Yukawa conditions define a
nonempty open set; finite kernel avoidance and density choose a physical core vector in it. At an
isotropic base the first temporal rotation variation is the curl of the lowered shift divided by 2b2

0;
the skew part of k̇/(2b2

0)− ḃ0k/b
3
0 is zero for symmetric k. Thus these first forms are fixed before

the constraint selects ḃ0. The finitely many strict filtered diagonals persist on a smaller interval.
This is not a claim that every mixed entry, or every higher derivative, is nonzero.

26.5 Differentiable constraint-matched continuation

Initial preparations and geometric data must vary together. Let θ 7→ (b0, ψ0) be C1, with ψ0
normalized and C1 in D, bounded graph norm, and a strict positive margin in (408). The same
short interval works locally for these preparations.

Theorem 26.6 (Actual first coupled derivative). The constraint-matched solution map is

θ 7−→ (b, p, ψ) ∈ C1(θ;C2
t × C1

t × CtH
)
,

and ψ is continuous with values in CtD. Writing β = ∂θb, π = ∂θp, ξ = ∂θψ, B = H ′
b, C = H ′′

b ,
and F = ⟨ψ,Bψ⟩, gives

ξ(t) = U(t, 0)η − i
∫ t

0
U(t, s)B(s)ψ(s)β(s) ds,

δF = 2 Re ⟨ξ,Bψ⟩+ β ⟨ψ,Cψ⟩ , (410)

β̇ = κp

6V0b2β −
κ

6V0b
π,

π̇ =
(
κp2

6V0b3 −
6ΛV0b

κ

)
β − κp

6V0b2π − δF.

Here η = ∂θψ0, and the initial π is the derivative of the constraint lift. The state derivative is a
Hilbert vector; ξ ∈ D is not asserted.

Proof. The symmetric force estimate and cross-Duhamel identity give Lipschitz stability of
(b, p, ψ) on bounded graph sets in the displayed Hilbert metric. This bounds its difference
quotients, but does not prove differentiability. It first gives continuous b, ḃ as the initial datum
varies, hence norm-continuous Hb, Ḣb from D to H. The graph-frame proof of Theorem 26.2,
which at this step needs only that continuity, proves ψθ → ψ in CtD without using the derivative
sought.

The exact state difference quotient is its propagated initial quotient minus the Duhamel
integral of (Hbh

− Hb)ψ/h. Taylor expansion gives Bψ βh + o(1), uniformly in time. Strong
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propagator convergence is uniform on the compact image of B(t)ψ(t), so this quotient satisfies
the first equation in (410) with βh and an error tending to zero. The force quotient is exactly

⟨ξh, Bhψh⟩+ ⟨ψ, [(Bh −B)/h]ψh⟩+ ⟨Bψ, ξh⟩ .

Graph continuity, not graph boundedness alone, makes this 2 Re ⟨ξh, Bψ⟩+ βh ⟨ψ,Cψ⟩+ o(1).
Eliminating ξ gives a linear Volterra system whose force kernel is

2 Re ⟨−iU(t, s)B(s)ψ(s), B(t)ψ(t)⟩ ,

continuous and bounded on the time triangle. Its ordinary Volterra estimate and Gronwall prove
convergence of the actual difference quotients to the unique displayed solution, and continuity as
the base datum varies. The classical equations give convergence in C1

t for β, π; differentiating
ḃ = −κp/(6V0b) once in physical time gives the additional C2

t conclusion. No derivative of Bξ is
used.

For a nonnormalized seed v0,

η = ∂θv0
∥v0∥

− v0 Re ⟨v0, ∂θv0⟩
∥v0∥3

, δE0 = 2 Re ⟨η,Hb0ψ0⟩+ β0F0,

and
π0 = p0

2

[
β0
b0

+ δE0 + 3ΛV0b
2
0β0/κ

M0

]
.

These retain normalization and the constraint contact. The identity δC = 0 holds along the
actual family. Neither a second derivative of the coupled solution nor a graph-valued first state
derivative follows from this theorem.

26.6 The action source and its causal two-source kernel

At one of these Einstein histories let ϵ+, ϵ− be independent original-source probes on the ket and
bra branches. Their complete fiber Hamiltonians are Hγ∗gϵ,λϵ ; ambient coupling profiles include
their prescribed pullbacks and material profiles keep their material convention. Compactness of
Γ makes the graph and two-response estimates uniform. With fixed normalized initial Ξ = ιψ0,
define

Z(ϵ+, ϵ−) =
〈
Ûϵ−(T, 0)Ξ, Ûϵ+(T, 0)Ξ

〉
. (411)

This is an actual positive Gram kernel with unit diagonal. Its entries are C2 by Theorem 26.3;
positivity alone would not prove their differentiability.

Let Hi, Hij be the literal source derivatives and Ψ(t) = Û(t, 0)Ξ. The action response
is Wi = −

∫
⟨Ψ, HiΨ⟩ dt, a metric source when i is a metric test. At equal branch sources,

∂+iZ = iWi. Put

χi(t) = −i
∫ t

0
Û(t, s)Hi(s)Ψ(s) ds, Fij(t, s) =

〈
Hi(t)Ψ(t), Û(t, s)Hj(s)Ψ(s)

〉
.

Proposition 26.7 (Causal response from the two branches). The exact derivative of the action-
source readout is

DjWi = −i (Z+j,+i + Z−j,+i) , Z−j,+i = ⟨χj(T ), χi(T )⟩ ,

DjWi = −
∫ T

0
⟨Ψ, HijΨ⟩ dt− 2

∫
0<s<t<T

ImFij(t, s) ds dt. (412)

Each double insertion uses one shared reference, not two independently averaged references. In
general this causal readout is not symmetric in i, j.
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Proof. Differentiating the equal-branch identity varies both branches, proving the first line. The
same-branch Hessian is −i

∫
⟨Ψ, HijΨ⟩ −

∫
s<t(Fij + Fji). The cross-branch Gram is the integral

over the full time square; its two triangles give
∫
s<t(Fij + Fji). Addition and multiplication by

−i give the second line, with its contact sign. All pairings are domain safe by the two-response
theorem. Equivalently differentiating the source expectation gives −

∫
[2 Re ⟨χj , HiΨ⟩+⟨Ψ, HijΨ⟩],

the same expression without applying Hi to χj .

If the initial source experiment has a varying normalized Ξϵ, the diagonal first derivative also
contains ⟨Ξ,Ξi⟩. Its next derivative contains ⟨Ξj ,Ξi⟩+ ⟨Ξ,Ξij⟩. Normalization does not erase the
imaginary preparation connection. These are distinct from changing the preparation parameter
θ along the actual coupled family.

For a C1 compact observer kθ along that family, let kc = ∂θgθ and, in each reference,
Ak = DH[γ∗kθ], Ak;θ = D2H[γ∗kc, γ

∗kθ] +DH[γ∗∂θkθ].
All actual frame and anchor derivatives are included before these expressions are used. The
pairing rule gives the total all-test source derivative

∂θWθ(kθ) = −
∫
I

∫
Γ

[2 Re ⟨ξ, Akψ⟩+ ⟨ψ,Ak;θψ⟩] dµ dt. (413)

Here ξ includes both its initial preparation term and the metric-feedback integral in (410). This is
also the mixed preparation/external first jet obtained by differentiating ∂+iZ = iWi. It requires
one coupled derivative, not a second coupled derivative or a three-insertion theorem.

Writing T =
√
|g|Tµν and E =

√
|g|(G + Λg)µν , the actual C1, C2

t -valued metric family
satisfies

DE[g][kc] = κ δT
on every compact metric test, with δT given by (413). Density and index variations remain when
converting this equation to covariant tensors. The Ward derivative likewise is

(δW )fixed(LXg) +W (LXkc) = 0,
with W (L∂θXg) for a moving vector test. A frozen divergence of δT alone would omit this
connection contact.

26.7 Exact continuation and its physical scope

Uniqueness gives identity, restart and local composition for the complete state, geometry and
source. The restarted history retains its entire quantum preparation and source prescription;
neither the bare ray nor (E,P ) alone is an autonomous Cauchy datum. For a bounded observer
the actual Heisenberg transport preserves every ordered kernel. A closed unbounded observer
transports with domain U∗D(A), not an assumed unchanged domain. Compact interior source
tests translate with the same history. Endpoint experiments retain their separate canonical
boundary terms.

The differentiated restart uses the actual ξ(s) ∈ H as its mild initial variation. It does not
reapply the coupled theorem to an arbitrary graph-differentiable family at that restart. Reference
conditioning also changes the prepared source: the Einstein equation proved for the uniform
ensemble is not asserted for every conditioned fiber with its old metric held fixed.

The result is a local, genuinely coupled native Einstein family with full action-source ob-
servations, strong first and weak mixed-second external responses, and an actual first coupled
derivative. The finite spatial-descriptor failure remains. External ten-component test coverage is
not an arbitrary inhomogeneous backreaction theorem or a quantum hypersurface-deformation
algebra. The constants retain their mesh and source dependence. Attachment to an occupied
physical particle/composite family requires its actual channel, reference, source and continuation
comparison; it is not supplied by equality of labels or by the existence of this native family.
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27 A coupled regulated matter–gravity realization

The regulator provides one physical source with actual mixed matter response. We now construct
a gravitational realization whose source is evaluated on the same evolving quantum state. The
metric restriction is a compact constant-curvature spatial quotient with one scale factor; the
resulting geometry is locally of FLRW form. Its homogeneous source-response identities do not
assert a full local Standard Model stress tensor or the inhomogeneous WDW constraint algebra.

27.1 A smooth physical interaction from the occupied source

Let H0 ≥ 1 be the physical regulator Hamiltonian shifted by a fixed target constant. That
vacuum/source shift is retained in every subsequent gravitational equation. Let Y be its nonzero
Yukawa matrix-multiplication operator on the natural closed physical domain. Quartic coercivity
gives, after increasing the fixed shift if necessary,

∥Y u∥2 ≤ C ⟨u,H0u⟩ , Y H
−1/2
0 ∈ B(H).

For a fixed β > 0, define
B = e−βH0Y e−βH0 . (414)

Lemma 27.1 (Nonzero smooth physical interaction). The operator B is bounded, self-adjoint,
compact and nonzero. It preserves the physical gauge space and is not a scalar multiple of the
identity there. For all nonnegative integers k, l, Hk

0BH
l
0 extends boundedly to H.

Proof. The factorization

Hk
0BH

l
0 = (Hk

0 e
−βH0)(Y H−1/2

0 )(H l+1/2
0 e−βH0)

has three bounded factors. Symmetry of the sandwich makes B bounded self-adjoint. Compact-
ness follows from the compact heat factor, and gauge invariance from the physical actions of
Y and H0. If B = 0, injectivity of the left heat factor gives Y e−βH0 = 0. The closed kernel of
Y would contain the dense range of the heat operator, forcing Y = 0, contrary to the nonzero
physical pair construction. Finally, the physical space is infinite dimensional: independent radial
Higgs functions times the invariant Fock vacuum already lie in it. A nonzero compact operator
cannot be a nonzero scalar multiple of its identity.

The heat parameter is a declared regulator coordinate. The operator B is an actual bounded
observation from the mixed source; it is not identified with an elementary local Yukawa density
without a separate comparison theorem.

27.2 The common Hamiltonian and source

Use units 8πG = 1. Fix a compact hyperbolic reference metric hk of sectional curvature k = −1,
and retain its actual fiducial volume VΣ =

∫
Σ dvolhk

> 0. Its physical volume is VΣa
3; no

independent unit-volume normalization is imposed. Let a > 0, pa be a scale factor and its
full canonical momentum, and (ϕ, pϕ) a scalar clock pair with full canonical momentum. Fix
a cosmological constant Λ, and real C2 functions V (ϕ), h(a) > 0, f(a, ϕ). Fix g ̸= 0. On the
physical space of Section 12 put

Hq(a, ϕ) = h(a)H0 + gf(a, ϕ)B, D(Hq) = D(H0). (415)
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This is the total quantum energy operator, not an energy density; it is self-adjoint and semi-
bounded at every retained parameter point. The total Hamiltonian constraint is

C = − p2
a

12VΣa
− 3VΣka+ VΣΛa3 +

p2
ϕ

2VΣa3

+ VΣa
3V (ϕ) + ⟨ψ,Hq(a, ϕ)ψ⟩ = 0, (416)

where ∥ψ∥ = 1. The vacuum shift in H0, the functions h, f and the smoothing parameter remain
part of this source.

Choose lapse one and the normalized-vector representative of quantum projective space.
Hamilton’s equations and the quantum symplectic form give

ȧ = − pa
6VΣa

, (417)

ṗa = − p2
a

12VΣa2 + 3VΣk − 3VΣΛa2 +
3p2
ϕ

2VΣa4 − 3VΣa
2V (ϕ)− ⟨ψ, (∂aHq)ψ⟩ , (418)

ϕ̇ = pϕ
VΣa3 , ṗϕ = −VΣa

3V ′(ϕ)− ⟨ψ, (∂ϕHq)ψ⟩ , (419)

iψ̇ = Hq(a, ϕ)ψ. (420)

The partial source derivatives hold the state fixed. Their values along the evolution are subse-
quently evaluated on the actual changed state.

Theorem 27.2 (Local coupled quantum–gravitational occupation). For every initial datum with
a0 > 0, normalized ψ0 ∈ D(H0) and finite canonical coordinates, (417)–(420) have a unique local
solution on an interval where a > 0. The state is continuous in D(H0), strongly differentiable in
H, and has constant norm. The total constraint C is constant. Initial data on C = 0 therefore
remain on that surface.

Proof. Use X = D(H0) with graph norm. Introduce τ by τ̇ = h(a), τ(0) = 0, and write
ψ = e−iτH0χ. Define Bτ = eiτH0Be−iτH0 . Lemma 27.1 makes Bτ bounded on X and locally
Lipschitz in τ in B(X). Its derivative is ieiτH0 [H0, B]e−iτH0 ; the commutator and its graph-norm
counterpart are bounded by that lemma.

The quantum equation becomes

χ̇ = −igf(a, ϕ)Bτχ.

Every source expression in the canonical equations is a combination of ⟨χ,H0χ⟩ and ⟨χ,Bτχ⟩,
with smooth scalar coefficients. These expressions are locally Lipschitz on the product of X and
the finite-dimensional variables. The complete interaction-picture system is a locally Lipschitz
Banach-space ODE on a > 0, so local existence and uniqueness follow. This constructs the
nonautonomous Schrödinger evolution on the stated domain; it does not assume its existence
independently.

Self-adjointness of Bτ gives d ∥χ∥2 /dt = 0. Transforming back proves norm conservation
and differentiability of ψ in H. The graph-space quadratic form ⟨χ,H0χ⟩ is differentiable, and
the smoothed interaction is differentiable there. Direct differentiation cancels the quantum
commutator contribution:

d

dt
⟨ψ,Hqψ⟩ = ȧ ⟨ψ, (∂aHq)ψ⟩+ ϕ̇ ⟨ψ, (∂ϕHq)ψ⟩ . (421)

Differentiating the classical part of C using its Hamilton equations gives the negative of these
two terms. Hence Ċ = 0.
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The theorem is local. Neither passage through a = 0 nor a singularity resolution or unregulated
limit is contained in its conclusion.

Proposition 27.3 (Explicit occupied data with a mixed source). The constraint surface contains
normalized smooth quantum data with nonzero mixed force, an expanding initial metric and a
locally monotone scalar clock.

Proof. The nonzero compact self-adjoint B has an eigenvalue b ≠ 0 and normalized eigenvector
ψb. Since ψb = b−1Bψb, it belongs to every D(Hm

0 ). Set

a0 = 1, ϕ0 = 0, pϕ,0 = VΣ, Λ = 0, V = 0, h(a) = a−1, f(a, ϕ) = a+ ϕ.

Choose 0 < |g| ∥B∥ < 1/2. Then Hq(1, 0) ≥ 1/2, so Eb = ⟨ψb, Hq(1, 0)ψb⟩ > 0. Define

pa,0 = −
√

12VΣ
[
(3 + 1/2)VΣ + Eb

]
.

Equation (416) holds exactly, while ȧ0 > 0 and ϕ̇0 = 1. The clock remains monotone on a smaller
interval. Both source derivatives contain the nonzero mixed term gb. Because B is nonscalar, its
expectation varies between normalized smooth physical states. The source response therefore
depends on the quantum state. The corresponding canonical constraint datum is solved for each
source energy; it is not held fixed while that energy is changed.

27.3 Exact homogeneous source exchange

Let
Eq = ⟨ψ,Hqψ⟩ , ρq = Eq

VΣa3 , Pq = −⟨ψ, (∂aHq)ψ⟩
3VΣa2 .

These are the source density and pressure for the homogeneous lapse/scale-factor variation.
Equation (421) gives

ρ̇q + 3 ȧ
a

(ρq + Pq) = ϕ̇

VΣa3 ⟨ψ, (∂ϕHq)ψ⟩ . (422)

The scalar quantities ρϕ = ϕ̇2/2 + V , Pϕ = ϕ̇2/2− V satisfy

ρ̇ϕ + 3 ȧ
a

(ρϕ + Pϕ) = − ϕ̇

VΣa3 ⟨ψ, (∂ϕHq)ψ⟩ . (423)

The two exchange terms cancel exactly. With pa = −6VΣaȧ, the conserved constraint and the pa
equation become

3
(
ȧ

a

)2
+ 3k
a2 = Λ + ρϕ + ρq, (424)

2 ä
a

+
(
ȧ

a

)2
+ k

a2 = Λ− Pϕ − Pq. (425)

Thus −dt2 + a(t)2hk satisfies the homogeneous Einstein equations with its source computed from
the same evolving quantum state and scalar. The quantum source is not frozen during metric
evolution.

The construction is a declared regulated coupling of the occupied matter source. Its homoge-
neous variation does not identify it with the full local continuum Standard Model stress tensor.
In particular, (422)–(425) are not substituted for an arbitrary-test local Ward identity or for the
complete hypersurface-deformation relations of the WDW source.
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Part IV

Further realizations and source comparison
The spectral and quantum-constraint constructions in this part have their own specified sources.
They illustrate additional realization methods and exact comparison criteria without identifying
distinct physical theories solely from their shared algebraic form.

28 An interacting ground state and gap on the Yang–Mills source

The bounded auxiliary-pair interaction admits a stationary entangled ground state and a
quantitative gap. The original Yang–Mills source has a unique vacuum and a positive vacuum-
sector gap [18, Corollaries M.2 and M.5]. These supply the starting point for a spectral calculation
of the changed interacting Hamiltonian; its dynamics are not identified with the uncoupled
source.

Let (HY ,ΩY , HY ) be that exact source, with

HY ≥ 0, kerHY = CΩY , specHY ⊂ {0} ∪ [∆,∞), ∆ > 0. (426)

Corollary M.2 supplies these properties on the reconstructed OS source; Corollary M.5 identifies
its time generator with the Minkowski Hamiltonian and transfers the same gap. Retain the
bounded self-adjoint gauge-invariant quasilocal observable A constructed in Proposition 12.7,
with

⟨ΩY , AΩY ⟩ = 0, AΩY ̸= 0, a := ∥A∥ > 0.
Its existence uses cyclicity of the bounded observable algebra and the nontrivial centered source
witness [18, Theorem M.6].

On the full two-mode auxiliary singlet Fock space

F = span{|0⟩, |1⟩, |2⟩, |12⟩},

put

B = a†
1a

†
2 + a2a1, N = a†

1a1 + a†
2a2, Hg = HY ⊗ I + I ⊗ ωN + gA⊗B, (427)

where ω > 0 and g ∈ R. The norm of B is one. It exchanges the vacuum and paired states and
vanishes on the two odd one-fermion states. Accordingly the odd restriction of Hg is exactly two
copies of HY + ω. Those states remain part of the full spectral theorem below; they are not
suppressed by considering the even ground state.

Theorem 28.1 (Occupied interacting ground and a fresh gap). Let

m = min{∆, ω}, η = |g|a < m/4.

The self-adjoint operator Hg, on D(HY )⊗F , has one simple ground eigenvalue Eg ∈ [−η, η]. Its
remaining spectrum is contained in [m− η,∞). For g ̸= 0, define

ξ = (HY + 2ω)−1AΩY , b = ∥ξ∥ > 0, κ = ⟨AΩY , ξ⟩ > 0. (428)

Then
Eg ≤ −

g2κ

1 + g2b2 < 0. (429)

Consequently Hg − Eg has a unique zero-energy ray and a gap at least

m− η − Eg ≥ m− η > 3m/4. (430)

The ground ray belongs to the even fermion sector.
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Proof. The uncoupled operator H0 has the unique vacuum Ψ0 = ΩY ⊗ |0⟩ and no other spectrum
below m. The perturbation is bounded self-adjoint with norm η, so the stated operator domain
is unchanged. On the circle |z| = m/2,∥∥∥(z −H0)−1

∥∥∥ ≤ 2/m,
∥∥∥g(A⊗B)(z −H0)−1

∥∥∥ ≤ 2η/m < 1/2.

The Neumann resolvent formula keeps this circle in the resolvent set along the path sg, 0 ≤ s ≤ 1.
Its Riesz projection depends continuously on s and retains rank one. The self-adjoint bounded
perturbation inclusion places the entire spectrum in

[−η, η] ∪ [m− η,∞).

Thus the isolated cluster consists of one simple ground eigenvalue.
The inverse in (428) is positive and injective, so b, κ > 0. Centering and spectral invariance of

the vacuum complement give ξ ⊥ ΩY . Evaluate the Rayleigh quotient on Ψ0 − gξ ⊗ |12⟩. Its
squared norm is 1 + g2b2. Its uncoupled energy is g2κ, the two interaction cross terms contribute
−2g2κ, and its pair–pair interaction expectation is zero because B sends the paired state to
the vacuum state. The variational principle gives (429). Subtracting Eg from the remaining
spectral interval proves (430). Parity commutes with the Riesz projection, which continues the
even vacuum projection; the ground ray is therefore even. The unchanged odd block remains
bounded below by ω throughout.

The next result proves entanglement of the stationary interacting ground state and provides
an explicit nonzero coupling window.

Theorem 28.2 (Quantitative ground-state entanglement). With a,m, b as above, set

r = m

8a, C = 4
r2 , gent = min

{
r

4 ,
b

4C

}
> 0. (431)

For every 0 < |g| ≤ gent, the normalized ground state of Hg is entangled between HY and the
auxiliary pair. Its reduced two-by-two even-Fock density matrix has determinant at least

b2g2

64 > 0. (432)

Proof. Continue the same Riesz projection to complex coupling s with |s| ≤ r. The Neumann
expansion on |z| = m/2 gives

∥P (s)− P (0)∥ ≤ q

1− q ≤
1
3 , q = 2a|s|

m
≤ 1

4 .

Hence
v(s) = P (s)Ψ0

⟨Ψ0, P (s)Ψ0⟩
is holomorphic and has norm at most two. Its denominator differs from one by at most 1/3,
and its intermediate normalization is fixed. Differentiating the simple-eigenvalue equation at
zero gives E′(0) = 0 and v′(0) = −ξ ⊗ |12⟩. Cauchy’s coefficient estimates on the radius-r disc
therefore imply

∥v(g)−Ψ0 + gξ ⊗ |12⟩∥ ≤ Cg2 (|g| ≤ r/2). (433)

Indeed the coefficient of order k has norm at most 2r−k, and summing from k = 2 gives 4g2/r2

in this range.
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Parity gives v(g) = u0(g) ⊗ |0⟩ + u2(g) ⊗ |12⟩. Put R0 = u0 − ΩY and R2 = u2 + gξ; each
remainder has norm at most Cg2. Since b ≤ a/(∆ + 2ω) ≤ a/m, the restriction |g| ≤ r/4 gives
|g|b ≤ 1/32 and Cg2 ≤ 1/4. In the Hilbert exterior square, with the determinant normalization,

∥u0 ∧ u2 + gΩY ∧ ξ∥ ≤ Cg2(1 + |g|b+ Cg2) ≤ 2Cg2.

The further condition |g| ≤ b/(4C) gives ∥u0 ∧ u2∥ ≥ b|g|/2. After normalizing v(g), whose norm
is at most two, the reduced-state determinant is

∥u0 ∧ u2∥2

∥v(g)∥4
≥ b2g2

64 .

A pure bipartite state with a mixed reduced state is entangled. The norm-analytic bound (433)
controls the remainder; no unbounded formal perturbation series is used.

This theorem strengthens an actual continuum Yang–Mills source by a new bounded interaction,
an occupied mixed ground state and a newly proved spectral estimate. The auxiliary modes
remain gauge singlets, not the chiral Standard-Model representation inventory. Coupling to a
selected bounded quasilocal A is not asserted to define a local Lorentz-covariant Standard-Model
action. The interacting ground marginal is not asserted equal to the original Yang–Mills vacuum
marginal. Neither a massless photon sector nor all extended-support confinement and scattering
sectors have been added. Thus (430) is a source-specific interacting vacuum-sector result, not an
unrestricted Standard-Model total-gap claim.

29 An occupied resonance channel with quantitative pole bounds

An unstable-pole theorem needs an actual channel, an authorized analytic continuation, and a
nonzero residue. The response form alone supplies none of these analytic objects. BCRS–2EW/H
proves the preservation of an existing simple pole and its physical residue under joint channel
transport, together with reconstruction from the full analytic germ [4]. The occupied SYM–8
physical assignment supplies the electroweak channels used directly in Part I [20]. We complement
those results with a quantitative existence criterion and an explicitly occupied Friedrichs-type
continuum-coupled realization [24].

The construction below is a restricted quantum target. Its exact Hamiltonian, state, channel,
continuation, pole and residue are constructed together. A further comparison theorem would be
required to identify any of its channels with a physical W , Z or Higgs channel of the Standard
Model. In particular, we attach no such particle identity by notation.

29.1 A quantitative analytic acquisition criterion

Lemma 29.1 (Quantitative simple-pole acquisition). Let E ∈ R and let F be holomorphic on a
neighborhood of the closed disc {z ∈ C : |z −E| ≤ R}, with |F | ≤M there. Fix 0 < r < R, write
L = M/(R− r), and set

Dt(z) = E − z − tF (z), t > 0. (434)
If

tM < r, tL < 1, ImF (E) > tLM, (435)
then Dt has exactly one zero zt in |z − E| < r, counted with multiplicity. That zero is simple
and lies in the lower half-plane. Moreover,

|zt − E| ≤ tM, |zt − E + tF (E)| ≤ t2LM, (436)

and
Res
z=zt

1
Dt(z)

= − 1
1 + tF ′(zt)

̸= 0. (437)
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Proof. On |z − E| = r, the perturbation tF has modulus strictly smaller than |E − z|. Rouché’s
theorem therefore gives exactly one zero, counted with multiplicity, in the smaller disc. Cauchy’s
estimate gives |F ′| ≤ L on its closure. Consequently D′

t(z) = −1− tF ′(z) cannot vanish there.
At the zero, zt − E = −tF (zt), which proves the first bound in (436). The line segment from

E to zt lies in the smaller disc; integration of F ′ along that segment gives the second bound.
Taking imaginary parts yields

Im zt ≤ −t ImF (E) + t2LM < 0.

The reciprocal of a holomorphic function at a simple zero has residue 1/D′
t(zt), giving (437).

No pole or zero is a premise of this lemma. Its application requires an independently constructed
channel with the stated continued denominator and analytic bounds. A formal self-energy series
is insufficient for that purpose. A physical numerator can also be controlled without assuming a
nonzero pole residue in advance.

Corollary 29.2 (Noncancellation by a numerator bound). Under the hypotheses of Lemma 29.1,
let N be holomorphic on the smaller disc, with N(E) ̸= 0 and

|N(z)−N(E)| < |N(E)| for |z − E| < r.

Then N/Dt has the same simple pole, with nonzero residue −N(zt)/(1 + tF ′(zt)).

Proof. The displayed inequality makes N nonzero throughout the smaller disc. Multiplication of
the simple-pole Laurent expansion by N proves the claim.

29.2 A positive continuum-coupled source

All inner products in this section are conjugate-linear in the first argument. Define

H1 = C⊕ L2((0,∞), dx), e = (1, 0), v(x) =
√
x e−x/2. (438)

Let Mx be multiplication by x, with D(Mx) = {f ∈ L2 : xf ∈ L2}. Since

∥v∥2 =
∫ ∞

0
xe−x dx = 1,

the following is a bounded off-diagonal perturbation of 1⊕Mx:

Hλ(a, f) =
(
a+ λ ⟨v, f⟩ , Mxf + λav

)
, D(Hλ) = C⊕D(Mx), (439)

where λ is real. It is the discrete–continuum coupling parameter of the target.

Proposition 29.3 (Positive occupied source). For λ2 < 1, Hλ is self-adjoint and nonnegative,
and kerHλ = {0}. On

H = CΩ⊕H1, ∥Ω∥ = 1, Ĥλ = 0⊕Hλ, (440)

there is a unique normalized zero-energy vacuum up to phase. The bounded operators

O+ = |e⟩⟨Ω|, O− = O∗
+ (441)

create the norm-one channel vector O+Ω = e. For λ ≠ 0, the dynamics couples that vector to the
continuum.
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Proof. The off-diagonal perturbation in (439) is bounded and self-adjoint, with norm |λ|. The
bounded perturbation theorem therefore gives self-adjointness on the displayed domain. Its
associated closed form hλ, on C⊕D(M1/2

x ), satisfies

hλ[(a, f)] =
∫ ∞

0
x

∣∣∣∣f(x) + λa
v(x)
x

∣∣∣∣2 dx+ (1− λ2)|a|2. (442)

Here
∫∞

0 |v(x)|2/x dx = 1. The square is interpreted in the weighted form space: v/x need not
belong to ordinary L2, while v/

√
x does. Thus the expression is finite on the form domain. It

proves nonnegativity; equality forces a = 0 and then f = 0 almost everywhere. The vacuum
extension has exactly the stated zero eigenspace. The rank-one operators in (441) are bounded,
and Hλe = (1, λv) has nonzero continuum component when λ ̸= 0.

The vector state of Ω is a positive state of the represented operator algebra. Its channel has
exact two-point and resolvent responses

Cλ(τ) =
〈
e, e−iτHλe

〉
, Gλ(z) =

〈
e, (Hλ − z)−1e

〉
. (443)

The state, Hamiltonian and source vector belong to one Hilbert realization. They are not
assembled from independent marginal states.

29.3 Exact resolvent and its continuation sheet

Lemma 29.4 (Exact scalar channel). For Im z > 0,

Gλ(z) = 1
1− z − λ2F (z) , F (z) =

∫ ∞

0

ρ(x)
x− z

dx, ρ(x) = xe−x. (444)

Proof. Solve (Hλ−z)(a, f) = e. The continuum equation gives f = −λa(Mx−z)−1v. Substitution
in the discrete equation gives (1− z − λ2F (z))a = 1. Its coefficient cannot vanish in the upper
half-plane because Hλ is self-adjoint. Taking the discrete matrix element proves the formula.
This is an exact block elimination, with numerator one, rather than a truncation of a series.

Put a0 = 1/2, b0 = 3/2 and D = {z : |z − 1| ≤ 1/4}. Choose logarithms that are real on the
positive real axis. The arguments b0 − z and z − a0 remain in the disc centered at 1/2 with
radius 1/4, so these choices are unambiguous throughout a neighborhood of D.

Lemma 29.5 (Constructed continuation and uniform bounds). The continuation of F from the
upper half-plane through (a0, b0) is the function

F∗(z) =
∫ a0

0

ρ(x)
x− z

dx+
∫ ∞

b0

ρ(x)
x− z

dx

+
∫ b0

a0

ρ(x)− ρ(z)
x− z

dx

+ ρ(z)
{
log(b0 − z)− log(z − a0) + iπ

}
. (445)

It is holomorphic near D and satisfies

|F∗(z)| < 10 (z ∈ D), |F ′
∗(z)| ≤ 80 (|z − 1| ≤ 1/8), ImF∗(1) = π/e. (446)

Proof. The tail integrals are holomorphic near D, since their denominators stay away from zero
and the density decays exponentially. The divided difference in the middle integral extends
holomorphically at x = z. Direct integration of 1/(x− z) over (a0, b0) gives (445) when Im z > 0:
there log(a0− z) = log(z−a0)− iπ. Thus the formula constructs the continuation of the physical
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upper-half-plane channel. It does not assume the existence of a continuation sheet. At z = 1,
the nonlogarithmic terms and the two real logarithms are real, giving the last identity in (446).

For the bound, the tail denominators have modulus at least 1/4; together those integrals have
modulus at most 4

∫∞
0 ρ(x) dx = 4. The convex hull of [a0, b0] and D lies in 1/2 ≤ Rew ≤ 3/2,

| Imw| ≤ 1/4. There
|ρ′(w)| = |1− w|e− Rew < 0.6.

Integration of ρ′ along the relevant segment bounds the divided difference by 0.6, and the interval
has length one. On D, |ρ(z)| < 5/8. Each logarithm has modulus at most log 4 + π/4 < 2.2, so
the logarithmic bracket has modulus less than 7.6. Its contribution is less than 4.75. The total is
therefore less than 4 + 0.6 + 4.75 = 9.35 < 10. Cauchy’s estimate, with distance 1/8 between the
smaller and outer circles, gives the derivative bound.

29.4 An occupied simple resonance with nonzero residue

Theorem 29.6 (Exact resonance on the continuum-coupled target). For every real λ with

0 < t = λ2 ≤ 1/2000, (447)

the exact continued channel
Gλ,∗(z) = 1

1− z − tF∗(z)
has exactly one simple pole zλ in |z − 1| < 1/8, and Im zλ < 0. Its residue is nonzero, and

|zλ − 1| ≤ 10t, |zλ − 1 + tF∗(1)| ≤ 800t2, (448)

Res
z=zλ

Gλ,∗(z) = − 1
1 + tF ′

∗(zλ) . (449)

Writing zλ = Eλ − iΓλ/2, its positive width satisfies

2t(π/e− 800t) ≤ Γλ ≤ 2t(π/e+ 800t). (450)

The choice λ = 1/50 is an explicit occupied target.

Proof. Apply Lemma 29.1 with E = 1, R = 1/4, r = 1/8, M = 10 and L = 80. The independent
construction in Lemma 29.5 gives the required holomorphic function and bounds. For (447),

tM ≤ 1/200 < 1/8, tL ≤ 0.04 < 1, tLM ≤ 0.4 < π/e.

All hypotheses therefore hold. The general location and residue formulas give (448) and (449).
Taking imaginary parts of the second location bound and using ImF∗(1) = π/e gives (450). Its
lower bound is strictly positive. The inverse residue has modulus between 1− 80t and 1 + 80t, so
physical-channel cancellation is impossible.

Proposition 29.7 (Resonance versus eigenstate). For nonzero λ in (447), Hλ has no eigenvector
at any positive real energy. The continued nonreal pole is not an eigenvalue of the self-adjoint
Hamiltonian.

Proof. At real energy E > 0, the continuum equation of an eigenvector would give f(x) =
−λav(x)/(x−E). If a ≠ 0, this is not square integrable, since v(E) > 0. If a = 0, the continuum
equation would require an eigenvector of the multiplication operator Mx, whose point eigenspaces
on Lebesgue L2 are zero. Nonreal eigenvalues are excluded by self-adjointness.

The theorem constructs a lower-half-plane analytic resonance of an actual positive source
channel. It does not assert an exact exponential decay law or a relativistic scattering realization.
Neither assertion was used to establish the continued pole. The energy and width bounds are
dimensionless properties of the specified comparison target.

198



Common physical sources Constraint-derived Standard Model

29.5 Source identity and the Standard-Model comparison

Proposition 29.8 (Joint source preservation). Let a unitary map jointly transport Ĥλ, Ω, e, O+
and O−, retaining the marked continuation domain and sheet. It preserves the physical scalar
channel, its continuation, the pole zλ, and the complete Laurent germ, including the residue and
regular part.

Proof. The unitary resolvent identity preserves
〈
e, (Hλ − z)−1e

〉
on the physical upper half-

plane. Uniqueness of analytic continuation on the marked domain preserves its continued
function. Equality of meromorphic functions preserves every Laurent coefficient. Source and
sheet attachment are included in the transport, so this does not identify independently labelled
branches merely because some numerical pole coordinates coincide.

The full target used here retains the Hilbert space, Hamiltonian, vacuum, source operators,
channel vector, density ρ, coupling λ, and marked continuation data. Changing the density,
threshold, coupling or source channel generally changes the target. A unitary presentation change
does not authorize such a modification.

To apply this separate comparison model to a Standard-Model channel, its operator or physical
amplitude must be identified on the intended common target. This is an optional construction
route, not a prerequisite for the already attached Higgs channel of Theorem 4.3. One possible
comparison is an exact source-preserving reduction of its projected resolvent to an analytic
denominator with the contour bounds of Lemma 29.1. The density need not equal the solvable
density used above; what matters is that the actual continued channel and bounds have been
proved. Mixed neutral channels must retain their full matrix denominator and physical-current
numerator, as required by the BCRS–2EW/H transport theorem [4].

An actually identified physical channel can be compared to the response and identity archi-
tecture of SYM–8 and the Higgs identity theorem [20, 22]. The comparison must preserve the
operator, state, source, gauge and anomaly data, renormalization domain, boundary conditions
and continuation. A finite perturbative agreement or a fitted resonance profile does not prove
that identification. The present occupied comparison channel consequently supplies a rigorous
restricted resonance result. It does not replace the directly received physical assignment or
change its established source-normalized Higgs attachment.

30 Finite chiral constraint corrections and the physical-state
boundary

The Wheeler–DeWitt sources supply a completed chiral operator family on their declared common
source, with the retained renormalization and anomaly construction [11, 12]. WDW–6 also states
a raw off-shell Hamiltonian commutator. Its literal full-coframe identification is not received
unconditionally here: the torsion-free horizontal spin lift differs from the frozen raw generator by
the total Lorentz action, and an admitted degree-zero affine coframe test separates the two off
shell. The finite principal-response construction below does not depend on that universal closure
claim. CSP-C supplies the matched classical antecedent and its exact quantum-nonpromotion
boundary; the quantum operator conclusions used here come separately from WDW-5 and
WDW-6 [2]. This section proves a finite extension of the published source-point correction
mechanism to chiral coefficients. It also identifies which part of that extension can be made small
in the source topology and which part still requires a physical-state construction.
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30.1 The received operator and source

Fix the compact, connected, boundaryless spin branch of WDW-5, its admitted trivial gauge
bundle, the derived torsion-free spin connection, the declared three-generation minimal chiral
representation, one Higgs doublet, and the local scalar-clock source. The topology, global gauge
form, numerical couplings, Yukawa matrices, and clock-failure boundary remain fixed source
coordinates. In particular, this argument neither adjoins a right-handed neutral field nor identifies
a heavy-neutral projection with an additional WDW matter variable.

Use the W5.8-normalized, W4B-symmetrized half-density baseline received by W6R.O18B:
left-coefficient ordering, the declared flat configuration-chart connection, zero additional local
finite normalization, and the baseline fermionic polarization. Its additional exterior-degree-shift
list is empty [11, Secs. 11–12]. Write the completed source as

V ren
B =

alg⊕
n≥0

V ren
B,n, V alg

B,n ⊂ C
∞(UB, Λ̂nf). (451)

Each degree is completed in the specified graph topology, and the resulting carrier has the locally
convex direct-sum topology. Thus every element has finite exterior support; no completion over
particle number is introduced. The graph topology retains all registered finite operator words
and compact configuration/derivative-test seminorms [12, Sec. 27.2].

For a lapse N , the complete baseline Hamiltonian in degree n is

C
(n)
N = Leven

N ⊗ I + dΓn
(
AD,N (q)′ +AY,N (q)′) . (452)

Here Leven
N includes the gravitational, clock, gauge, and Higgs kinetic blocks and the entire

multiplication potential. A prime on the one-particle operator denotes its strong transpose. The
Dirac and Yukawa terms are not discarded in any result below. In particular, “order zero” for
these terms means zero order in differentiation of the configuration-space section; the Dirac
coefficient still has its spatial differential action and associated Sobolev estimates.

Let {Cα}α∈LB
be the complete received constraint-label family, including all admissible

smearings. The relevant published raw-closure formula is the following; below it is a receiving
condition only where explicitly imposed:

[CN0 , CN1 ] = iℏ (D[s] +G[ιsA] + J [ιsωLC]) . (453)

This records the formula of [12, W6R.O18B], not an established identity on every vector of the
unchanged full-coframe baseline. Write V [s] = D[s] + G[ιsA] + J [ιsωLC], with V [s] = −iℏXV

on degree-zero coframe cylinders. The distinction can be tested on its actual source. At a
smooth configuration q∗, choose lapse jets N = x1,M = x2 in an adapted normal frame. The
raw coframe variation has a nonzero antisymmetric rotation λ∗. Choose a nonnegative smooth
bump χ supported where that rotation is nonzero. On the adapted spatial components set
ℓ(v) =

∫
χ tr[λT∗ (ve−1

∗ )]. This fixed smooth compact dual coframe density annihilates every
horizontal metric lift and satisfies ℓ(XV e∗) =

∫
χ∥λ∗∥2 > 0. The centered affine degree-zero

cylinder F (q) = ℓ(e− e∗) is admitted. Its affine Hessian and degree-zero exterior action vanish
identically. For the literal left-coefficient operator CN = TN + VN +QN , therefore CNF = VNF .
At q∗, the only surviving product Hessian is dVM ⊗ ℓ+ ℓ⊗ dVM . The metric-pullback kinetic
tensor has horizontal image, so its contraction with ℓ vanishes. All these are smooth finite-rank
contractions. Consequently

([CN , CM ]F )(q∗) = 0, (iℏV [s]F )(q∗) = ℏ2
∫
χ∥λ∗∥2 > 0.

The probe is not Lorentz invariant, as appropriate to an off-shell full-source test. It does not
refute a reduced identity or remove the independent renormalized source and anomaly results.
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A Lorentz-reduced or source-restricted identity requires its own verification; deleting gauge or
Lorentz terms does not provide it. Only Corollary 30.5 below invokes the displayed raw-closure
equality. The other finite-response and graph estimates use the actual operators and their stated
principal coefficients directly.

Lemma 30.1 (Degreewise joint-kernel reduction). For the baseline family,

ZB :=
⋂

α∈LB

kerCα =
alg⊕
n≥0

ZB,n, ZB,n :=
⋂

α∈LB

ker(Cα|V ren
B,n

). (454)

Proof. Every constraint preserves exterior degree on the algebraic source. For the Hamiltonian
this follows from (452); for the linear constraints it follows from their configuration derivations
and degree-preserving representation actions. The degree projections are continuous in (451).
Their commutation with the constraints therefore persists under degreewise graph completion.
Applying each projection to a joint solution gives the forward inclusion. Linearity and finite
exterior support give the reverse inclusion.

This reduction does not assert that any ZB,n is nonzero. It does show that occupying one
fixed degree does not require estimates uniform as n→∞.

Proposition 30.2 (Finite exterior support does not imply nilpotence). Finite exterior degree
alone does not make the fermionic term in (452) nilpotent and does not justify termination of a
perturbative inverse series.

Proof. For one fermionic mode, creation followed by contraction is a number operator Nf

satisfying N2
f = Nf ≠ 0. More specifically, on a coupled pair of chiral components a nonzero

Yukawa multiplication block has the form

YH =
(

0 m(H)
m(H) 0

)
, Y 2

H = |m(H)|2I.

In degree one its exterior lift is the original one-particle operator. On a region where the fixed
Yukawa coupling and Higgs component give m(H) ̸= 0, every even power of this block is nonzero.
This local multiplication calculation requires no assumption about global Dirac eigenfunctions. A
perturbative inverse would instead need an independently proved contraction, nilpotent filtration,
or convergent inverse estimate.

30.2 A vector-valued finite neutralizer

The published scalar correction uses four fresh metric probes and the four ordered observations
formed from two Hamiltonian rows [13]. Its fourth-jet mechanism extends to Branch B, but its
regulated response matrix must not be substituted for the renormalized endpoint response. We
construct the required endpoint probes directly.

Let qδ be the small nonzero gauge–Higgs source germ received from the WDW-4B construction
by WDW-5. Its gravity–scalar correction is O(δ2) relative to the antecedent source; the two
full constraint maps are not identified [11, Sec. 2]. Work on the local configuration chart before
quotienting and write h = h(qδ). The baseline endpoint has already removed the outer heat
regulator: its gravitational principal tensor is the ultralocal tensor −2κℏ2G(h), with

Gijkl(h) = hikhjl + hilhjk − hijhkl
2
√

deth
. (455)

These are the accepted momentum and density conventions [11, Secs. 5.2, 11.2]; no heat factor
remains in the endpoint principal symbol [12, Part IV, Sec. 9.1].
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Choose four pairwise disjoint coordinate balls and nonzero real smooth functions fj supported
compactly inside them, 0 ≤ j ≤ 3. The metric covector-densities

ℓabj = fjh
ab dµh

are smooth and therefore belong to the accepted trace-admissible source [12, Part III, Secs. 2.1–
2.2]. Let ϖ : e 7→ h(e) be the local coframe-to-metric map. Pull each covector back at the fixed
source point and define the affine coframe cylinders

ℓ̃j = (dϖeδ
)∗ℓj , ηj(q) = ℓ̃j(e− eδ).

They vanish at qδ and are independent, since their supports are disjoint and dϖ is surjective onto
metric variations. The canonical identity P iI = 2πijejI identifies their principal contraction with
the metric contraction above. This uses only the coframe pullback of the gravitational kinetic
term on its Lorentz-reduced sector [11, Sec. 8.2]; it does not invert the Lorentz-null directions
or change the baseline ordering. The covectors are fixed at qδ, so these remain admitted affine
cylinders in the original coframe chart.

Take the allowed smooth lapse labels N0 = 1 and N1 with constant positive value nj on a
neighborhood of supp fj , where n0 ̸= n1. Such a global smooth N1 exists by disjoint support
and a partition of unity. Let

pδa(z) =
3∑

i,j=0
ga,ij(qδ)zizj (456)

be the restriction of their actual baseline principal symbols to these four probe covectors. Their
responses are explicit:

pδ0(z) =
3∑
j=0

ajz
2
j , pδ1(z) =

3∑
j=0

njajz
2
j , aj = 3κℏ2

∫
Σ
f2
j dµh > 0. (457)

Indeed, the DeWitt contraction of fjhij
√

deth with itself is −3
2f

2
j

√
deth in three spatial di-

mensions; the prefactor −2κℏ2 gives the displayed aj . All cross contractions vanish by disjoint
support and ultralocality. The diagonal coefficient minor from columns 0, 1 is a0a1(n1 − n0) ̸= 0.
Thus pδ0, pδ1 are independent at the actual nonzero-matter source, without assuming continuity of
a regulated determinant under heat removal. These calculations retain all other field coordinates
at qδ and require no quotient regularity at zero matter. They establish the rank input of the
scalar mechanism anew for the received Branch-B endpoint.

Lemma 30.3 (Top-jet tensorization). Fix a finite span En of accepted algebraic exterior vectors
of degree n. Invariance of En under the Dirac operator is not required. For |α| = 4 and ξ ∈ En,
set

Hα,ξ(q) = η(q)α

α! ξ.

Then
(CdCaHα,ξ)(qδ) = [zα]

(
pδa(z)pδd(z)

)
ξ. (458)

All configuration derivatives of Hα,ξ through order three vanish at qδ. Applying any linear
constraint and then at most two configuration derivatives also gives zero at that point.

Proof. Two second-order configuration operators can consume at most four derivatives of the
section. The section vanishes to order four. If a derivative falls on a coefficient, fewer than
four derivatives remain to hit its polynomial factor. A potential or Dirac/Yukawa term likewise
consumes too few configuration derivatives. Every such term retains a positive power of η at the
source and vanishes there. Gauge, Higgs, and clock derivatives either kill this pure metric jet or
differentiate a coefficient, which is the same lower-order case. Thus only the principal–principal
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partition survives, with the constant exterior vector unchanged, proving (458). Linear constraints
have configuration order at most one, with representation terms of order zero; the last assertion
follows from the same derivative count.

The absence of the Yukawa term from (458) is therefore a proved filtration statement for this
response, not a deletion of that term from the quantum theory.

Theorem 30.4 (Finite Branch-B neutralization). At any source point and matched probe system
just described, let Aδ be the four-by-35 matrix

(Aδ)(a,d),α = [zα](pδapδd), |α| = 4,

with row order 00, 01, 10, 11. Then

rankAδ = 3, kerATδ = span{(0, 1,−1, 0)}.

For target vectors yad ∈ En, a fourth-jet correction with ordered response −y exists if and only if
y01 = y10. When this holds, delete the duplicated row to form Aδ,eff and set

Bδ = A∗
δ,eff(Aδ,effA

∗
δ,eff)−1, c = −Bδyeff , K =

∑
|α|=4

ηα

α! cα. (459)

This assembled K has exactly the claimed complete ordered response. For real principal coefficients,
the adjoints in (459) are ordinary transposes.

Proof. The independent quadratic polynomials pδ0, p
δ
1 have three independent products

(pδ0)2, pδ0p
δ
1, (pδ1)2. Otherwise their ratio in the rational function field would satisfy a nonzero

scalar quadratic equation and would consequently be constant, contradicting independence. The
effective coefficient matrix therefore has row rank three. Commutation of the scalar principal
symbols gives the mixed-row duplication, and there are no other row relations. The Gram matrix
in (459) is invertible and Aδ,effBδ = I. Apply Lemma 30.3 to the actual finite sum defining K.
Its ordered response is Aδc = −y, including the unreduced mixed row. All target operations are
finite scalar linear combinations in En; no exterior component has been replaced by a scalar
target.

For the next corollary only, assume additionally that (453), applied to its chosen input ∆
and evaluated at qδ, equals the actual commutator observation. This is a declared receiving
hypothesis, not a discharged property of the full frozen coframe source. Under this hypothesis
the stated linear residual implies mixed-row compatibility. Without it, one may instead check
([CN0 , CN1 ]∆)(qδ) = 0 directly and use Theorem 30.4; vanishing of the printed raw linear residual
alone is insufficient.

Corollary 30.5 (Compatibility from the complete commutator). Let ∆ belong to the actual
common source and put yad = (CdCa∆)(qδ). Suppose these four values lie in the chosen finite
exterior span and (

D[s] +G[ιsA] + J [ιsωLC]
)
∆(qδ) = 0.

Then y01 = y10, and the correction (459) cancels all four observations without changing the value
or the first three configuration jets of ∆.

Proof. The difference of the mixed observations is, up to sign, the complete commutator (453)
applied to ∆ and evaluated at the source. It vanishes under the stated earlier-stage linear condition.
Theorem 30.4 supplies the correction, and its fourth-order vanishing proves preservation of the
earlier jets.
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These are finite response statements. They neither assume a nonzero joint physical state
nor prove that the entire correction is gauge invariant on the open chart. Only the displayed
source-point linear residuals are retained. For a concrete source instance, the Branch-B principal
coefficients and increment must be evaluated anew; the theorem does not authorize copying the
scalar construction’s response values.

30.3 Small graph corrections and the limit equation

Finite response coefficients need not satisfy an a priori bound uniform over all subsequent stages.
For finitely many earlier graph tests, support shrinking provides a useful stronger statement.

Lemma 30.6 (Finite graph-budget shrinking). Let PN (η)ξ be a homogeneous fresh-probe poly-
nomial of degree N with an accepted fixed-degree exterior coefficient. Choose a smooth compactly
supported cutoff χ equal to one near zero and put

Kϵ(q) = χ(η(q)/ϵ)PN (η(q))ξ.

Fix finitely many graph seminorms pi(WiF ) on compact configuration/derivative-test sets, for
registered finite differential words Wi. Include the finitely many proper pullbacks of their test
sets when such pullbacks occur. Let Ri bound the number of configuration derivatives falling on
the finite-probe factor in that test, and assume N > R := maxiRi. Then

pi(WiKϵ) ≤ CiϵN−Ri (460)

for sufficiently small positive ϵ. The constants are finite for this fixed family, source record,
polynomial, and exterior degree. Every source-point jet of Kϵ equals that of PNξ.

Proof. The cutoff is an admitted smooth finite-probe cylinder. On its support |η| = O(ϵ).
Differentiating the cutoff a times contributes ϵ−a, while differentiating the homogeneous poly-
nomial b times contributes ϵN−b, with a + b ≤ Ri. The finite Leibniz expansion, boundedness
of the relevant coefficient derivatives on the selected compact tests, and the registered spatial-
contraction and exterior-map seminorm estimates prove (460). Finite proper pullbacks use their
compact image sets and the corresponding finite chain rule. No estimate over unbounded word
length is asserted. Because χ is identically one near the source, multiplication by it changes no
source-point jet.

If an actual finite-extension construction supplies correction orders Nj eventually exceeding
the differential orders of the first j chosen tests, the radii can therefore be chosen after computing
the finite coefficients so that stage j costs at most 2−j in those tests. This statement does not
assume, or prove, that a chosen countable test family generates the full W6 graph topology. Nor
does it supply the required all-label finite-extension construction.

Proposition 30.7 (Point-jet realization does not imply the source equation). Vanishing of
every constraint jet at one source point, even for a normalized smooth section, does not imply
vanishing of the constraint on an open configuration chart. Consequently a Borel-type realization
of compatible source-point jets is insufficient by itself to populate ZB.

Proof. The failure already occurs for a scalar differential operator. Set

f(0) = 0, f(x) = e−1/x2 (x ̸= 0), F = 1 + f, C = d

dx
.

Then F (0) = 1, every derivative of CF vanishes at zero, and CF is nonzero on every punctured
neighborhood. The W6 source is a smooth open-chart source with compact derivative-test
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seminorms, not a source defined to identify functions having equal jets at the distinguished
point. Therefore source-point jet equality cannot replace its actual constraint equation. Even
a graph-Cauchy correction sequence gives, by continuity, convergence of its residuals, not that
their limit is zero. The latter requires a separate residual-zero argument in the source topology
or on a proved determining family.

There is a second exact distinction in the global coefficient argument. The deterministic
selection theorem of the scalar source uses its complete predecessor-ideal reduction and a finite
effective-shift interval for the actual serialized operator representation [14]. Finite differential
order and smooth new coefficients do not by themselves establish that interval. For example, in
C = exd/dx, the coefficient F ′(0) occurs in arbitrarily high differentiated origin rows. Dividing
by the invertible ex gives a valid simpler equation, but doing so is an additional ideal-reduction
step. The Branch-B matrix-coefficient representation must satisfy the needed reduction and
support-band conditions in its own right. This observation does not change the accepted scalar
construction.

30.4 The exact continuation to physical occupation

The physical-state construction in WDW-6 receives an independently constructed normalized joint
Branch-A solution and evaluates strong-dual source elements on that solution. Its scale-cylinder
comparison transports literally unchanged operators and source topology [15, 12]. The resulting
positive rank-one physical form is genuine, but neither it nor the scale identity supplies a changed
Branch-B solution or a non-scalar observable algebra.

A complete Branch-B solution by this finite-extension route requires the complete finite-
extension property for all retained linear and Hamiltonian labels, their word descendants, and
their lower-order coefficient relations. One must then construct a limit in the actual graph
source and prove the complete residual zero there, preserving a nonzero normalization. The finite
matrix inverse in Theorem 30.4 and the shrinking estimate in Lemma 30.6 supply parts of that
construction, but not its all-label compatibility or open-chart residual-zero step.

Closure and principal-symbol matching cannot replace that step even in elementary systems:
C0 = d2/dx2 and C1 = d2/dx2 + I commute and have the same principal symbol, but their
common kernel is zero because (C1 − C0)F = F . This is not a proposed model of the actual
WDW family; it identifies the lower-order left-ideal obstruction that a source-specific extension
theorem must exclude.

Finally, a non-scalar physical observable algebra requires more than one formal output label.
Suppose actual independent joint solutions F1, . . . , Fm have been constructed in the exact source.
Evaluation gives

Ψ(u) = (u(F1), . . . , u(Fm)), B(u, v) = ⟨Ψ(u),Ψ(v)⟩Cm .

Continuous-dual separation makes this evaluation map surjective, so its positive quotient is
Cm. This particular choice of form is not thereby proved unique or target-forced. An actual
source observable O has a well-defined action on this quotient only if its transpose respects ker Ψ.
A direct sufficient check is OFj =

∑
kMkjFk, followed by compatibility of the induced matrix

action and its adjoint with the chosen form. A non-scalar mixed physical observable requires
such a registered O with a non-scalar induced action, not an arbitrarily declared matrix algebra.

Thus the positive result of this section is a chiral finite-response extension with explicit
compatibility and graph-budget control. It does not establish nonemptiness of the complete
Branch-B physical kernel. That boundary concerns this particular equation and source. It
preserves the positive renormalized source/anomaly and structural-necessity results, while keeping
the published raw off-shell formula distinct from an actually verified reduced or source-restricted
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identity. This optional WDW route is not a prerequisite for the direct physical or native Einstein
constructions.

31 Nonpolynomial construction in the full constraint source

Finite jet corrections and nonpolynomial source construction address different parts of the
constraint problem. The positive Higgs quartic already prevents a finite Higgs polynomial from
being a complete smooth solution at the accepted baseline. Nevertheless, that baseline admits an
explicit convergent construction of exponential local functionals in its full graph source. Under
an actual Hamilton–Jacobi identity, the construction gives an exact solution rather than an
asymptotic WKB substitution.

31.1 Complete word-output representation

Write Un for the genuine smooth trace core of exterior degree n. For output degree m, let
Em be the Hausdorff completion of the original output source in its inherited locally convex
topology. No identification of Em with an ordinary function space is assumed. Let W range over
every registered finite word, including the identity, and let Pm be the exterior projection. The
degreewise graph seminorms are precisely

F 7−→ pm(PmWF ),

with pm an inherited output seminorm [12, Secs. 26–27]. Each fixed word has a finite output-degree
band on one input degree.

Lemma 31.1 (Complete-output representation). The completed degree source Vn is canonically
the closure of

Jn(Un) ⊂
∏
W,m

Em, (JnF )W,m = PmWF.

Its extended word-output coordinates jointly separate Vn.

Proof. The pullback of the product topology is exactly the displayed graph topology. The
identity-word coordinate makes Jn injective on the Hausdorff core. The product of the complete
Hausdorff spaces Em is complete, and the closure of the image is complete. The universal
property of completion gives the identification. Separation is componentwise separation in the
product.

The full source is the locally convex direct sum of the Vn, with finite exterior support. The
lemma does not assert that the extended identity coordinate alone is injective. It therefore avoids
using point values to identify an arbitrary completed vector.

Proposition 31.2 (Normalized acquisition in the actual source). Fix a finite set of input degrees
and a continuous linear anchor a. Suppose genuine core vectors Fi supported in those degrees are
Cauchy in every graph seminorm, a(Fi)→ 1, and, for every constraint Cα, every output degree
n, every W,m, and a separating family of ℓ ∈ E′

m,

ℓ
(
Jn;W,m(PnCαFi)

)
−→ 0.

Then their limit F belongs to the actual completed source, has a(F ) = 1, and satisfies CαF = 0
for every retained label. Conversely every such normalized finite-support solution has a core-
approximating net with these properties.
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Proof. Graph Cauchyness gives a limit in each of the finitely many complete input degrees, hence
in their finite direct sum. Continuity preserves the anchor and every scalar output test. Dual
separation and Lemma 31.1, applied to each degree of each constraint output, force that output
to be zero. Conversely, density of the core in each degree gives an approximating net; continuity
gives all the displayed limits.

The residual tests suffice because graph convergence has already provided their actual vector
limit. Weakly vanishing residual tests alone would not construct that limit. All constraint labels
remain included: fixed-label continuity does not by itself prove continuity in the label on every
completed vector, and no countable cofinal family is assumed here.

31.2 Why a finite Higgs polynomial cannot terminate the construction

The baseline fixes λ > 0, v > 0 and

VH(H) = λ(H†H − v2/2)2.

Its kinetic coefficients and reference smoothing contain no live Higgs factor. Dirac action is
independent of H, Yukawa action is linear in H and H†, and the covariant-gradient potential is
quadratic in them [11, Secs. 8, 11]. The renormalized baseline retains this potential and sets
only the additional local heat finite profile to zero [12, Part IV, Sec. 9.2].

Theorem 31.3 (Finite-Higgs-degree exclusion). A nonzero genuine smooth Branch-B source
section in the domain of the exact renormalized baseline action, with finite polynomial degree in
the real Higgs coordinate, cannot solve the complete Hamiltonian equation for one fixed positive
lapse on an open product chart.

Proof. Let D be the maximal Higgs degree and FD its nonzero leading homogeneous part. The
non-Higgs Hessians preserve degree and the Higgs Hessian lowers it by two. At every fixed positive
regulator these statements are literal polynomial identities. Finite-part extraction preserves the
degree bound: restrict to a Higgs line in the chart and recover the finitely many polynomial
coefficients from D + 1 fixed parameter values. The fixed linear interpolation commutes with
heat coefficient extraction, subtraction and the retained regular limit. No extra field-dependent
finite normalization is introduced.

The Dirac, Yukawa and gradient terms have degree at most D, D + 1 and D + 2, respectively.
The sole degree-D + 4 term is

λ

[∫
Σ
N
√
h (H†H)2

]
FD(H).

The bracket is strictly positive for every nonzero smooth Higgs variation. A polynomial identity
on a nonempty open affine chart determines its highest homogeneous part: translate the chart
centre and restrict to finite-dimensional affine slices. Translation leaves the top quartic and
maximal degree unchanged. The displayed product cannot vanish unless FD = 0, a contradiction.
The argument uses polynomial continuation, not admissibility of H = 0 in the chart.

The theorem concerns genuine admitted smooth sections, not arbitrary identity-word pro-
jections of completed vectors. It permits increasing-degree polynomial approximants to a
well-constructed nonpolynomial limit. Positive exterior degree also does not give a small bounded
matrix perturbation: the free spatial Dirac principal symbol persists in the classical small-matter
limit. Compactly supported spinors of the form ηeikx1 have a Dirac-to-input Sobolev norm ratio
growing linearly with k on any fixed rung. This is consistent with the predecessor’s one-derivative-
loss estimate and inconsistent with replacing the full Dirac action by a small same-rung bounded
operator.
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31.3 Local phases and the exact chain rule

Fix the zero-additional-local-finite, left-coefficient baseline r0. Write

HN = TN + VN , TN = −ℏ2 Trren(KNd
2).

The exact DeWitt, clock, gauge and Higgs normalizations, including their individual factors of
1/2, are already in KN . Let S be a real smeared finite-spatial-jet local functional admitted by
the smooth local/separated/smoothing grammar. Put

BN (S, S) = KN [dS, dS].

The Hessian d2S is wholly spatial-diagonal and local. Its additional finite coordinate is zero at
r0, whereas the separated rank-one channel dS ⊗ dS has its ordinary retained endpoint. Thus
TNS = 0 [12, Part III, Sec. 2.2; Part IV, Sec. 10.1].

For a polynomial p and a genuine fixed-degree core amplitude A, the full channel decomposition
of the product Hessian gives

TN
(
p(S)A

)
= p(S)TNA− 2ℏ2p′(S)KN [dS, dA]
− ℏ2p′′(S)BN (S, S)A. (461)

The missing p′(S)Ad2S term is local and has exactly the fixed zero additional finite profile. This
is not a normalization selected after choosing S. Potential multiplication and the degreewise
Dirac/Yukawa action commute with the scalar factor p(S). The corresponding full-Hamiltonian
identity therefore replaces both TN (p(S)A) and TNA by CN (p(S)A) and CNA, respectively.

The registered words also contain the fixed positive-regulator Hessians. For those primitives the
chain rule retains the extra term p′(S)ATN,ϵS, generally nonzero. Their separated contractions
are the corresponding regulated ones. At each fixed ϵ > 0 all these coefficients have the inherited
smooth compact estimates. No regulator-uniform bound, or assertion TN,ϵS = 0, is used.

Lemma 31.4 (Finite-word phase estimate). For every registered finite word W , amplitude A
and admitted local S, the polynomial action has a finite expansion

W
(
p(S)A

)
=
∑
ρ,j

AW,ρ,j p
(j)(Sρ),

where Sρ are the finitely many properly transported phases in that word and the coefficients do
not depend on p. For every fixed output compact derivative-test seminorm there are finite C,R, J
with

pm
(
PmW (p(S)A)

)
≤ C max

0≤j≤J
sup

|z|≤R
|p(j)(z)|.

Proof. Multiplication and target operations act on the coefficient. A first-order derivative uses
the chain rule; the renormalized Hessian uses (461). A fixed regulated Hessian additionally uses
its retained smooth local term. Each step raises the derivative order in p by finitely much. Proper
pullbacks transport S as well as the coefficient, so retaining a single untransported phase would
in general be incorrect. Induction proves the finite expansion. Applying finitely many output
derivatives gives another finite chain rule. The coefficient derivatives are bounded on the selected
compact tests, and every relevant phase is bounded on the compact image of a proper map.
This yields the estimate. Its constants may depend on the fixed word and every fixed regulator
label.
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31.4 A convergent nonpolynomial source

For c ∈ C define

pk(z) =
k∑
r=0

(cz)r

r! .

Every pk(S)A is a finite trace-core expression. For fixed R, j, its one-variable derivatives converge
uniformly to cjecz; for k ≥ j their error is bounded by

|c|je|c|R (|c|R)k−j+1

(k − j + 1)! .

Theorem 31.5 (Exponential source acquisition). The sequence pk(S)A converges in the actual
completed degree source to an element denoted Ec(S;A). It retains finite exterior support, and
all its registered word outputs are the limits of the expansions in Lemma 31.4. For A = 1 it is
nonzero.

Proof. Apply the lemma to pk − pl. Uniform convergence of the finitely many one-variable
derivatives makes every fixed graph seminorm tend to zero. This holds for every seminorm in
the actual family, with no countable cofinality assumption. Degreewise completeness gives the
limit and its full output coordinates. For A = 1, continuous evaluation at an admitted q∗ gives
ecS(q∗) ̸= 0. Multiplication by e−cS(q∗) normalizes that anchor to one.

This is an explicit convergence theorem, not an assumed exponential calculus for arbitrary
continuous operators on a locally convex space. It first concerns the fibre at r0. For the orbit
carrier, S and A must additionally be actual smooth orbitwise source families whose every finite
orbit derivative has the admitted grammar [12, Part IV, Sec. 4.2]. Applying the same estimate
after each such derivative then gives the orbitwise extension.

An explicit example is
SH =

∫
Σ

√
hH†H.

Its natural geometric family transports the fields and density together, and every finite orbit
derivative has smooth finite-jet local form. On the closed branch it is spatially, internally and
Lorentz invariant. Consequently every pk(SH), and then its exponential limit, is annihilated by
the complete linear-constraint family. For c ̸= 0 this is a nonpolynomial source.

The gravitational variation of the volume factor must be retained. Writing u = H†H, its
metric momentum is 1

2
√
huhij and its Higgs momenta are

√
hH†,

√
hH. The exact contraction

is
BN (SH , SH) =

∫
Σ
N
√
h

(
u− 3κ

4 u2
)
.

This does not supply the magnetic, gradient, scalar and curvature terms of the full VN . The
example therefore establishes a genuine linearly constrained source, not a complete Hamiltonian
solution.

31.5 Exact Hamilton–Jacobi transfer and chiral amplitudes

Theorem 31.6 (Exact local-phase transfer). Suppose an actual admitted local S, with its checked
orbitwise family when that carrier is used, satisfies on its open chart

BN (S, S) + VN = 0 for every retained lapse N,
XLS = 0 for every linear-constraint label L.

For an orbit-carrier conclusion, these identities are required fibrewise at every record of that
admitted family; smooth orbitwise membership alone is not a substitute for their transport. Then
Ei/ℏ(S; 1) is a nonzero joint degree-zero Branch-B constraint solution in the actual graph source.
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Proof. The source exists and is nonzero by Theorem 31.5. The linear constraints annihilate each
polynomial approximant. For the Hamiltonian the exact core identity is

HNpk(S) = VN
(
ℏ2p′′

k(S) + pk(S)
)
.

The one-variable residual ℏ2p′′
k + pk and every derivative converge uniformly to zero on bounded

sets. Apply Lemma 31.4 with the core coefficient A = VN . Every graph seminorm of the
Hamiltonian residual tends to zero. Continuity therefore gives HNEi/ℏ(S; 1) = 0 for each retained
N . This proves vanishing in the graph source, not just vanishing of its identity-word pointwise
image.

The local-phase condition is an actual Hamilton–Jacobi equation with the accepted kinetic
normalization. The exact transfer works because the local Hessian has the fixed zero additional
finite profile and the separated channel is evaluated without approximation. An admitted
full-target phase satisfying these equations has not been constructed here. A classical history or
a homogeneous principal function does not by itself furnish such a local functional on the full
open chart. A nonlocal principal functional can have a retained regular Hessian, for which the
vanishing argument no longer applies.

For a genuine degree-n amplitude A, the same core identities give

CNEc(S;A) = Ec
(
S;CNA− 2ℏ2cKN [dS, dA]
− ℏ2c2BN (S, S)A

)
. (462)

The proof passes the polynomial product identity through every graph output, using Theorem 31.5
on its finitely many coefficient terms. The amplitude CNA retains the full Dirac/Yukawa action.
At c = i/ℏ and under the Hamilton–Jacobi identity, its potential cancels against BN , leaving
the genuine kinetic–transport–Dirac–Yukawa equation. It is not a solved amplitude or a finite
matrix substitute for the spatial Dirac operator. The linear rows retain LA+ c(XLS)A as well.

The construction gives a nonpolynomial convergence mechanism within the inherited source,
including all its declared word outputs. In this Branch-B realization, complete chiral occupation
requires an actual phase/amplitude solution, or another construction satisfying Proposition 31.2,
followed by positive physical representation and the required mixed observable descent. This
criterion concerns the quantum-constraint route, not the completed direct physical realization of
Part I.

32 Spatial clock response and the complete constraint equations

The nonpolynomial source of Section 31 makes the choice of initial data consequential. An initial
value on a homogeneous restriction need not extend to a solution on the full configuration chart.
We prove a more specific statement: at the retained Branch-B baseline, the complete lapse family
forces a nonzero smooth initial value to depend on the scalar clock’s spatial shape. An arbitrary
shape-dependent initial clock derivative does not remove this restriction.

Throughout this section we use the zero-additional-local-finite, left-coefficient, flat-
configuration-connection baseline and its number-preserving holomorphic CAR ordering
[12, Secs. 9.2, 10.1 and 11.1]. Thus

HB
N = −ℏ2LN + VN +QN , LN = FP ContrKN

d2. (463)

The kinetic tensor contains the DeWitt, real-clock, electric and independent Higgs blocks. The
operator QN retains the symmetric spatial Dirac map, including its lapse derivatives, and the
complete Higgs-dependent Yukawa map. The scalar clock is distinct from the Higgs field.
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The theorem concerns actual smooth trace-core sections on a product-open full chart, or
a completed sector for which a faithful smooth comparison preserving the stated derivatives
has separately been proved. No such comparison is assumed for every element of the graph
completion.

32.1 The full lapse family detects transverse clock shape

Let Σ be the retained compact, connected, boundaryless spatial manifold. Fix a positive smooth
reference density dµ and write d volh = m(z, x)dµ, with m > 0. The variable z comprises all
nonclock even configurations; coefficients may take values in any fixed exterior degree of the
inherited source. Choose a fixed smooth ρ > 0 with

∫
Σ ρ dµ = 1 and use the affine clock splitting

ϕ = ϕ∗ + T1 + χ,

∫
Σ
ρχ dµ = 0. (464)

The reference profile and density are configuration independent. For a smooth section F , put

u(z, χ) = F (T0, z, χ), v(z, χ) = ∂TF (T0, z, χ), w(z, χ) = ∂2
TF (T0, z, χ).

With covectors represented relative to dµ, the scalar kinetic pairing and potential are

kN (λ, η) = 1
2

∫
Σ

N

m
λη dµ,

Vϕ,N = 1
2

∫
Σ
Nm

(
|∇ϕ|2h +m2

ϕϕ
2) dµ. (465)

These are the source’s original scalar normalizations [11, Secs. 5.1–5.3]. Write RN for every
remaining term of HB

N , including all nonclock kinetic terms and QN . Their coefficients are
independent of the real scalar clock.

Theorem 32.1 (Transverse clock response of smooth initial values). Suppose HB
NF = 0 at T = T0

for every smooth lapse N throughout a product-open full transverse configuration neighborhood.
If u is independent of χ, then u = 0 throughout that neighborhood. Neither v nor w is assumed
to be shape independent.

Proof. First fix a spatially smooth nonclock configuration z and smooth clock profiles in the chart.
Such configurations are dense in the retained Sobolev chart; fixing the clock mean preserves
density by subtracting a constant from smooth approximations. The lapse and vector-field
smearings used below are therefore smooth admitted smearings. We extend the resulting zero
identities to the full chart by continuity only after this calculation. Shape independence of
u = u(z) makes its first and second shape derivatives vanish. At the initial slice the scalar
Hessian is

d2
ϕF = ρ⊗ ρw + ρ⊗ dχv + dχv ⊗ ρ, (466)

where dχv is extended to annihilate the constant direction. These finite-rank separated terms
retain the ordinary trace endpoint. For a fixed smooth shape tangent η, with

∫
ρη dµ = 0, choose

the allowed lapse
Nη = mη

ρ
.

It is chosen at the fixed nonclock configuration and is held fixed under the following χ derivatives.
Its contraction with the w term vanishes. The two mixed terms in (466), including the factor
1/2 in (465), give exactly −ℏ2dχv[η]. Consequently

dχv[η] = βχ[η] = ℏ−2(RNηu)(z)

+ u(z)
∫

Σ

m2η

2ℏ2ρ

(
|∇ϕ|2h +m2

ϕϕ
2) dµ. (467)
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The first term retains every nonclock response. It is independent of χ, including the terms
containing spatial derivatives of Nη in the symmetric Dirac operator.

The exact differential dχv is closed. Differentiating (467) in two constant tangent directions η
and ζ, the scalar mass contributions cancel. Thus

0 = u(z)
∫

Σ

m2

ℏ2ρ

(
ζ∇ϕ ·h ∇η − η∇ϕ ·h ∇ζ

)
dµ. (468)

At a nonconstant profile choose a coordinate ball on which ∇ϕ ·h∇x1 has one strict nonzero sign,
and a nonzero smooth bump a supported there. Start with ηk = a cos(kx1) and ζk = a sin(kx1),
subtracting their respective ρdµ means as constant functions to make them tangent. Their means
decay faster than every inverse power of k by integration by parts. Before subtraction,

ζk∇ηk − ηk∇ζk = −ka2∇x1.

The integral in (468) is therefore

−k
∫

Σ

m2a2

ℏ2ρ
∇ϕ ·h ∇x1 dµ+ o(k),

which is nonzero for large k. Each fixed direction is an allowed smooth tangent; no frequency-
independent neighborhood radius is needed. The nonzero scalar factor in (468) forces u(z) = 0.
In the Hausdorff exterior coefficient space the same conclusion follows by continuous separating
functionals.

Every open shape neighborhood contains a nonconstant profile, even when its central profile
is constant. Since u is shape independent, the conclusion holds for the fixed z throughout that
neighborhood. The arbitrariness of smooth z, their density in the product-open chart, and
continuity of u prove the theorem at every z.

Corollary 32.2 (Complete constrained Cauchy doublets). If the complete spatial constraints
also vanish on the initial slice under the hypotheses of Theorem 32.1, then u = v = 0 there. A
nonzero complete initial Cauchy doublet cannot have shape-independent first component.

Proof. The theorem gives u = 0 as a section of every transverse variable, so its transverse
configuration derivatives and exterior Lie action vanish. For a spatial vector field ξ, the scalar
fundamental field has clock component

∫
ρ ξ · ∇ϕdµ. The remaining spatial constraint is exactly

−iℏv(z, χ)
∫

Σ
ρ ξ · ∇ϕdµ = 0.

The internal and Lorentz improvements act on the zero initial section. At a spatially smooth
nonconstant configuration choose the fixed smearing ξ = ∇hϕ evaluated at that configuration.
The integral is strictly positive, giving v = 0. Smooth nonconstant configurations with the
specified mean are dense in the full product-open chart. Continuity therefore extends this result
both to constant profiles and to all configurations of its retained Sobolev regularity.

The result uses the complete lapse and spatial families on the specified full smooth chart. It
does not assert that zero initial data have unique subsequent evolution in the complete functional
source. Genuinely shape-dependent data and graph-native sources without a faithful smooth
comparison remain outside this exclusion.
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32.2 The exact nonlocal phase equation

For a scalar real phase S and possibly exterior-valued amplitude A, suppose the functions and
their products lie in a common admitted trace core. Require each displayed product-Hessian
channel below to have the source’s declared finite-part domain. Denote its polarized cross
contractions by

KN [dS, dA] = FP ContrKN
Sym(dS ⊗ dA), KN [dS, dS] = FP ContrKN

(dS ⊗ dS),

where Sym includes 1/2. They agree with ordinary principal-tensor pairings when the separated
channel has that retained endpoint. This convention does not multiply arbitrary Sobolev-dual
distributions pointwise; smoothness of a functional alone does not establish these contraction
domains.

Proposition 32.3 (Full nonlocal phase and amplitude identity). On the specified common
domain,

e−iS/ℏHB
N (AeiS/ℏ) =

(
KN [dS, dS] + VN

)
A+QNA

− iℏ
(
2KN [dS, dA] + (LNS)A

)
− ℏ2LNA. (469)

Proof. The full product Hessian is

d2(AeiS/ℏ) = eiS/ℏ
(
d2A+ i

ℏ(dS ⊗ dA+ dA⊗ dS +Ad2S)
− ℏ−2AdS ⊗ dS

)
.

Apply the linear finite-part contraction and the factor −ℏ2. The scalar phase commutes with
the exterior fibre operator QN ; the spatial Dirac differentiation in that operator acts on its
spinor argument, not on S as a new spatial multiplier. These identities give (469) with the full
Dirac/Yukawa action retained.

If the bosonic Hamilton–Jacobi equation KN [dS, dS] + VN = 0 holds for every lapse, the exact
amplitude equation is still

QNA− iℏ
(
2KN [dS, dA] + (LNS)A

)
− ℏ2LNA = 0 for every N.

The nonlocal phase Hessian LNS need not vanish. In exterior degree zero, QN vanishes at
this ordering, but the second-order amplitude term remains. The linear constraints must also
hold on the full product. The local-phase transfer in Theorem 31.6 uses its separately proved
local-Hessian identity and graph convergence; neither is inferred for an arbitrary nonlocal phase
from the displayed smooth-core formula.

33 Source-preserving extension beyond the regulated targets

The occupied physical source and the constructive native realizations provide different, explicitly
identified observations. A direct physical source construction need not pass through the regulator,
while a claim made by taking a regulated limit must control that limit and its source comparison.
This section gives useful stability results for the latter route and states the complete common-
source requirement independently of the chosen method.
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33.1 Mixed limits and nontriviality

The mixed-limit theorem of the regulator section constructs a positive state on the increasing
union of observable algebras from actual mixed regulated limits and consistent relations. Its
argument parallels the finite-cap and overlap construction in the sharp-local Yang–Mills source
[17, 18]. The requirement concerns every fixed mixed word with the other observation slots
retained. It is stronger than separate gauge, Higgs and matter limits.

Section 13 additionally constructs common bounded cluster states without assuming those
ordinary limits. Its sampled continuum CAR and Weyl relations are actual source identities.
On the specified physical algebra it also acquires continuous positive-energy dynamics. An
identification of this native limit with the physical source would additionally require regular
interacting fields, the specified chiral propagation and exact physical source comparison. The
regular reference-time family in Theorem 13.6 is explicit, but its local occupation witness
approaches the product seed and does not supply the needed uniform mixed lower bound.

Proposition 33.1 (Survival of a mixed response). Suppose the mixed-limit hypotheses hold, and
fixed bounded observation words A,B,AB have the corresponding source limits. If

|ωϵ(AϵBϵ)− ωϵ(Aϵ)ωϵ(Bϵ)| ≥ η > 0

throughout the retained regulator family, then the limiting source has

|ω(AB)− ω(A)ω(B)| ≥ η.

In particular the selected correlation does not disappear in the limit.

Proof. Each of the three scalar source values converges by hypothesis. Their connected com-
bination and its absolute value therefore converge. The closed lower inequality passes to the
limit.

The nonzero response proved at one regulator is not itself a uniform lower bound on a refining
family. The latter is a new source statement. Nor does a single connected correlation establish a
complete relativistic scattering theory. Distributional regularity, covariance, locality, operator-
domain control and the specified physical anomaly identities remain hypotheses to establish for
that continuum reconstruction.

33.2 Analytic continuation must be controlled on its own domain

Theorem 33.2 (Uniformly controlled resonance limits). Let Dn, Nn be holomorphic on a common
neighborhood of a closed disc K, converging uniformly there to D,N . Suppose:

(i) |Dn| ≥ η > 0 on ∂K;

(ii) each Dn has exactly one zero in K◦, counted with multiplicity;

(iii) |Nn| ≥ ν > 0 throughout K;

(iv) the zeros satisfy Im zn ≤ −δ < 0.

Then D has one simple zero z ∈ K◦, zn → z, Im z ≤ −δ, and N/D has a nonzero residue at z.
The residues of Nn/Dn converge to it.

Proof. Uniform convergence makes |D| ≥ η on the boundary. For sufficiently large n, |Dn−D| < η
there, so Rouché’s theorem gives the same zero count for Dn and D, namely one with multiplicity.
The limiting zero is therefore simple. Every subsequential limit of zn belongs to the interior and
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is a zero of D; boundary limits are excluded by the uniform boundary lower bound. Uniqueness
implies convergence of the whole sequence. The imaginary-part inequality is closed. Uniform
convergence also gives |N | ≥ ν. Cauchy’s formula gives convergence of the derivatives on smaller
neighborhoods of the zero, so

Nn(zn)
D′
n(zn) −→

N(z)
D′(z) ̸= 0.

The hypothesis concerns actual continued channel functions on a marked common sheet.
Real-axis moment convergence alone does not imply it. The compact-resolvent spatial regulator
has discrete spectral data; its comparison with a physical unstable channel needs an actual source
and continuation map. The direct physical Higgs construction instead uses the occupied channel
and transports its entire germ. It does not assert that the regulator spectrum supplies that germ
without the additional comparison.

33.3 Color spectral transfer and source identity

The local and nonlocal Yang–Mills results retain their exact observable, vacuum and dynamics
identities [16, 19]. Their positive gap must not be transferred to a different total Hamiltonian by
retaining only its color label. Section 28 proves a new gap for a specific bounded mixed extension
of that source. Its auxiliary singlet-pair target does not include a photon or the complete chiral
matter inventory.

Proposition 33.3 (A gap cannot absorb a massless low-energy source). Let H and h be
nonnegative self-adjoint operators and J an isometry intertwining their unitary groups. If
EH((0,m∗)) = 0, then Eh((0,m∗)) = 0. Consequently no source with nonzero spectral support in
every (0, ε) admits such an embedding into that gapped space.

Proof. Unitary intertwining implies spectral intertwining, EH(B)J = JEh(B), first for the
resolvent and then for bounded spectral functions. For B = (0,m∗), the left-hand side is zero.
Injectivity of J gives Eh(B) = 0.

This identifies the correct transfer problem: a dynamically meaningful restriction with its
actual algebra, state and implemented dynamics, or a new sector-relative spectral proof. The full
Standard Model screening quotient also has to be retained. SYM-9 distinguishes that quotient
from confinement-phase data [21]; BCRS-2C retains actual source-dependent color continuation
[5]. Neither charge-label arithmetic nor a nonzero local interpolating field alone supplies all
composite and asymptotic sectors.

33.4 Exact source comparison for alternative realizations

A complete physical comparison must retain all of the following on one target, whether supplied
directly or through a controlled constructive extension:

1. actual mixed gauge–Higgs–chiral source observations, with regular physical fields, common
domains, interactions and the required renormalization and anomaly structure; when limits
are the chosen construction, they must preserve those same mixed observations;

2. a nonzero physical state space and observable algebra satisfying the gauge and other
constraints of the chosen realization and carrying those mixed observations;

3. the metric-response source of that same quantum state on the full retained test domain,
with compatible coupled dynamics;
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4. the acquired electroweak channels and complete color/composite continuations, including
their analytic and asymptotic domains;

5. exact source comparisons preserving all sibling inputs and mixed observations.

The direct physical source satisfies these conditions through Theorem 11.5, with the original
authority of each observation retained. The criteria also specify what a different realization must
preserve to be identified with that source.

The bounded extension and asymptotic-state results establish positive common sources at
their declared observation level. The native construction additionally supplies physical domains,
exact dressed response and actual nonlinear quantum–Einstein continuation. The direct physical
construction supplies represented Higgs/current channels, the complete original color-interface
comparison, smooth preparation stress and a source-attached Einstein action and member. Its
common-source maps compose these observations explicitly. The corresponding identification of
a different regulator limit remains a separate mathematical claim.

On the separate Branch-B quantum-constraint route, Section 31 supplies nonpolynomial
graph-domain elements. Full Hamiltonian occupation there still requires the corresponding phase–
amplitude solution. That is one method, not an additional universal condition for gravitational
attachment. Likewise, a limiting resonance proof must be identified with the physical channel to
which it is applied, whereas a directly received physical germ needs no independent comparison
resonance. Structural uniqueness applies with the complete fixed source and observation data; it
is not a replacement for these identities.

34 Conclusion and the common physical endpoint

A common premetric architecture fixes the source identities of the quantum and Einstein
descriptions. The physical comparison developed here preserves that order: source operations
are identified before their states, tensor representatives and continuations are compared. The
occupied Standard Model assignment is used positively, while new observation maps are proved
at the level at which they act.

The direct physical construction begins with the original invariant Higgs mass insertion. Its
derivative current and scalar descendant share the actual field domain and positive Hilbert
space. A nonzero physical Higgs channel forces a nonzero descendant preparation; bounded
spectral inversion then places a nonzero component in an independently generated physical
current boundary. The whole continued germ is transported, including regular terms and original
source normalization. No unstable pole is interpreted as a Hilbert eigenvector.

The exact Higgs and flavor source transformations preserve the complete gauge and charged-
Yukawa interaction inventory. Their Euler, anomaly, nonlinear-path and renormalization contacts
identify the actual mixed source combinations with the other inputs fixed. The kinetic coefficient
and relative-current constructions cover the entire compact scalar test space. These operations
give represented observations where their result is an existing insertion; they do not manufacture
separate unbounded operators for every summand of a formal source identity.

Gravity has a directly detectable role in this same physical preparation. The original mass–
curvature protocol produces

Iµν = 2(∂µ∂ν − ηµν□)Oρ, trη I = −6□Oρ.

A fourth source derivative recovers its full physical scalar response with the exact contact
subtraction. For a real test f with ϕ = Oρ(□f)Ω ̸= 0, the normalized preparation (Ω +
sϕ)/

√
1 + s2 ∥ϕ∥2 has a strictly nonzero first response to the corresponding local metric contact.

For s ≠ 0, this normalized preparation has finite positive excitation energy; its total stress profile
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is smooth throughout the family. The smoothness proof uses reduced Wightman distributions
and compact field smearings, not an undefined point-field evaluation.

The physical vacuum stress is fixed on all compact metric tests. Its Einstein matching
condition is invariant under the jointly transported homogeneous vacuum convention. More
importantly, the metric-dependent quantum action is constructed before the matched member
is selected. The original closed-time-path functional supplies the causal stress response, all
metric and source contacts, and the diffeomorphism Ward identity. Coupling it to the inherited
minimal Einstein action gives the full nonlinear field equation at the original perturbative or
retained-order quantum-action authority. The once-selected gravitational constants and the
original quantum source then admit an all-test stationary member. This is a member of an
actual dynamical theory, not an independently fitted stress tensor. General prepared states are
not asserted stationary at the same flat metric.

Color observations retain the same full interacting prescription. The normalized composite
insertion and its compact mixed response are constructed before reconstruction; no free Gaussian
law replaces the physical source. The actual neutral-boundary color action forces each lawful
port to factor through the invariant summand of its complete joint input. Conjugate, baryonic
and adjoint-pair singlets are retained, whereas isolated nontrivial-color isometric ports to that
interface are excluded. This selection rule is not used as an independent theorem about every
physical phase.

Every independently typed localized composite-persistence record has its actual boundary
and history witness. The received heavy c/b branch establishes nonemptiness at that physical
authority. Finite source processes retain their precise terminal-reader domains, continuation and
failures. The reconstruction comparison preserves all distinguishing readouts and the forced non-
null persistence history. It neither identifies persistence with a resonance pole nor manufactures
an asymptotic state.

The native constructions provide complementary existence and control results. Positive
extension on an independently formed bounded observation space has an exact order criterion
and a finite positive obstruction. The gauge–Higgs–fermion Hamiltonian has a nonempty
physical space with the faithful gauge quotient and nonzero interactions. Its mass and current
insertions, dressed physical inclusions, ordered fermionic histories, domain-controlled feedback
and asymptotic observations are constructed from that one source. The reference-resolved action
then supplies an occupied nonlinear Einstein family driven by the literal interacting Hamiltonian,
with a differentiable preparation map and causal response. These are genuine coupled quantum–
gravitational results on their declared native target. Their state and continuation identification
with the occupied physical Standard Model is not inferred merely from the common interaction
grammar.

The full color comparison is established on the independently formed source inputs, not
only on a selected list of physical outputs. The source interpretation preserves every original
finite constructor, licensed operation and shared operand. Its physical realization preserves the
actual reader and the entire operation graph, including intrinsic parameters, domains, source
qualifications and failures. Complete spectral, asymptotic and continued objects retain their
original authority; neither a finite source jet nor a persistence history is promoted to a stronger
physical boundary.

The seven source-completeness conditions consequently hold for the originally declared physical
target. Their same-source composition gives Theorem 11.5: the electroweak channels, complete
color and composite continuation, interacting quantum source and Einstein response coexist at
one occupied point. The whole compatible family is lifted together and has an exact readback.
No independent state or parameter choice is made for a different observation.
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Physical component Common-source realization

Electroweak chan-
nels

The occupied physical channels are retained. The original Higgs insertion, deriva-
tive/current/contact observations and their complete continued germs are attached
directly. Complete compact mixed-source operations are received at their original
prescription and order. Stronger represented and continued baseline channels re-
main unchanged.

Color and compos-
ite continuation

Every originally formed input and licensed operation has its exact source compar-
ison. The actual neutral ports, normalized compact composite/Higgs responses,
persistence processes and invoked whole physical boundaries retain all sibling inputs,
source witnesses, domains and continuation authority.

Interacting physical
source

The occupied source and represented observations are used jointly. The complete
declared mixed-field operations, domains, renormalization and anomaly data, and
invoked scattering/asymptotic operations retain that source at their respective
physical authority.

Dynamical gravity The original-source closed-time-path/Einstein action and an occupied stationary
member are constructed at the original quantum-action order. The full nonlinear
minimal Einstein law is inherited. A universal transverse solution map is not
required for this result.

Common physical
endpoint

The physical electroweak records, full original color-domain and boundary com-
parison, and dynamical action coexist at one unchanged quantum source and one
fixed joint parameter point. The comparison preserves every originally declared
operation and compatible family.

This result is source-relative in the mathematically substantive sense: physical conclusions
carry the state, domain, phase and continuation assumptions under which they are proved. The
original comparison includes every declared input and use; it neither demands a productive
hadronic output from every pre-boundary configuration nor asserts uninvoked all-state asymptotic
completeness. The perturbative or retained-order quantum-action construction leaves stronger
baseline represented fields and complete physical germs unchanged.

The structural and physical conclusions therefore have a definite order. The premetric
architecture fixes admissible identities and their necessary relations; the source constructions
supply physical occupancy and operations; exact comparison makes their quantum and Einstein
projections jointly realizable. Gravity is present both as an upstream necessity and as the
source-dependent metric response of the same physical realization.

A Separation of positivity, constraint occupation and resonances

The positive constructions above distinguish three claims: positivity of specified source data,
existence of a physical quantum state, and existence of a resonance in a particular channel. The
following exact examples show why an implication between those claims needs its own theorem.
They do not contradict a source result whose full hypotheses already construct the stronger
object.

Proposition A.1 (Source expectation does not determine state positivity). Normalization and
positivity of a specified source expectation need not give a positive functional on the full observable
algebra.

Proof. On M2(C), take the source T = I and the normalized Hermitian functional

ω(A) = 3
2A11 − 1

2A22.

It satisfies ω(I) = ω(T ) = 1, but the positive projection P = diag(0, 1) has ω(P ) = −1/2. Thus
the supplied source expectation does not establish ω(A∗A) ≥ 0 for all observable words.
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If a normalized functional has instead been proved positive on the complete declared ∗-algebra,
the algebraic GNS construction supplies a cyclic Hilbert realization. Locality, operator closure,
spectrum, interacting evolution, source attachment and analytic continuation remain properties
to establish on that realization.

Proposition A.2 (Classical occupancy and quantum closure need not give a physical constraint
state). A nonempty regular classical constraint surface, self-adjoint anomaly-free quantum con-
straint closure and a positive conserved source can coexist with a zero quantum constraint kernel,
even on the usual tempered-distribution completion.

Proof. On the symplectic plane, let

Ccl(q, p) = q2 + p2 − 2.

Its zero set is a nonempty regular circle, and its one-generator Poisson constraint algebra closes.
On L2(R), in units ℏ = 1, use

Ĉ = Q2 + P 2 − 2I

with its usual self-adjoint oscillator realization and invariant Schwartz core. Its eigenvalues are
2n − 1, n = 0, 1, . . ., none of which is zero. The source T = I is positive and conserved; the
one-generator commutator algebra is anomaly-free. Nevertheless ker Ĉ = {0} in the Hilbert
space.

Hermite expansion identifies S(R) with rapidly decreasing coefficient sequences and S ′(R)
with polynomial-growth sequences. Multiplication by 2n− 1 and by its reciprocal both preserve
these respective sequence spaces continuously. Hence Ĉ is a continuous automorphism of both
S(R) and S ′(R), and its kernel is also zero in the tempered-distribution completion.

This example addresses the stated implication, rather than every possible physical-state com-
pletion. A Wheeler–DeWitt or GRQM theorem that proves nonempty physical-state realization
has stronger antecedents, and those antecedents must be retained when it is imported.

Proposition A.3 (Positive spectral content need not give a pole). A positive-energy Hilbert
realization can have a norm-one source-created vector and a nonzero positive spectral measure
while its channel has no isolated resonance pole on its continuation charts.

Proof. Let K = Mx on L2([0, 1], dx) and let v(x) = 1. Adjoin a zero-energy vacuum and the
bounded source creation operator |v⟩⟨Ω|. The source vector has norm one, the Hamiltonian is
nonnegative, and its exact channel is

G(z) =
〈
v, (K − z)−1v

〉
=
∫ 1

0

dx

x− z
= log(1− z)− log(−z).

Its continuations change logarithmic branches. On every ordinary continuation chart away from
0 and 1, the function is holomorphic and has no isolated pole; the endpoint singularities are
logarithmic. The positive spectral measure is Lebesgue measure on [0, 1], and is nonzero.

Thus a nonzero positive spectral measure, even when accompanied by unitary dynamics, cannot
be promoted to a resonance without additional analytic channel information. The occupied
Friedrichs-type result in Section 29 establishes precisely such information on its declared target.
A transfer to a Standard-Model pole needs the corresponding source and channel identification.
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